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Sur une transformation as mouvements. 


Par PAUL esate? 


Un problème traité par M. Elliot (Comptes: Teu 1893 et Annales de 
Ecole Normale 1893) et une question résolue par M. Mestschersky (Bulletin des 
Sciences mathématiques 1894) peuvent être erivisagés comme des cas particuliers ` 
d'une même transformation de mouvements. 


| 1). Soient AA 
Pr, ‘Pa. y © 


‚a | i 
eri de = À; Ber .... (1) 


$ a ae =" = AR, 
les équations da mouyement d’un ou Mon points libres, 4, Ar Ay: 
étant des fonctions de x, Le, &, e... et du temps ¢. 


Désignons par A et u deux fonctions d’une variable + et faisons 


| a = AY, 1 = : AY, % = ga ese | 
dr = udt. 


Appelons enfin 4/, w, 2”, les derivées successives ie À et u par rapport av. 
Les équations deviennent 





(2) 


où ọn & posé 





(3) 


‘Les quantités Y,, Y,, ... . sgnt alors des fonctions de a, Yas hi eh Te 
En déterminant A et u de façon que l'on ait | 


EE E Maas 


a mass 


to 


| : à =: 
ee == 


~ 


APPELL: Sur une transformation de mouvements. - oS 


où a et b désignent des constantes, on voit que l’on peut déduire du mouvement 


(1) un second mouvement (2) dans lequel, à la force de p 
dys 


rojections Y,, Yz, Y3,..., 





- viennent 8 ‘ajouter une résistance a% agt proportionnelle à la vitesse 


et une attraction d'un point fixe by, bys, - . + proportionnelle & la distance. 
‘La transformation inverse permettre ide passer du mouvement. (2) au 


mouvement (1). _ | 


La première des équations (4) donne immédiatement i 


Mu = Ad, 

A étant une constante arbitraire. La seconde devient, 
Pe” DAS ns 

ge a 


l 


(5) 


par l'élimination de u, 


- en y faisant > : =p +aet posant b— a? =ø, on a une équation en p 


- p =p? +0, 
“qui admet poui intégrale générale 


p =c tg (or +6) 


(0 constante arbitraire) et pour intégrales singulieres | 


u E p= ti. 
On a donc pour à | 
EE 
; | ™ cos (er + 6)’ 
ou ` : cs As Bear, 


-B désignant une constante, Dans les équations a 


m 


et b sont des constantes 





tion (7) peut-être réelle. Appliquons ces formules 


uelques cas particuliers. 


réelles, c est une constante réelle ou Sion © de sorte que la solu- 


© 2). Problème de M. Elliot. Soit 
| Ta, yy meet) 


une fonction des coordonnées et du temps: supposo! 8 


Rag Gx Co. | 





(8) 
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Supposons en outre 5=0. Alors c= + ia. On a, dans ce cas, en particu- 
larisant les constantes, la solution simple suivante des équations (4): 

| A=1, u= e. i 
Avec ce choix de A et u, on a 


Comme 2 = Y1, 3 = Yz, e+e <, ON a, en posant, 


Peu (y, Yz: Yar + de . _ ae) 


les nouvelles équations 


oy CA lan 


Bh = 


Par le changement de variable, on a donc, sans changer la forme des 
seconds membres des équations, fait apparaitre une résistance de milieu. La 
transformation inverse la fera disparaître et raménera les équations à la forme 
primitive 

da aU 
Pr a (9) 


à laquelle on peut appliquer les théorémes de Jacobi. On pourra donc raméner 
l'intégration des équations (8) à la méthode de Jacobi. C'est là le théoréme que 
M. Elliot a démontré directement et dont il a fait plusieurs applications intéres- 
santes. 


3). Problème de M. Mestschersky. Supposons 
Xir Xe, Ajere 


indépendants de ¢ et homogènes de degré — 3 en a4, %,2%,---. Quand on 


remplace a, Zg, Xg, +». o Par AY, AY, Aygı + e e , la fonction 
| Ai 9 (la, By, Paseo.) 
est remplacée par | pie (Yir Var Vere wee): 
Donc Y, = — Pi(Yrr Yor Yor +++ +) 
A= y 7" UNSS 
- Au | Au 
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Particularisons encore les calculs précédents en supposant a=0. Alors on 
peut prendre, d’après (5) et (6), i 


j 1 
3,, — Lenz, 
i = Ma 
Yi = $1 (41s Yas Yar eee +). 


Les équations du mouvement conserveront dans ce cas la même forme sauf l'ad- 
jonction des termes by, bys, .... représentant une attraction proportionnelle à 
la distance. Si donc on sait trouver le mouvement défini par les équations 


= Pr (L1, Ly, Xe, ce), 


où Ÿ, est homogène et de degré — 3, on sait, par là même, trouver le mouve- 
ment défini per les un 


GE + by = Pa (Yrs Yar Yor +++). 


C’est là le théoréme de M. Mestschersky qui en a fait une te applica- 
tion à un problème imate par Jacobi. Š 


4). Supposons, en général, que X,, X,, .... ne contiennent pas # et soient 
des fonctions homogènes de a, 2,.... d’un degré n différent de — 3. Le 
changement de variables indiqué transforme les équations 


Ba, 
qE ren, Le) „...) 


en z The + oa He + byy Bey iriad 
un 
Prenons, d'après (5) et (7), = 
nz Yu Ae, 
A = Henri 


nous aurons, pour le produit 441", une constante multipliée par exponentielle 
ela-natis+md, 

Done en faisant | 

(1—n)ari(8+n)c=0, (10) 

on pourra prendre i 

i | RATS 1 
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Comme € = b — af, la relation (10) donne 2 
(1 — n)a + (84 nb @)= 0 
ou à | = 80 (n +1) 


Donc si on sait intégrer lés équations 


(11) 


wann Xs; ee) 


où p, est une fonetion de Ti, Toy ese e, homogène de de n, on seit it intégrer 
également les équations du crane alas general, 


à We + by = elon Yor Ys ese), | 
b étant lié à a par la relation (11). . 
Par exemple, l'intégration du problème des deux corps (n = — 2) conduit à - 
l'intégration du même problème quand s'ajoute une attraction proportionnelle 
à la distance et une résistance proportionnelle à la vitesse. Alors. 


b= — 8a’. 


5). Une transformation de même nature pourra être faite sur le mouvement 
d'un système dépendant de & paramétres g1, Q3 «+. Qe, qu'il conviendra de dis- . 
tinguer en paramétres linéaires, 91, gas.. e qa représentant des longueurs, et 
paramétres angulaires Q,41, gaps + ++ + Qe répresentant des angles. La demi- . 
force vive T est alors une fonction homogène du second degré de gi, gs, +... gu eb 
de leurs dérivées par rapport au temps é. On obtient des résultats qui sont la _ 
généralisation. des précédents, en faisant, dans les équations de Lagrange, la 
transformation o 
: Gi == AP, qa = Aa, o ++ +5 Qu = APs, 

de = udt. Ve 
On a ainsi un nouveau mode de transformation venant s'ajouter à ceux qu’on a 


employés dejà. (Voyez Journal de Crelle, t. 110, 1892, p. 37; voyez égale- 
ment un Mémoire de M. Painlevé, Journal de M. Jordan, 1894.) 


Extrait d’une lettre adressée à M. Craig 


PAR M. Harrr. 


. permetter moi de vous offrir pour Americain Journal de Mathématiques 
le Suliat d’une recherche qui a fait le sujet d’une de mes leçons, sur la valeur 
asymptotique de log T (a) lorsque a öst supposé un grand nombre. En étudiant 
les diverses méthodes par lesquelles a été traitée cette question importante, 
j'avais déjà remarqué que l'intégrale de Raabe, 


| Progr (a + «) de = a loga — a + log y 27, 


peut y être introduite avec avantage, mais la considération de cette quantité 
s'offre plus naturellement que je ne l'avais encore vu, sous le point any vue 
‘nouveau que je vais vous indiquer. 

Je parts de cette identité élémentaire où U et V sont deux fonctions quel — 
` conques de a, ` : 


a 2 ov" d= UV'—VU' + +f VO" de, 
puis je fais, | U=x— a, 
i V=F(a +2), 


a désignant une constante, et je prends les intégrales entre les tenis v= 0 et 
«w= 1. On obtient ainsi la relation, 


[@—2) P'(a + a) de = F(a +1) + Fa —2 [7 F(a + Da. 
Cela étant soit F@) = log T(z), posons encore, 


=f log T (a + 2) de, 


JC =4 fe — à) DE log T (a + 2) des 
au moyen de l'égalité, 
` logT (a T 1) z logT (a) = 2 log T (a) + log a, 
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on trouve l'expression suivante, 
log T (a) = J — 4 loga + J (a). 

Elle met immédiatement en évidence que la quantité, 

J —4 log a = (a — 4) loga — a + logw 2x, 
est la valeur approchée du premier membre, pour a très grand. Il est facile 
en effet d'obtenir une limite supérieure de J (a), si l’on remarque que la facteur 
Di log T'(a + x) qui figure sous le signe d'intégration est toujours positif. C’est 
ce que montre la série, 


an - 


| 
a+ t@pteript 





ou encore la formule, 


u | : (a + 2)y 
DilogT{a+a)= [TE 


conséquence de l'expression de Cauchy, 


us (ee —(@—1e] + i 


la quantité = j étant positive pour toutes les valeurs de y. Cette limite est 





donnée par a ae suivante où £ est compris entre zéro et units, 
| = 2 fe ns 
I=4E- Pf De log r (a+ a)da= TE, 


Le: maximum de &—£* est #, on peut donc nie en désignant par 0 un nombre 
. positif, inférieur à l’unité, 


Nous pouvons même aller plus loin et parvenir à la limite précise © 


J(a) = 
comme. je vais le faire voir. 
Je tire pour cela de la relation générale, 


SF @ fre + F(1—x)]de, 


cette nouvelle expression, 


J(a)=8 | (@— 2) Di [logr (a + 2) + logT (a + 1—x)] de, 
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et je remarque que les quantités x — «° et Di [log T (a +æ) + logT'(a+1—x)]. 
varient en sens contraire entre les limites de l’intégrale. La première est crois- 
sante tandis que la seconde qui a pour valeur, 


yer [e error] 
rs à 





est au contraire décroissante, comme on le reconnait au moyen.de la dérivée, 


Sf yew ee > = av] dy 





- En effet, le dénominateur @ — 1 est négatif, et si nous supposons œ <1 — x, 
c'est-à-dire «<4, on a puisque la variable y est négative, > e!=”%,. Nous 
pouvons en conséquence appliquer le théoréme de M. Tchebichef qui consiste en 
ce que les fonctions $ (x) et d(x) étant l’une croissante, l’autre décroissante, 
lorsque la variable croit de aàb,ona 


Go fret de< fete de [Ye de 
Il vient ainsi: f | 
F(a) < fe — 2?) de. f Dt log [E (a+ 2) T (a + 1—2)] de 


et en employant la relation dont il a été déja fais usage, 
1 + 
JF de = [1E @) FFO — 9] de, 
nous trouvons sous une forme plus simple, 
1 . 
J(a).< f (@ = =) de. f D ET (a + 2) de. 


On en conclut la limitation & la quelle il s’agissait de parvenir, 


0 


JG)= T 124° 


` La valeur de la quantité J (a) que ite avons obtenue au moyen de l'intégrale 
d’une fonction uniforme, n’ayant que des discontinuités polaires, conduit à des 
conséquences analytiques importantes. Ayant en effet, 
2 es) eae are ET eae | 
D, logT(a+2)= (a are tarerpt ? 
on voit que l'expression, 


Sf (e—2) D logT (a + 2) de 
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sera finie et déterminée avec un sens unique, pour toutes les valeurs réelles ou 
imaginaires de a, à moins qu'on ne suppose, 
a+x—=0, — 1, —2,.... 
La variable x croissant dans l'intégrale de zéro à l’unité, les valeurs négatives 
sont à exclure, nous excepterons par suite la partie illimitée à gauche de l’origine, 
de l'axe des abscisses, en représentant a par l’affixe d’un point rapporté à des axes 
rectangulaires dans un plan. J’ajoute que le long de cette ligne la différence, 
J(a+ia) — J (a= ià) | 

ne tend pas vers zéro, pour une valeur infiniment petite de À que je supposerai 
réelle et positive; la partie négative de l’axe des abscisses sera ainsi une coupure 
pour le fonction J (a). 

Soit en effet a= — n — E, n étant un entier quelconque et £ une quantité 
positive moindre que l’unite. J’envisage l’expression qu’on tire de la formule 

1 
To) =4,f (e — =) Di log T (a + 2) de, 

au moyen de la série qui représente DE log T'(a + x), et après avoir remplacé a 
par a + ià, j'observe qu'entre les limites de l'intégrale, ae les termes seront 
finis pour A= 0, sauf un seul qui correspond à la fraction c'est-à-dire 


un. 
@—E) 


qui sera par conséquent donnée par na 


(a In as w)? , 
Les termes finis disparaissent dans la différence de J(a+1a)—J (a—ià) 


TA a 


On la raméne d’abord si on intêgre 2 parties & la suivante, 


10 — w| — rA + Aa — ri] de 
12 (2x — 1) dæ 
| o ai + (x — 3% e 
Cela étant faisons x — £=Ay, et l'on trouvera, 
1-8 
12 (2% — 1) dx fr CEA 
fire Li | 
im +(1— £F 
= (2 — 1X arctg ~~ a arctg Č + log me 
La limite pour A infiniment petit et positif, est (2£ — 1)n; on en Éonclut la 


relation J (a+ ia) — J(a— ia) = (Æ — 1) in, 
2 f 


eten simplifiant, i 
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que je me suis proposé d'obtenir, elle s'écrit habituellement sous la forme, 
J(&) — J(a) = (2% — 1) wm, = 

et l’on remarquera le caractère arithmétique della quantité £ qui est l’excés 
de la quantité positive — a sur le nombre entier le plus voisin par défaut. 

C’est M. Stieltjes qui a le premier obtenu l'extension de la fonction J(a) 
à tout le plan, affecté d’une coupure, dans son beau mémoire, sur le développe- 
ment de log T (x) (Journal de Mathématiques de M. Jordan, t. V, p. 428). Le 
point de vue auquel je me suis placé est entièrement différent de celui de 
Villustre géométre, et conduit en suivant une marche inverte à conclure de la 
nouvelle expression de J (a) qui sert de base et de Den de départ, les formules 
aay obtenues ei Binet et Gudermann. ‘De ait 


— 2) d 


je tire d’abord la série de Gudermann, 
J(a) = Ben (n=0, 1, ras) 


L'expression dont j'ai fait usage plus haut, 
(+ x) 
D log h (ata) = furry 


| 
donne ensuite d’une manière facile, en remarquent ‘que l’on a 
, 


fev) = a (EE een 


et par conséquent, 





1 — 
Je — 2) evay = 42 Dts? 


la formule de Binet employée par Cauchy dans son, mémoire célèbre sur la série 


_ fe [ee (y— 2) +y+ 2] 
J@=f~ [ -Aty Jdy 


En partant de cette expression et par diverses méthodes on Dr enfin à 
un autre résultat du encore à Binet, 


I@aif elas ) de 


a + ai 


de Stirling, à savoir : 


qui permet comme on sait d'arriver par une voie plus facile et plus simple que 
celle de Cauchy au reste de cette série de Stirlingjet à l’importante conclusion 
obtenue par le grand géomètre. | 





On the First and Second Logarithmic Derivatives of 
Hyperelliptic 6-Functions. 


Br Oskar Bozza. 


INTRODUCTION. 


R (a) = Aot + AA? + 6A + 4A + Ay 
be a quartic whose discriminant is different from zero ; farther, 
PER), P=RE) | 
and PE EE iia ” dæ 


; 
En Y 


Let 


then, according to well-known theorems of the theory of elliptic functions,* 





F(t) = LT fat + 240 + 4) GE (a) 
andt p (wet) = @™ t = $). (b) 
CT 


F(x, £) being the second polart of & with regard to R(x). In particular, a 
being a root of R (æ), || | 


PQ) = ag Bl) + eh (e) 


4 2 —a’ 





* I cannot refer to a place where (a) is given precisely in this form ; it follows, however, readily 
from a Formola proved by Weierstrass in one of his courses on Elliptic Functions, viz. If u=w“, 


t—w**, a being a branchpoint, then p (u+ uo) +p (u — wo) = Aog? + 2417 + As, or else it my be 
derived from (b). 


t Weierstrass, Lectures on Elliptic Functions. See Enneper-Müller, Elliptische Functionen, p. 29. 
The covariant character of the formula was first recognized by Klein, Hyperelliptische G-Functionen, 
Math. Ann., Bd. 27, p. 464; see also Halphen, Traité des fonctions elliptiques, II, p. 859, and Harkness 
and Morley, Theory of Functions, p. 840. 

1 That is, if we introduce homogeneous variables, e=nı/m, £—E,/E, and put z4, R(x) = 
then F(z, £) §303 = a? a. 

|| Weierstrass, Lectures on Elliptic Funotions ; see Enneper-Müller, 1. o., p. 80. 
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and differentiating 
1 £ (a); 
p(w) = — 7 can (d) 


If a’.be another root of R (x) and 
—O(@)=(@—ala—a'), Re) =o(a)¥(2), 
p (ura) = + (gd), | (e) 


‘then* 


(pi)? denoting the second transvectant of à 
Sa ay ER. 
El) and Yaad (4). 


In the following paper I propose to give an extension of these and some allied 
theorems to Denen Junctions. 





PART I. 


Toe First LOGARITHMIO DERIVATIVES. 





$1.—Notations. 
= y=R@)S Gr =) Aart Ay TT (@— a) (1) 
be the hyperelliptic curve under consideration, of deficiency p; further, 
unt = = f "202€ OL : (a=1,2,....p) (2) 


a set of p linearly daher integrals of the first kind, the g,(x)'s being integral 
functions of degree not higher than the (p — 1)“; and 
yp y) Em) F 
af" fe PEO qu de, (3) 


(Zo Yo) (Eos 7e) 2 (a— EP yn 2 (a— EP yn ne "yn 


Klein’s sominutelive integral of the third kind;t ra. E) being the (p + 1)* polar 
of & with regard to R (x), in the same sense as above. 





* Klein, Lectures on Hyperelliptic Funakons, 1887. In Math! Ann., Bd. 27, p. 459, (64), the factor 
4 should be changed into — +. 


+ Klein, Hyperelliptische G-Functionen, Math. Ann., Bd. 32, p. 865. I use, however, non-homo- 
geneous notation, which is better adapted for our present purpose: 
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The “normal integrals of the second kind” :* 
pa h S h (@, y) dx | 
wE a = Jo. (2) de ; as Be 05 4 
- oF (È, n) y G p) ( ) 
associated with the integrals (2) and (3), are determined by the identical relationt 


a i y+n _5 920) Jora(E)_ yn + F(a, $) (5) 
de 2 lady Sy n 2 (æ — €) yn 
which furnishes for the g,,, («)’s integral functions each of degree not higher 
than the 2p. | 
With a system of canonical periods se it 








tet 22a (6) 
Mags 2/08) un i 


of the integrals (2) and (4) as ' moduli,” we construct the 2” ©-functions$ of p 
independent variables u, w,....u,. They differ only by constant factors— 
which are of no consequence for our present purpose—from Klein’s G-functions :|| 


Gpp (tas tay ov à 0) = Of] Me Sor ens) (7) 


Coy 
The correspondence between** the “transcendental characteristics” [3] and the 


“algebraic characteristics” 4 depends on the canonical dissection of the 
Riemann-surface. In order to fix the ideas we suppose the dissection so chosen 





* Weierstrass, Lectures on Hyperelliptic Functions. See Wiltheiss, Journal für Math., Bd. 99, 
p. 288; Math. Ann., Bd. 81, p. 186, and Bd. 88, p. 269. I follow here the notation used by Weierstrass 
. in his course of winter 1881-82, which differs slightly from Wiltheiss’ notation ; accordingly I write 


g,, (7) and Ip +a (z) instead of Wiltheiss’ Hs te) and me, 


f As in Weierstrass’ leotures, the letters a, B, y will always be used to denote indices running from 
ltop. 

1 The explicit expressions of these integral functions are of no consequence for our investigation ; 
they may, however, be found in my paper ‘ On Weierstrass’ systems of hyperelliptic integrals of the 
first and second kind,” read before the Mathematical Congress in Chicago, 1898. 

& Weierstrass, Lectures ; see Schottky, Abel’sohe Functionen, 31, and Wiltheiss, U. cc. 

| Klein, Math. Ann., Bd. 82, pp. 867, 876; Burkhardt, Math. Ann., Bd. 83, pp. 418, 487; and 
. Schröder, Ueber den Zusammenhang der hyperelliptischen G- und S-Functionen, Diss. Göttingen, 1890. 

*# See Prym, Functionen in einer zweiblättrigen Fläche, Zürich, 1866, Art. 6; Klein, Lectures on 
Hyperelliptic Functions, 1887-88, and Thompson, Hyperelliptische Schnittsysteme und Zusammenord- 
nung der algebraischen und transcendentalen Thetacharacteristiken, American Jour. of Math., Vol. XV, 
p 9. | 
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that the algebraic characteristic id, of the “ fundamental” @-function On. 07 1 


Po (x) = const. (x — a) (8 — dg) - « e (2 — 441); (8) 
a), (w) = const. (x — a) — ap) » (x — App)» 


After these preliminaries we define 


Cay (try Ugy see e Ups D =F E Ses lat t) a (È), | (9) 





t being an auxiliary independent variable. The letter č is chosen to indicate the 
analogy with the elliptic function fu = = (u). In, fact, for p =1 and g, (@)=1, 


we obtain the four functions ! 

6 G! CH 6 
— (uw), = (u), — (u), — (u). 
G (u) G, (u) G, (u) G, (u) 


The introduction of the auxiliary variable —which may at first sight seem 
rather artificial—allows to unite in a very convenient way theorems concerning 
the system of p functions, . 
3log Əlogő 9 log G 
hd? Ou, 


e 


` A last remark concerning notations refers to homogeneous variables. For 
the greater part of our work it is simpler to use non-homogeneous variables, but 
sometimes homogeneous variables are preferable. : In order to avoid a compli- 
- cation of notations, the same functional symbol f(x) will be used to designate an 
integral function of x, say of degree n, when non-homogeneous variables are 


used, and the binary quantic a} f ($ when homogeneous variables are used: 


Thus ¢ (t4, -.. 1%; t) will occasionally stand for the homogeneous function of | 
h, ty: | 

p—i . i i 
i CERTE i. 


$2.— Expression of Ÿ in terms of the Normal Integrals of the Second Kind. 


We now replace in & (Un, Uy, +++» Up; t)* the independent variables u, by sums 
of v Sp integrals of the first kind, 


ww tur n E, (10) 





* Wo suppress the characteristic 9) where no distinotion between different characteristics is neces- 
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Our first problem is to express č (uw, .... w,; £) in terms of the normal integrals 
of the second kind, w4,. l 
We begin with the following 


Lemma: If x(t) denote the product 
= -x (i) = Ile. 


den a hs Ogg OBS, a) 





the index i running from 1 to v. 
Proof: Logarithmic differentiation of 6 (w,, .... w,) with respect to =, gives 





d aes =5 ge an, 


or, according to (9): 
0 log © 
i ae HF (Wy, oee Wy 5, i): 





But since (a, ....40,; ¢) is an integral function of ¢ of degree p—1, and 
v Sp, we have, by decomposition into partial fractions, 


Cr + za ¢ (w, p w) _ m .E.D, 
| =2 ee = Lelia). LS 


Corollary: Evidently (11) remains true if in the sum 2 and in the product 








Il the index à takes—not all but—at least p of the v values 1, 2,....v. More 


ner, if A(#) denote an arbitrary polynomial whose degree i is = ae then 


Cop own eee = Lae SU ee (12) 


| Pro . 3 log 6 
Our problem is now reduced to the computation of nn to this effect we 





start from Klein’s explicit expression of Gy, (Wie... 0) in terms of 
NT Dire 7 A ~ NT 


Let . a, 9 = ERD 40% = we ES 








* Klein, Hyperelliptische G-Funotionen, Math. Ann., Bd. 82, p. 867. 


` 
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x and E denoting the points (x, —y) and (E, — n) conjugate with the points 
z= (a, y) and = (E, n). 

Further, if p+1— 2u and p +1 + 2u are the respective degrees of ® and vy, 
let D,, denote the determinant of order 2v: | 


Dy = | (14) 
Vol), nv)... af tt ola); Wd (ae), Vd (x)... 
ay Sd (x) 
—VO (E), EVO Ed) ee —# eo Gi VE), ENV (EE). 


.. BTE, 


1=1,2,...,%,.: 


PATIT Q (£i, Ex) 
Mies Ie Ga a) JAE 6)’ 18) 


c® is a numerical constant which has no sliene upon our conclusions; in the 
double products Im. i and % take independently the values 1,2,....9, 


then 





Sy (Wir +++» W) = ol 


6, A) 


whereas the products [[ extend over the Zr) two-combinations of the 


Aue bere 1; da red, 
By logarithmic differentiation of (15) we get . 


Olog6 _Əlog D __ 1 3log Q (m, Ey) 10 log Q (x, x) | 
Ox Om in gtd Oar, D mm, (9) 





. where > extends “over all the values ` EE A > over all the values 
k 


o Ok 
1, 2,....» with the exception of k = i. 
But from (18) and (8) follows 
0 log Q (a, a) 1 











1 J 1 z 
On > Ci — e 4 En Ta Ge 
and 
= % yin + F(a, E) + F(x, I WY + yy + F(a, 2) x) dx, 
2 (x; 2, — EP an aot Ti Fe YY 
and since m, = ti, Y = — Yi 


oda Yy — Fs 2) u 
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But according to (5), 


ny Fm, x) _ d 1 +248 sat), 


2(a,— e ypy z 2 ale 





hence integrating, 


TRIO sala Eur tt De we. 


a, 2(a,— x) yy a—n) yt, © 








and since 
E y— Yi ]J=4 R (2) 
2 («@—a2) yes, 2 R(x) 
we get 
log Q (ziz) _ NH+% Je (21) prg i 17 
da  2(n—w)y +2 ee m 


Returning to (t6) and writing 





Wy pa = MPa H Wea ee + wR a (18) 
we obtain | 
0 log G ; 2log Du Yı Nr vi + Yu 
Dee eh om T en ei > ot 29 (at. (19) 


Substituting this value in (11).and remembering that . 


It a Og. ei j= 20, 


i 
we obtain the result: 








Theorem: If 
w, ws + ur + Sous + wrt, 
and, ~ Wata = WP + WEB. + ce + ,4::70 
then ; 
Gay (Wy + ++ + 20, ; i) = fe (t) Wha 
à log D Ber. Y¥— Mm l Fa A 
+ Sent aye dxi = k DE 2 Ad Di — Hy, oe, 
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§3.—Invariantive Properties: of Ÿ. 
| 


The function ¢(w,,....w,; £) is a covariant with respect to a cogredient . 
linear transformation of the variables a, %,-+-. 23 Eu Eg, -... E; €. In fact, 
apply to the hyperelliptic curve (1) the transformation 


— aa + B oe aie | 
yat Var no 
i að — by=r 0, : 
which changes (1) into 
| f= Ri (e) Eyr + SR (z). (21) 


According to a fundamental theorem due to Klein, * @ is a covariant with 
respect to.this transformation ; that is to say, let | 


(a Ya), (ln len n) 
be the points into which the limits | 
(iy), (age), +. (a); (Em), «++» (Em) 
are changed by the transformation (20); further, 


pi (a!) = (ya HITS (a), 
da (x) = (yal + PEEHI) (a ); 


then if we denote by ö,,,, the G-function derived from the curve (20), the limits 
xi, & and the characteristic p} precisely in the same way as 6,, is derived from 


the curve (20), the limits æ,, £; and the characteristic 4 :} 
| 





4 Ow, = ro i (22) 
| 

Hence by logarithmic differentiation, 
| O log Gay = Br: lg . 
and if we put ; 

— at +B 

a | yt +0" 

and | mO = E r), 








+ 
* Math. Ann., Bd. 82, p. 370. > 
. t Observe that the expression (15) of Gay {wı,...%,) in terms of %,... 2,3 £:,.+. 4, is indepen- 
dent of the choice of the function g, (®) . 
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Ilog Gp _ m! m (#)(yat + 8)? ya log Sy, 
Stent ay" ðv (yl + F DRE NCE iat day ` 


But according to (11) and = . this is 
Soy (Wis - = len (ob eee wp €), (23) 


If, finally, we introduce homogeneous variables and employ the abbreviated 
notation agreed upon at the end of §1, equation (23) takes the simple form 


Coy (Wis eee e Wj =E u (Wis vee w; t), (24) 
and we may therefore say : . | ie | 
The function č (w,,....,; t) is a covariant of R(x) of weight —1, with the 
2v + 1 sets of cogredient variables hy vv ey; Fuss 





$4. no of Theorem (a). 


Formula (A) simplifies a under the OTORIRE two restricting 
assumptions : , 

In the first place we suppose u = 0; and j in order to fix the ideas we confine 
ourselves to the “fundamental” G-function whose algebraic characteristic oy, 
is given by (8); adopting a notation occasionally used by Professor Klein in his 
lectures, we designate it by Gp. 

In the second place we assume v = p +1 and choose for the lower kit Ey 
the roots ay_ı of @,, so that 


ww + ms +. + wr + 148 +1, (25) 


These assumptions reduce D,, to 


D, = const. Ivo (=) H (xi — = ; 








hence = dlog D, _ 1 (x) 1 
| Ox; 2 $y (ai) I a 
and ` 0 log 6, _ 1 KV Y—%ÿ 
KGa, — 24 rar ex un 


Substituting this value in (A), we obtain the 


Theorem: If 
ww bw tt... ut, 


and : 0,4 = Wet, wre. + wiet, 


p+ 
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then . 
Ge = Ome tL TD LUE, (A). 
. where ma) = [1 ¢—*), 


. the index i taking, ad libitum, either all the values 1, 2, ....p +1, or* p of them, 
while k takes all the values 1, 2,....p+1 with the exception of k=i. 

This is the extension of theorem (a) mentioned in the introduction. In fact, 
_ for p=1 and g, (x)= 1, the relation (5) yields for g, (x) the value 


"Gs œ) = — 4 (Ae? t 24% + Ay), 
and (A ) becomes, if ¢ is allowed to take the value 1 only, 
Gi 1 
Bears, o th 
Put m = to, Ya = — Yo, and let 


| a Y ay Gr di 
œ:ÿ1) (æy) 
then Be y CAES a 2w) oz Oty, 
“wy Y @oyo) 


On the other hand 
& à | 
un) S u) +7. 


Thus we obtain | rs 


g an deN 1y+% _ (w) dæ 
e Bai 2 E as tg 
wbich is precisely theorem (a). - 

From (A,) follows as a special case the expression of a sum of p normal 
integrals of the second kind in terms of the fundamental’ ©-function, given by 
Wiltheiss, Journal für Math., Bd. 99, p. 247. _ 

For if we put, in A), £, 41 = a41 and write 


È (t) = (t — at — a) .... (É — x), (27) 
U, = WES +4. we +, + ane 1, (28) 





* Compare tht corollary to the lemma of 32. 
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we have 





a, Ê 
Sr. 2 ' 1 yey 
ot 2 RE +2 2 ae (79) 


where the index y takes the values 1, 2,....p with the exception of y = 8. 
On the other hand, Wiltheiss’ formula, written in our notation, is 


DCE IAO 
1 ð 
125 Cie ut ea 


Both formulæ agree exactly if we make use of the relation 











Sa = P (t) Ys 
20 ay. = Data)! 


which follows from the definition of u,, and of the identity 


ilies SL. 2 ® en Yh. 
To prove the latter, observe that both sides are integral functions of # of degree 
p— 1 which coincide for the p values t= a, m,.... £p. 
' Lastly, we refer to Thomae’s researches on htc of the second kind, 


Jour. für Math., Bd. 71, p. 213, and Bd. 93, p. 80, where an allied problem is 
treated. 


PART II. 
THE SECOND LOGARITHMIC DERIVATIVES. 


§5.— The Analogue of pu for p > 1. 


Before proceeding to the generalization of theorem (b), we must agree what 
we are to consider as the analogue of pu in the hyperelliptic case, Though 
various ways of generalization are possible, certain results obtained by Brioschi 
and Wiltheiss, combined with Klein’s general theory of hyperelliptic G-functions, 
seem to leave no doubt as to the best way. . | 


Le LA 
Vo. 
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Brioschi* has given for p = 2 generalizations of the formula 


ou 


eat 


which were extended to the general hyperelliptic case by. Wiltheiss.f In their 
formule the mixed-polar-like expression 


du. dus a (ax) Je (a,), 


a,, a, being two branchpoints, takes the place.of pu. 
On the other hand, Wiltheisst has given a generalization for p = 2 of the 
differential equations 
pu Apu — JPU — Js, 
p'u = 6p" — $ g2. 


In his results pu is replaced by 
: ® log © 
> Du ga (€) gp (2), 


t being an auxiliary variable, and the same expression occurs incidentally in his 
researches on the partial differential equations of the hyperelliptie @-functions.|| 
These results point to the expression | 


DE PT) 


a p 


s and ¢ being two auxiliary variables,§ as the true generalization of pu. 
Accordingly we define 


N Era 


a 


=F Berge HY go 


(30) 


* Rendic. dell’ Accademia dei Lincei, 1886,, p. 199. 
+ Math. Ann., Bd. 81, p. 417. 
{Jahresbericht der deutschen Mathematiker-Vereinigung, Bd. I, p. 72. 
‚| Math. Ann., Bd. 81, p. 158, and Bd. 88, p. 286. 
& The introduction of two auxiliary vagiables was suggested to me by Professor Klein. 
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For p= 1 and g, (x) = 1 we obtain the four functions 





_ loge | d log 6 = 
pu = — puto) =H, i= 28.: 


Every p-function is reducible to the “fundamental” p-function whose character- 
istic is given by (8), and which we e shall denote by #5, by means of a relation of 
the-form : 
Bay (Ur F Oy, ce U, F Op; 8, D = Po (th, oo Uy; 8, E), (31) 


Oj, Qg, ++. -© being a certain system of simultaneous half-periods of the inte- 
grals (2). | | J 
In the same sense as & (w, .... w,; £) in 83, also p(w, ....w,;8,t) is a 
covariant of R (x), but of weight — 2; this is easily seen by & repetition of the 
conclusions of 83. 
Concerning the use of the auxiliary variables s and ¢, an analogous remark ` 
applies as in §1; they serve to unite in a simple way theorems concerning the 
system of pt1) Junctions, 
, | 2 © log G 
| Sao 


| §6.—An Interpolation Formula. 


For ‘our further developments we need the following Lemma: Let G(s,t). 
be an integral symmetric function v s and t, of degree p — 1 with respect to each of 
the two variables ; further, 2, &, ....æ, vS p + 1 distinct values, and 


n (t) = (E — em)... (be), 


eh a, — ay)” G (xi, ©) 7e (8) x (6) 
ae) 7 “Braye tale ale (32) 





on two-combinations of the. numbers 


the summation ES over the 
12.0449: ` | 

Proof: The function G (2, °) is an integral function oft of degree p-—1; 
the function 


(= 20 
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_ is at least of degree p; hence by decomposition into partial fractions 





Gia, _sv G(x, =) 
M) ~~ <4 mn) — 2 


the index & taking the values 1, 2,....» with the exception ofk=i. But 





| aa, men) ; 
h : kA G ’ ‘ 
u EZ a en | 


Next consider the function G (s, t) as a function of 8 alone; again, by decompo- 
sition into partial fractions, - 





G (e, t G (£, t 
2 Den (x: t) 


z e—a)’ 


the index i running from 1 to ». 
Substitute the above value of G (æ;, t), observe that generally 


323 Cik =F (ca + Cn), 
(i, k) 
and make use of our hypothesis 
| (aj, mm) = G (ay, £i); 
thus we obtain | 


ed) vw (mn) G (e, m) a (À g, 
ne) Era) (ae) (t — u) — x) 8—2; &— ay 








- which leads immediately to (32). 


§7.— Generalization of Theorem (b). 
As in §2, we replace the independent variables u, of p (U, ....u,;8,t) by 
sums of v integrals of the first kind, 
= wet watt +... + ur, - (10) 
supposing, however, vSp+li. 


p(w,,....w,; 8, t) is an integral symmetric function of s and t, of degree _ 
p— 1 in each of the two variables. Therefore the Lemma of last section is 
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applicable, by which the computation of p(w,,....w,; 8, £) is reduced to the 


P 
computation of the a special values 


P (Wy, +++ + Wy; Tis Cr) (x +1). 
But from (27) follows i 
2” log 6 


2 log G 
ACRE Pei Tis Lp) = = Gi ou, Jo (=) Je (2) = FAST MT (33) 
For our further developments we “make again the same Sao assump- 


tions as in $4, viz. we confine ourselves to the fundamental p-function Po and 
choose 





We = WH HWE A eee + awh He, (25) 
Differentiating (26) with respect to x,, we get 
2 log 6, re) Yi—Yu 
We won. = on a, a + Ee (rate) 
or, according to (5), l (34) 
= Yıya F(x;, Ti) | 
2 LG — Le 
Thus we obtain the 
Theorem: If ; 
w, = wma + wrt + te + wer +1, 
then | TT Yi, F is À 
Po (Wy, Mena Ops a a= ARETE (B) 
and 
l (HY — F (xi, 2)) 76 (8) x (E) ; 
Po (Wr, Way +++ Waj 8, t) “2 On a) (ae — r) Bu See D =) 


( 


the summation extending over the cery two-combinations of the numbers 


1, 2, ....p +1. This is an extension of theorem (b). In fact, for p = rand 
gı (x) = 1, (B) reduces to 
— YY: + F(x, %) 





Po (w) = 2 (a — 2) ’ 
where wy = whe + whe, 
But if we put again, as in $4, £ = To, Ya = — y and 
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we have Po (w) = #o (wp + a) =p (wp), | | 
whence | - > — 2y t F (x, 21) ` 
er Tr u mee 


Second proof of (B): We add another proof of (B) which does. not presup- 
pose (26), but starts directly from the well-known expression of the quotient of 
two products of ©- (or G-) functions in terms of integrals of the third kind. Let 

Ug = WEE WM +... + et, 
ul = wh + wht + eee. + whee), 


then* G, (wt +1— u,)) G, (ir +1— ul) __ r 
i log Go ee Go (0+1 —a)) — oe Pr (35) 


Hence, differentiating with respect to x and £p, 


2 log 6, (ur +1 — tta)). a? ore _YY%+ F(a, Te) 
Ox ds ~ dx = 2 — x) YYa ` 








Replacing the point == (æ, y) by B41 (a1 — 9,41), we get 
s — YY ori tF (Rs, £, 41) 
Po (a, ore 0, ; gr p41) = a 
Wi, +... W, having the same meaning as in (B). Hence follows by a permuta- 
tion of the letters a, 29, +.» +2,41, equation (B), which thus appears as an imme- 


diate consequence of (35). l 
Other form of (B'): Formula (B') may be thrown into another shape which 
is better adapted for applications. Add and subtract on the right-hand side 


R (x) n (8) x (t) 
2 47 (x) (8 — a)" (t — a)? 


R (x) = yi = Fu, a) 


en EXeu= eu + 2Y eas 


{i x) 





and observe that 


provided c, = cu. The right-hand side of (B’) becomes 
aon OLS a 2e — a aa RO 
Li, M) 70(8) WE 
= 2 Ant! (us) 70 (ay) (8 — 24)(8 — u) — 2) u) 








* Klein, Math. Ann., Bd. 82, p. 879. 


Derivatives of Hyperelliptic G-Functions. 27 


But by decomposition into partial fractions 


F (t, %) 1 F(z, s) Fiat) 
ea ere ea ae 


F(x,, 8) _ 1 pres) F(s, 2) 
Era = aly 260 








likewise 





and remembering that 
F(s,8)=R(s), F(t, t) = R (6), 


we finally obtain the 


Theorem: If mae 
| W, = WE tet... WH +180 +1, 
then 


Po (Wi, War +++ + Wp; 8, nes (8) (2) B "en er à 
| | en F(s, t) EB (s) x (ð R(n (8) | (33 
2(t—s)®  Afi—s)n(s) Als—E n (t) 


The special case s = t: If we wish to apply (B") to the case e=t we must 
first perform the division by (t — 8}; to this effect, introduce homogeneous - 
variables, multiply by s7147 and use symbolical notation 











R) =at, F(s, =at, n) =t pt 
The last three terms of (B") become 


_ (tat, 
4 (st)” n (t) x (8) | 





now the division can be immediately performed, and if we put afterwards s= t, 
we get 





eee ` P EH dr | 
Po + e.. Wt t) =n È 2 (tar "II CR Ax o (36) 


$8— Gonorahieation of (c) and (d). 


Giving special values tbet to the upper limits a, 23, -...%,41 or to the 


auxiliary variables s and t, we obtain-a series of consequences of our last 
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theorem which are extensions of well-known properties of the elliptic func- 
tion pu. Š 
In the first place, put in (B ¢= x,,1 and ‘observe that 


[0 ifz and & + p +1, 
[pe] = Ka) TEEN" 
(č ate a), ir ep; 


%+1 


(B') reduces to 


: P(s) Fa © 4.1) — Yap 
Po (Wry Was - +. Wa; 8, n) =D goer ( x dy a 





where. as in §4, l À 
® (s) = (8 — a)(s-— ay)...» (8 — T). . (27) 


Now give x, the special value «, |, = a,,,, and denote, as in §4, 


Uy = WE fw Poe ef wee; (28) 


F 
Po (u, Ug, ss. U; 8, Gy +1) =>) p = @) (es we) 


then 
| Dale a) 2 — a)" 


But a being any branchpoint, we have 
Fa, ee =,0, 


er 9) a) =+ ; LR (a), 


therefore : l F(x, a) — 4 R (a)\(a@— a) _ 
| _ 2(@—a} Fe) 
is an integral function of x of degree p— 1, hence 


rer = G (s). 


‚On the other hand, décomposition into partial fractions of (GC a) gives 


96) nds. OW) 
Ze ae —a) 8—a (a)(s—a) 


These transformations lead to the following 


Theorem : If U, = WEE EWE os. Wi, 
= Po (2 TU a 1 Ba) ®6) (C) 


2 (8 —a,41) 4 P (aap +1)(8 — ao) 
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Special case p = 1, g (x) = 1: 


101) — F(s, as) 1 Fi (as) 1 E (as) 
Po (wei) = 2(s—a,)® 4 ut € T— Ag 


Buy Flo, a) = Eu (ea) + Ra) — a}, 


hence Po (uns) = he: ga (cs ) +> 1 K R' (as) =p (um), 


A Lg 
(C) is therefore indeed an extension of the theorem. (c) of the introduction. 
If 4,11 is made infinitely great, (C) changes into a formula given by Wil- 


theiss. In fact, choose g, @=" and put ap 1 Sj multiply (C) by pr 

and pass to the limit e = : 0, while at the same time lim Åt remains finite, say 
lim = (2p + 2) Al, 

so that yim (a) = (PF Ar (PE D) dot... Ar 

The result of the limiting process is 


LZR = — AF) + (op +2) A0) ©) 


vin UD A (PES) ere 


This is the formula given by Wiltheiss, Math. Ann., Bd. 31, p. 414, (8). 
Theorem (C) contains a solution of the inversion problem : 


Ug = WE HOH +, + we], 





For the equation of degree p, ®(s)=0, which determines the p values of 
Dis Ly, +++ e Lp, 18, according to (C), 
| F 
(8 — 941) Po (ti, Uy, oe ee p) 8, ea E (C7) 
| 2 (8 — Ag, +1) 
(Remember that F (e, N is divisible by 8 — a, +1)- 
The values a, æ,....2, being, found, for oo % the corresponding 
value y, is given by the suction 


log G R (as, 41) 
Peer Ou. du. du, OU. g OU, Ja (454.1) Je (dap +1) Jy (a3) = = a (D) 
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an extension of (d) which is derived from (C) by a with respect to 
x, and putting afterwards «= yp 415 
8. res of (e). 


Put in (B/) the p + 1 upper limits æ, Way eee 


+1 equal to p+1 distinct 
branchpoints, say 


bi, by, ese bin 


and let @ (x) = (a —2,)(a — 8)... (a By ar); | a 
oe — R(x) 
| ve $ (2) 
and | ©, = Wh + apps Lane + 1% +1, . (38) 


(B") becomes 


M E ee a; N ee, (E) 


4(t— 8)’ 





Introduce homogeneous variables* and use symbolical notation, 


RZ, OR LOHR, 


QED 


then 
ODE ata! = former (Pt ern 

+41) pe ee boty, 
and if we make use of the identity 


DE AER 
we obtain, after a few simplifications, the result: | 


ore? tT Ys. | 
a( 2 +2 a 

where SE TAT N 

and So =]. 





Po (Ol, 03, ea e 0,3 8, E) = — 


entrer 





* See the agreement concerning notation at the end of 21. 
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For p= 1, (E') gives . ; - 
RE), 


where | o, = WH + wh; 
but Po (01) = po (wh + wh) = p (wh); 
bı 
hence p (S =) = — = (pl), which is theorem (e) of the introduction. 
For p= 2, (E’) gives 
$ 9- ` 
Po (Q1, O25 8, 4) = — zy (ouh + (OY)? peh} (39) 


Tf the auxiliary variables s and ¢ are replaced by two of the branchpoints b, say 
b;, dx, (E) becomes 
Po (a, Oss o se e Qg; bi, by) = F (bi, ba) 


TOSA (40) 


Ou 
Gu ` 





§10.— Generalization of pu — e, = 


A first extension of this theorem is immediately derived from (C) by: 
replacing ¢ by a branchpoint different from a,,,1, say 


sas A+ 2p + 1.* 


We obtain 
. F(a, Gap +1) es 1 BR (G41) P (a) 
(th, eee «U; Qa), ap +3) — 2 (ar — Agar)” 4 (Ga — Ap 41) P (Gay yt)” (41) 


But if we use Weierstrass’} index notation 
(a) _ VIP RH) C(t... ur, 
P (ay) W— B (a41) OF (ta, eee %) ? 


hence if we write F (ai, a) 
= lh, 43 
aa = 





(42) 


*ForA=% + 1 we get i 
p (u un: $ p= Pp R"( 1) —}R (a ‚ra +1), 
o (Urs. +++ Up; Bot 1, 3p + = 8 (2p +1) B25 + jp +1 ® (as, 41) 
+ Weierstrass, Lectures on Hyperelliptic Functions, Solution of the inversion problem. 
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we obtain the result: 


Po (th, -oo o Uy, Ars dat) =A, 2 +1 


ae 1 VOD on) Rani) Py oes eB | 


4. Ai — a+ - O? (uy, oee a Up) 





For p= 2 and @,4,— œ, this result was first proved by Brioschi, Rend. 
della Acc. dei Lincei, 1886,, p. 199; the general formula (F) was given by 
Wiltheiss, Math. Ann., Bd. 31, p. 417. 

An analogous na for @-functions with two indices is obtained by pùt- 

ting in (B”) | | | 
=, 8 t=a,. 
(B") ‘becomes | 


F(a, a, 
a Gy) — ee . 
° La 





= et (0 
But according to Weierstrass, | 


(as +1— (au — 3 Fk: 42) D (Gp a Ya CY 
; E (as 43) Besse ee 


me Pty ees Uday OF (Uy oe (45) 


x 


OP (tg, oee a Up), OP (thy ooo de 


Hence we obtain the result: 


Po (ty, Us .. . UW; ar a) Cru es 
= 1 X (— 1) R (a) (— 1) E (a) En Up) au (G) 


Aa — dy OF (u, Ug, oea e Wp) 





This agrees exactly-with the result given by Brioschi 1. c. for P= 2, dy41 = ©, | 
if we make use of the identity 


pe LEO Se pate ZO Sr. tate) 


which follows from (5) for £=a,, x <a, 
The symmetry with respect to the ho is better seen, and at the 
same time the irrational coefficients are avoided, if Klein’s G-functions and alge- 
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braic characteristics are introduced instead of Weierstrass’ @-functions and index 

notation. This may be done either by means of the relations which connect the 

©- and G-functions (see Klein, Math. Ann., Bd. 32, p. 376, and Schröder, Ueber | 

den Zusammenhang der hyperelliptischen G- und 3-Functionen, Diss. Göttingen, 

1890), or else by using Klein’s theorem* (15). The result is as follows: l 
Let as before i | 


Po (x) = const. (x — a) — as) .... @— au H),) ; ® 
aby (x) = const, (a — au) — ag) ....(x— a») 


and. 0o | Gy = Gyr ; 


Two essentially different cases have to be distinguished. 


I. Case: an, a, belong the one to @,, the other to h, say A=2—1, 
u = 2h. Put 


p (2) = do (a), 
(46) 
| ee) 
then 
Po (Uy, Uy ere + Uy} oi 1) Apu) — Cp _ 1 a= ZO (an) Y (an ln ne) (H) 


Gin, see. Up) 


II. Case: a,, a, belong both to the same of the two factors Pos Vo say for 
instance 9, A= 2—1,u—2%—1. Put ` 





= De) (47) 


(u — Agi _1)(@— aye—1) 
x (2) = ho (x)(x — ag; 1)(@ — an1); 
then 3 


Po (us, Ugs eee e W) Anis A1) — &-ı, 2k— 1 


= 5 Vo (az: - 1) Ÿo (ax) ae = : : at ir (I) 














* For the value of the constant factor CF} see Burkhardt, Math. Ann., Bd. 82, p. 418. 
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Verification for p=1: Choose g, (x)= 1 and the constant factor in 9 (x) 
Sue 1; then 


Poe) = (x — aaa), v (2) = Ag (a — a) (€ — 45), 
p@)=1, x (2) = R (2). a- 
Further choose, in order to fix the ideas, in (46), 
g 94-174, Agr = h, 


wo that | pig) = (x — a) — a), 4 (æ) = Ap (x — a) — a) ; 
(H) and (I) become | 


Po (u) — eu = a a, (b) 
Po (u) — es = — ZA (a — a,)(aı = ds)(as — d)(ds — ay) oe | | (i) 


But if we ee F(a, Ay) in, terms of the roots we obtain* 


ea = Eh = — Fg Mana ty) + anna], 


i, k, l, m denoting the four numbers 0, 1, 2, 3 taken in any order; therefore 


Ex = Em 


d ; A 
me OE Cy — T (Gi — m) — a). 


Hence if we designate 


Es = Con = rj C19 = Eg = man 
and accordingly | Go = Ga, Gy = Gp, 


* Compare Weierstrass, Leotures on Elliptic Functions, and Klein, Elliptische Modulfunctionen, I, 
-p. 17. . : 
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` .(h) and (i) become... 








(uta) —4 s=) $0, re A 
ur @ 
oad if we apply the formula® so 
| plu+o)—a = (aa 0), = (48) 
we obtain the well-known equations eee 
p (u) — (u) ; n 
ee = | y, @ ) 
— (0), oo ay 
p(u)—e © (u) 


An extension of (48) may be deduced from (E) » as follows: arm the - 
two branchpoints dy —ı and a the result is 


us 1 GÈ (th, «++. U,) 
Pay (th, ose Uy} Aok, Agi — 1) Cgi — —1, 2 Lel (au_ 1) vy (an) "Ss (us, = u <U) » (49) 
Multiply (H) and (49) and aware that (31), 
Poy (is... Up; 8, D = (uj +m, eu, +,; 8, t) (50) 
if | ; = f "20 de (51) 


| y1 
therefore . 
Po (ta + m, ++. » Uy + m; di yx) — Ci, k 


1 9 (Gx) Ÿ (ax m (451-1) Yo on (K) 
16 Po (%4, eree Uns Agiis Ag) 





In concluding, I may remark that most of our developmenta—in particular 
the fundamental equations (A), (B), (B")—are independent of the special 
assumption which we made concerning the commutative integral of the third 
kind. We might just «és well have chosen, instead of Klein’s integral Q, the 
mosi general commutative integral of the third kind, and accordingly, instead of 
Klein’s G-functions, the most general 6-functions. We would only have to replace 
in all our formule the p+ 1% polar F (x, &) by the most general integral sym- 











*Schwarz’s Formelsammlung, Art. 19, (5). 
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metric function of w and £, F(a, £) of degree p + 1 with respect to each of the 
two variables satisfying the two conditions* 


FE, £) = R (£), 
OF (x, Le a 
( = 2) = FPO. 


Our results would thus gain in generality, but they would lose their covariant 
character. 


FREIBURG i. B., August, 1894. E 





* Weierstrass, Lectures on Hyperelliptic Functions; Klein, Math. Ann., Bd. 27, p. 444, and Lec- 
tures on Hyperelliptic Functions, 1887-88. 
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. Sur la definition de la limité d’une fonction. 
_ Exercice de logique mathématique. 


Par G. Praxo à Turin. 


Selon la définition de la limite, aujourd’hui adoptée dans tous les traités, 
toute fonction a une limite seule, ou n’a pas de limite; une variable ne peut 
tendre à la fois vers deux limites différentes (voir p. ex. Jordan, Cours d'Analyse, 
1892, pag. 9). | | 

Mais, en faisant un petit changement dans la définition commune, on 
obtient une nouvelle définition de la limite; alors toute fonction a des limites. 
finies ou infinies; si la limite est unique, on retrouve, comme cas particulier, les 
propositions communes. i 

J’ai donné: cette nouvelle définition dans la Rivista di Matematica, 1892, 
p. 77, et je l’ai adoptée dans mes Lezioni di Analisi infinitesimale (1893); mais 
on rencontre la même idée dans des publications antérieures. M. Giudice dans 
un intéressant article (Sulle successioni, Rendiconti. di Palermo, t. V, a. 1891, 
pag. 280), énonce les propriétés plus importantes des suites, et les décompose en 
suites convergentes. P. du Bois-Reymond a introduit les Unbestimmtheitsgrenzen 
qui sont la plus petite et la plus grande des limites que nous allons définir. Mais 
on les trouve dans cette proposition de Abel (Œuvres, II, pag. 199): 

“Pour qu'une série Zu, soit convergente, il faut que plus petite des limites 
de nu, soit zero.” - | | 

Cette idée plus générale de la limite est clairement énoncée par Cauchy ; 
on lit en effet dans son Cours d'Analyse algébrique, 1821, p. 13: 

“Quelquefois .... une expression converge à-la-fois vers plusieurs limites 
différentes les unes des autres,” 


et à pag. 14 il trouve que les valeurs limites de sin- , pour g= 0, con- 


stituent l'intervalle de — 1 à +1. Les auteurs qui ont suivi Cauchy, en cher- 
chant de préciser sa définition un peu vague, se sont mis dans un cas particulier. 
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L'objet de cette Note est de donner cette définition générale de la limite, et 
de démontrer ses principales propriétés. Nous ferons usage, dans cette étude, de 
la Logique mathématique. Cette science s’est rapidement développée de nos 
jours, et on l’a appliquée dans plusieurs. travaux. Nous aurons à citer le Formu- 
laire de Mathématique (abrégé en Form.), que publie maintenant une société de 
professeurs, dans la Rivista di Matematica. 

L'introduction à ce formulaire explique les notations; la première partie 
contient toutes les propositions ou règles de logique qu’on a jusqu’à présent 
rencontrées. Pour notre travail, nous aurons aussi occasion de citer la partie V, 
qui regarde la théorie des ensembles de nombres, des niten BRPPLIEINDS et infe- 
rieures, des ensembles dérivés, etc. 

M. Burali-Forti vient de publier son traité “ Logica matematica” (Milano, 

Hoepli, 1894), livre d’un grand avantage pour ceux qui vourront se mettre au 
courant de cette science. On trouvera des expositions plus ou moins rapides des 
notations toutes les fois qüe j'en ai fait usage; notamment dans Varticle pablig 
‘dans les Mathematische Annalen, :t. XXXVII.’ 
“ - Mais, pour nôtre but, il suffit une‘ ira sommairé des notations ; 
c'est-à-dire des signes de logique ~, ©, ~, A, D» &, =, K, des points, du signe 
de fonction f, et des signes ‘de mathématique Q,q,N, Y, l, et quelques autres 
‘qu’on rencontrera dans la suite: Les règles seront expliquées dans chaque ‘cas, 
en renvoyant au Formulaire pour des ‘plus amples explosions; ainsi aes article 
sera un exercice de Logique mathématique. i 


Soit fæ une fonction réelle de la variable réelle æ. Cette variable & peut 
‘tendre vers une valeur finie a, ou vers + ©; mais par le: changement de variable 


°æ=a+ a ‚le premier cas est réduit au deuxième. Si a tend vers — oo, en 


poset g = — x, x! tend vers +». Donc, sans ôter à la généralité de la ques- 
tion, on peut supposer que la variable indépendante tende vers + œ. 

La fonction fx sera définie pour les valeurs de la variable appartenant à 
un ensemble u. Si cet ensemble coincide avec l’ensemble des nombres réels, 
c'est-à-dire si u q, la fonction sera définie pour toutes les valeurs réelles de la 
variable, comme 2, sing,....;siu=Q, la fonction sera donnée pour les valeurs 
positives, comme loga, /æ,.... 

Si u est l’ensemble des nombres entiers positifs, u= N, ont signification les 
symboles /1,,f2,.... qui forment une suite. Mais la question générale de la 
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limite d'une fonction n’est pas réductible au cas particulier de la limite d’une 
suite, sans perdre de sa généralité ;.car si u est un ensemble continu, p.ex. u = q, 
on ne peut pas mettre ses individus en correspondance semblable avec les 
nombres 1, 2,8,.... En conséquence les auteurs qui, en définissant Ja limite, 
parlent d'une suite 2, a%,..++ Eny +++» 8e placent dans un cas trop particulier, 
duquel on ne peut tirer la définition de la limite d’une fonction, dont on fera 
usage dans l'analyse infinitösimale. 

Afin que la variable x puisse tendre vers + œ; il faut que la classe u de ses 
valeurs contienne des nombres aussi grands que l’on veut; c’est-à-dire que la. 
classe u soit illimitée supérieurement, ou la limite supérieure des u soit œ. En 
répétant ces conditions, nous pouvons donner la définition de la limite : | 

Définition.—"" Soit u une classe de quantités [weKq],.dont la limite supé- 
rieure est infinie [lu = œ], et soit f le signe d’une fonction réelle définie dans 
la classe u [feqfu]. Étant y une quantité finie [yeq], nous dirons que y est 
une valeur limite de fx, lorsque æ, en variant dans la classe u, tend à l’œ, [et 
nous écrirons ye lim, , ./x], lorsque, étant donné un nombre positif arbitraire- 
ment petit A [AQ], quelque soit le nombre a, aussi grand que l’on veut [aeq], 
il y a toujours de valeurs de x, contenues dans l’ensemble u [ew], et plus 
grandes que a [x > a], qui rendent la différence fa — y, en valeur absolue, plus 
petite que A [mod (fa — y) <h].” 

En liant ces conditions par les notations de logique, cette définition s’énonce : 
1. ueKq.lu = ».fegfu.yeg.g:: 

ye lim, u, oft. = +, hQ. AEA. Or, a : TEU. oe mod (fx — y) <A. Fi . Def. 


Nous .ferons RER remarques sur cette définition. Nous avons trans- 
formé les mots “étant donné un nombre positif, arbitrairement petit A” en 
“ heQ,” car les mots ‘arbitrairement petit” sont un pléonasme. Analoguement 
pour a. a | 

Ce qui précède le signe 9 :: est l'hypothèse de la définition; elle explique 
la signification des lettres u, f, et y. Ce qui suit le signe de déduction est 
l'égalité qui constitue la définition. Son premier membre, qui est en avant du 
signe =... est l'expression qu’on définit; le deuxième én indique la valeur. 

On dit qu’une lettre variable x est apparente dans une expression qui la 


. contient, si cette expression en est indépendante. Ainsi dans fe fx dx, la lettre 
a 


b ' 
x est apparente, car J fx dx = S fa dz. L’expression que nous avons défini, 
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ye lim, „7%, Contient la lettre apparente x; si l’on ne veut pas de lettre appa- 
rente, il suffit de changer de notation; on pourrait écrire p. ex. ye lim f( œ, u), 
ou yef( æ, u), ou yef,o, ete. Mais la notation adoptée est la plus commode. 

L'expression définie depend effectivement des seules lettres variables y, u, f 
contenues dans l'hypothèse, et dans le second membre de la définition. Ce second 
membre est une déduction, dont la thèse est une inégalité logique. Il contient 
aussi les lettres h, a, x; mais elles sont des lettres apparentes; car la thèse, où 
figure la lettre x, a au signe = lindice x; donc cette thèse est indépendante 
de x. Et les lettres A et a sont des indices au signe de déduction; donc le second 
membre est aussi indépendant des lettres h et a (voir Intr. au Form., §14). 
Les deux membres de l'égalité contiennent les mêmes lettres. 

D’ordinaire on indique la limite cherchée par lim,_ „fx, en sousentendant 
la classe u des valeurs de x. Dans ce qui suit, pour abréger, nous écrirons sim- 
plement lim au lieu de lim, u, œ; en revenant, lorsqu'il faut, à la notation com- 
plate, qui ne produit jamais des ambiguités. | 


Nous commençons par transformer cette définition. Comme nous venons 
de dire, elle a la forme 


(a) Hypoth. 9. 1° membre = 2°%° membre. 


Or les deux membres de l'égalité sont des propositions; et légalité entre deux 
propositions a et b, a= b, est identique à l’ensemble des propositions a9b.b9a 
(voir Form. I, $1, P3). x | 

. Donc en exprimant le signe = par le signe Q, la proposition (a) se trans- 
forme en i 

(8) Hypoth. 9. 1° membre p 2e membre. 2%me membre N 1% membre. 
Maintenant, étant a, b, c des propositions, la agbe est équivalente à l’ensemble 
apb.ape (Form. I, §1, P36). Nous dirons, avec M. Burali, qu’on compose les 
propositions anb.ane, lorsqu'on les écrit sous la forme ande; et qu’on décompose 


cette ci, lorsqu'on la réduit à la forme primitive. Décomposons donc la (8), 
dont la thèse est l’ensemble de deux propositions; on obtient (8) = (y)(ô), où 


(y) Hyp. 9. 1% membre 9 2™° membre. 
(8) ~ Hypo. 2™ membre g 1° membre. 
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Or, étant a, b,c des propositions, l'expression a9.b9c (de a on déduit que de à 
on déduit c) est identique à abge (Form. I, §1, P39, .et Intr. §12, P13). On 
appelle importer l'hypothèse a, la transformation de la première à la seconde 
forme, et exporter Vhypothése a, la transformation inverse. Importons donc 
Hyp. dans les (y) et (à) ; elles se transforment en: 


(e) | Hyp. 1° membre. 4 2°™° membre. 
(8) Hyp. 2% membre. 9 1° membre. 
Cette transformation de la (æ) dans (e)(f) est tout-à-fait générale; sia, b, ¢ 


sont des propositions, laag.b=c est identique à abgc.acgb, comme dit la 
P44 du §1 de la première partie du Form. Mais nous avons préferé de faire 


les transformations une à la fois. Substituons aux abréviations 1° membre . 


gme membre, ses valeurs. Écrivons, selons les notations adoptées, HpP1 pour 
indiquer l'hypothèse de la proposition 1. La P1 se transforme dans l’ensemble 
des prop. 2 et 3: 


2. HpP1. ye lim fæ. .. heQ. eq. Os, a:meu.2 >a.mod (fx — y) < h.~ =, A. 
3. HpP1..heQ.aeq. On, aixeu.w > a. mod (fx — y) < h.~ =,A.0.yelim fx. - 


La P2 a encore la forme a9.b9c; importons encore l'hypothèse; elle se 
transforme en : 


4. HpP1. ye lim fx.heQ.aeq.O:æeu.x > a.mod (fa—y)<h.~ =,‘ 


qu'on lit “ayant u, f, y la signification expliquée dans les Hypoth. de la P1, si 
y est une limite de fx, si A est une quantité positive, et si a est une quantité 
réelle quelconque, il y a toujours de valeurs x, appartenant à l’ensemble u, plus 
grands que a, et qui rendent la différence fx — y moindre, en valeur absolue, 
que À.” 

Remarquons la loi qui règle les indices dans la transformation de la P2 
dans la P4. Dans la P2 le signe de déduction principale, 5.., ne porte pas 
d'indices; ils sont sousentendus, et sont toutes les lettres variables dont dépen- 
dent les deux membres, u, f, y. Le second signe de déduction 9: a comme 
indices les lettres À et a. En important l’hypothöse (Int. §18, P2), on mettra 
au signe unique de déduction p : qui remplace les deux, tous les indices des deux 
signes; dans notre cas, u, f, y, h, a; mais puisque dans la P4 ce signe de déduc- 
tion indique la déduction principale, on les sousentend tous. 

6 
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La condition entre u, f, y, h, a, 
(a) > œeu.x >a.mod (fe — y) < h.~. =A) 


contient la lettre apparente æ. On peut la éliminer, c'est-à-dire mettre cette con- 

dition dans une forme, où ne figure plus la lettre æ. À cet effet, exprimons la 

relation x >a, par le signe e, sous la forme mea + Q; l’ensemble geu.x >a- 
devient zeu.xea + Q, ou xeu > (a +Q); car une formule de Logique (Int. $16, 

P2) dit que, étant a et b des classes, l’ensemble des propositions zea.aweb est 
identique à la prop. æa—b. Au lieu de mod (/x—y)<h, on peut écrire 

mod (fx — y) eh —Q; et la proposition (x) se transforme d’abord en: 


(8) ' œeu—(a+Q).mod(fx—y)eh—Q.-— =, A. 


Maintenant, étant u une classe, et g un signe de fonction, par gu on entend 
l’ensemble des valeurs de la fonction gx, lorsque + prend toutes les valeurs dans 
la classe u; et alors, étant v une autre classe, on a la formule de Logique (Int. 
829, Pb), 
À Leu.grev.~ =A =.QU Ve = A,- 


“dire qu’il y a un x, appartenant à la classe u, dont le gx est un v, est identique 
à dire que les classes gu et v ont des individus communs.” Appliquons cette 
transformation à notre cas. Posons donc u—{a+Q) au lieu deu, mod (fx — y) - 
au lieu de gx, et À — Q au lieu de v. La (8) devient 


(y) mod {f[u~(a+Q)]—y} -4—-Q~=4 
et ainsi on a éliminé la x. En substituant dans la P1, on a: 
5. HpP1.¢..ye lim fc. = :heQ. aed- On, a- mod{ f [u~(a+Q)] — y}A(h—-Q)~= A. 
On peut présenter sous une autre forme cette élimination. Étant a et b 
deux quantités, et a < b, on désigne par a b l’intervalle de a à b, c'est-à-dire 
‘(a+ @Q)—(6 —Q); done ea —b signifie a æ<b. Alors la proposition 
mod (fx — y) <A est équivalente à | | 


| The fe-y< 
ou à y —A<feKy+h 
et enfin à GS 2 fue (y—h)—(y +4), 


c'est-à-dire fe appartient à l'intervalle de y—h&y-h. Alors la proposition 
(a) devient | 


@ zeu (a +Q).fue (y—h)—(y +h).~ = A 
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Appliquons maintenant la transformation logique énoncée, en y faisant la substi- 


tution Cr J UUT en), 


U, g, v 


c'est-à-dire, en posant au lieu des lettres écrites en bas les expressions supérieures; 
la (ô) se transforme en: 


© fu (a+ QG) — (+ 

et la définition 1 devient l | 

6. HpP1. 9... ye lim fx. = :heQ.aeg. On, aJ [u a +Q] y — 4) (y +2) = À. 
“Ayant u, f et y la signification expliquée, y est une valeur limite de fx, lorsque, 
en prenant un nombre positif À et un nombre a, il y a toujours des valeurs de la 
fonction f, correspondant à des valeurs de la variable de la classe u, et plus 
grands que a, qui appartiennent à l’intervalle dey—Aay+h.” 

On a donc éliminé la lettre x, et transformé la P1 dans la 5 ou la 6, par la 
convention sur la signification de fu, lorsque u est une classe. On peut substi- 
tuer à la condition (a) la (y) ou la (e) dans les propositions 2, 3, et 4. En sub- 
stituant dans la P4 on a: 

7. HpP1. ye lim fu. heQ.aeq.g.f lu — (a + QI (y — 2) — (y +2) 

Transportons le second membre de la déduction dans le premier, et l’hyp. 
ye lim fx du premier dans le second, par la règle de logique que aboe est 
identique à a ~ cp ~b (Form. I, §2, P24); il faut nier les propositions qu’on 
transporte; la négation du second membre s’obtient en supprimant le signe ~ 
au devant de =; et l’on a: 


8. HpP1. heQ.aeq.f Lu — (a +Q] (y —%) (y th) = Ad ye lim fa. 
“En conservant les lettres u, f, y la même signification, si À est un nombre 
positif, et a une quantité quelconque, et s'il n’y a pas de valeurs de la classe 


fu — (a + Q)] appartenant à l'intervalle de y — À à y + h, alors y n’est pas une 
limite de fæ.” 


Nous voulons maintenant éliminer la lettre apparente À, qui figure au le 
second membre de l'égalité dans la définition de la limite. Ce second membre, 
sous la forme de la P5 est 


(a) heQ. aeq Da, a- mod { f[u (a + Q)] — Malle Y- 
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Exportons l'hypothèse aeq, selon les règles déjà vues; il se transforme en 
(8) ae Ga: heQ.o,-mod {fu (a + Q)] — y} -(G—Q) = A. 

“Quelque soit a, alors, quelque soit A, on a ete.” Or de la théorie des 
limites supérieure et inférieure d’un ensemble de nombres, on a (Form. V, §3, 


` P20): 
ueRQ.9 -". lu=0.= : AQ. Qr u (h— Oa 


“u Etant u un ensemble de nombres positifs ou nuls, leur limite inferieure 
sera zéro, lorsque, quelque soit le nombre positif A, il y a toujours des nombres 
de l’ensemble u plus petits que A.” Posons ici mod {/[u (a + Q)] — y} au 
lieu de u; l'hypothèse ueRQ, est satisfaite, car les modules sont des nombres 
positifs ou nuls; et on ne l'écrit plus, en vertu du principe de Logique (Form. I, 
$1, P12) ab De “Si la proposition a est vraie, et de la a on déduit la b, 
alors la b est aussi vraie.” Envertissons les deux membres; nous avons: 


hQ.ps- mod {/[u— (a+ Q] — y} > @— Q) ~ 
ee 


Substituons dans la (8) à la thèse sa valeur ainsi. transformée ; la prop. 5 
se transforme en: - 


9. HpP1. 9..yelim fæ. = :aeq.Q..Iı mod { f[u—~ (a + Q)] — y}=0. 


“Ayant u, f, y la signification connue, la y est une limite de fx, lorsque, 
quelque soit le nombre a, la limite inférieure des valeurs absolues des différences 
entre les valeurs de f[u— (a+ Q)] et y est zéro.” 


On peut donner une autre forme au résultat de l'élimination de A. Étant u 
un ensemble de points (nombres), dans plusieurs questions d'analyse on a à con- 
sidérer la plus petite classe fermée contenant u (selon la nomenclature de M. G. 
Cantor). On la désigne par Cu, qu’on peut lire “l’ensemble u rendu fermé 
(clausus) ;” sa définition est (Form. V, $7, P1): 


(a) i ueKq.9. Ou =q — ae [l mod (u —x) = 0]. . Def. 


“On appelle Cu l’ensemble des nombres x tels que la limite inférieure des . 
valeurs absolues des différences entre les nombres u et x soit nulle.” L'ensemble 
Cu contient tous les points de w, et les points limites ; il ne faut pas le confondre 
avec la classe dérivée de w. Commençons par kanns la prop. (a) & la forme 
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plus utile pour notre but; opérons sur les deux membres de l'égalité par le signe 
ze, c'est-à-dire posons ce signe en avant des deux membres. Le premier sera 
xeCu. Le second membre devient ze |q — ae [1 mod (u — x) = 0]}; mais, étant 
a et b des classes, on a l’identité logique déjà mentionnée rea ~b. —.xea.xeb 
(Intr. §16, P2); donc cette expression se transforme en : 


eq vexe [], mod (u — x)= 0]; 


les deux signes we et ze, qui représentent des opérations inverses, se détruisent 
(Int. §17, P1, et §28), et il reste | 


veq l, mod (u — x) = 0. 
Donc la définition (a) se transforme en: : 
(8) | ueKq.9..xeCu.=.xeq.l mod (u — x) = 0. 


Posons ici f[u— (a + Q)] au lieu de u, et y à la place de x; supprimons les 
propositions f[u— (a +Q)] Kq, et yeq, contenues dans les hypothèses, et l'on 
a, en envertissant les deux membres.: 


o)  Lmod{flu (a+ Q]—y}=0.=.ye0/[u (a + Q]. 
Substituons ; la P9 devient : 
10. HpP1. p.. yelim fe. = :ae9. 9a. yEOf [um (a + Q)]. 


“ La condition nécessaire et suffisante pour que y soit une limite de fx, est que, 
quelque soit le nombre a, y appartienne toujours à l’ensemble f [u (a+ Q)] 
rendu fermé.” | 

On a ainsi éliminé la lettre A, et l’on a obtenu les prop. 9 et 10, par une 
nouvelle convention, de la limite inférieure, ou de la classe fermée. Maintenant 
il n’y a plus dans le second membre de la 10 que la lettre apparente a; pour la 
éliminer il faut une nouvelle convention; cette nouvelle convention est la défini- 
tion même de la limite. En effet la proposition 10 dit qu’on écrit le premier 
membre qui ne contient pas a, au lieu du deuxième où figure cette lettre 
apparente. 


Jusqu'à présent nous avons défini la proposition.ye lim fx, dans les hypo- 
thèses de la P1. On n’a pas défini le signe lim fx. Pour bien voir la classe qu'on 
a défini, prenons la définition sous la forme de la proposition 10. Étant 
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a, b, c, d des propositions, l'expression aby.c==d est identique à ag. bo = bd; 
on passe de la première à la deuxième en important b; et en exportant b on a ja l 
transformation inverse (Form. I, §1, P45). Dans la P10 importons l'hypothèse 
yeq, qu’y est contenue; on a: | : | 


ueKg .Vu= «.feqfu.0 ~. yeq.ye lim fz. = : yeq :aeq . Qa -Ye Of [u ~ (a + Q)]. 


Opérons les deux membres de l'égalité par le signe ye. A gauche, par des trans- 
formations que nous avons déjà rencontrées, on obtient q lim fe; à droite yeyeq 
se réduit à q ; et ona: 


11. uekKq.lu— o.fegfu. 9-q lim fe = q —ye{aeq.9,.yeCf [u — (a + Qt. 


Donc la classe qu'on a défini est ASNN fx, les nombres finis qui sont des 
limites de fx. 


| > 
Maintenant nous allons définir les propositions œ elim fx, et — œ ẹ lim fx: ` 
12. HpP11. 9:: elim fo.=..a, MEJ. Qa, m: SEU. LD a. JAD M.~ =A. Def. 


“Ayant u et f la signification connue, nous dirons que l'œ est une valeur limite 
de fx, lorsque, quels que soient les nombres a et m, il ya toujours uñe valeur 
de a, en & l'ensemble u, plus grande que a, qui rend fx supé 
rieure à m.’ - 

Cette proposition se transforme comme la P1. La condition . 


a 


œeu.x > aJe m.~ =,‘ Be transforme en zeu — (a + Q). Jeem +Q. ~ =A, 


et en éliminant la x, par l'identité logique déjà rencontrée (Int. §29, P5), en 
flu—(a+Q)]—(m+Q)-—= x. Donc la P12 se transforme dans la P18, 
analogue à la P5, | 
© Saige HpP11. QO. œwelimpx.=:a, MEQ. Qa, mf [u (a+Q)] ~(m-+Q) ~ SNe. 
‘Le second membre de cette égalité, en exportant l'hypothèse aeq, devient 
aeg. a: mel Im f [u> (a + Q)] > (m +Q) ~ = 4. | 

Or, étant u une classe de q, par la définition de la limite supérieure, on a 
(Form. V, §3, P5), 

lu = >.= Meg. Qa u (m +Q)- = 
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“la limite supérieure des u est infinie, lorsque, quel que soit le nombre m, il y a 
toujours des nombres de la classe u plus grands que m.” Substituons ici 
Tu (a + Q)] au lieu de u; en envertissant les deux membres, on a: | 


mega Lu (a +] A(mF-Q = ai. lflu (a += 
Substituons dans la P13.; elle se transforme en: 
14. HpP11. pv- œ elim fx. = :aeq. 9a. If [u (a + Q)]= œ. 
“L œ est une valeur limite de fx, si, quel que soit le nombre a, la limite supé- 
rieure des valeurs de la fonction, lorsque la variable prend les valeurs. suivantes 
a, est infinie.”. On a ainsi éliminé la m. Cette proposition est l’analogue de 
la P9. Bo 
_ Nous voulons trouver la signification de la proposition “I œ n’est pas 
une limite de fx.” Le second membre de la P13 est une déduction; trans- 


portons la thèse dans le premier membre, en la niant, en vertu de lidentité 
lofique apb. = .a ~ b = A (Form. I, §3, P8). La prop. 13 devient: 


HpP11. 9.. œ elim jæ. =:a, meq. f [u— (a + Q)] ~(m+Q) = À. =a, mA 
et, en niant les deux membres de l'égalité (Form. I, 82, P5),_ 
15. HpP11.9..e~elimfe.=:a, meq. f[u— (a+Q)]) (MHA) =A ~= a, mA 
“L œ n’est pas une limite de la fonction, lorsqu'on peut déterminer deux 
ss a et m, tels que nulle valeur de [u {a + Q)] ne soit plus grande 


que m. 
Analoguement à la P12, on pose par définition : 


16. HpP11. 9:'— œelimfx.=..a, MEQ. Qa, m:xeu.2>a. fe <m. =A 


et en éliminant la x, la m, et en niant les deux membres, on a leg correspon: 
dantes des prop. 13, 14, 15: : 


17. HpP11.9..— œelimfx .=:a, MEQ. Qa, m-f [u~(a+Q)]~(m—Q)~= 4, 
ise. 4 so fé .=:ael alh [u (a + Q)]=—o, 
19. 4 Ow. »relimfa.=:a, meq.f[u-(a+Q)]-(m—Q)= A.-~ =a, mA: 


Nous avons donc défini (P1) la proposition ye lim /x, où y est un nombre fini 
(voir-la P11). Puis nous avons défini (P12) la proposition œe lim fw; c’est-à-dire 
“ la proposition ye lim fa, lorsque y= œ. Examinons bien ce passage; on a: 


(a) — y = 0.9 :ye lim fx. . œ e lim fx 
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par l'identité logique a = b.9:aeu.=.bew, conséquence immédiate de la P10 du 
$4. partie I du Form. Multiplions (logiquement) les membres des déductions 
- P12 et (a); c’est-à-dire appliquons la formule ayd.cgd:n.acgbd (Form. 1, $1, 
P30); on a: | 


(8) HpP11. y= ».9::ye lim fæ. =. œ e lim fx:: œ e lim fx. = ~. etc. 


en indiquant par etc ce qui est & droite du signe = dans la définition P12; 
de la Thèse de la (8) on a ye lim fx.= +. ete (par l'identité a=d.b=c.9.a=c); 
done, par le syllogisme ` 


(y). HpP11. y= @.g::yelim fæ. =.. ete. 


Analoguement on a défini (p.16) la proposition ye lim fæ, lorsque y= — œ. 
Donc la proposition ye lim fx est définie lorsque yeg. y = wy = o. La 
proposition. y = œ s’énonce au moyen du signe e et du signe « (signe qui signifie 
` égal, tax, voir Intr. 831); et devient ye. œ; la proposition y = — œ se transforme 
‘en yer — œ; et l'ensemble 


Ye ya yE 


devient yeq.—.yeao—.yer—o, Or (Intr. §16, P3) xea.—.xeb est identique 
-Axea— b; donc on a défini ye lim fx lorsque yeq —cœ ı— œ. Maintenant 
` il ne convient pas d'étendre la signification de la proposition ye lim fx à d’autres 
cas; et nous poserons, comme définition du signe lim fx: 


20. O HPI 9. lim fe = (q~ iov — o) lim fr. Def. 


“Par lim fx nous entendons les nombres finis, ou égaux à œ, qui, selon les 
définitions 1, 12, 16, sont des valeurs limites de fx.” 

En développant les définitions de la limite d’une fonction, nous avons fait 
usage des limites supérieure et inférieure d’un ensemble, et des ensembles - 
fermés. Ces idées sont plus simples que l’idée de la limite d’une fonction. Les 
idées des limites supérieure et inférieure d’une classe, et aussi des points limites 
d’une classe, s'expriment au moyen de la seule idée logique de classe; la limite 
d’une fonction exige encore l'idée de fonction ou de correspondance. En consé- 
quence les auteurs qui définissent les points limites d’un ensemble en se servant 
de la limite d’une fonction, expliquent une idée facile au moyen des idées plus 
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compliqués; et s’exposent encore à des difficultés, sur lesquelles nous ne voulons 
pas nous arrêter. 


Sont liés à la limite d’une fonction deux classes, que nous oe par 
le F; u) et u (f, u), et que nous allons définir. 


21. HpP11. 9.u' (f, u) 
—=q—me{aaq.f[u-(a+Q)]-(m+Q)=a-—=.A Def 
“Ayant fet u la même signification, par w (f, w) nous désignons tout nombre m 
tel qu'il y a un nombre a, de façon que nulle valeur de f[u— (a + Q)] ne soit 
plus grande que m.” | 
21. HpP11. 9. (f, u) 
=q me {aeq.f[u— (a + Q)]—(m—Q)= A~ aA} Def 
Au second membre de l'égalité qui figure dans la déf. 21, la lettre a est appa-, 
refite puisqu elle figure aussi comme indice au signe ~ =. La lettre m est 
aussi apparente ; car la proposition entre {....} est une condition contenant la 
lettre m, et en posant en avant le signe me, on a une classe indépendante de m 
(Intr. §17). Donc ce seéond membre dépend des lettres fet u; et nous l’avons 
indiqué par w(f,u). Mais, puisque dans cette Note les lettres f et u ne 
changeront jamais de signification, pour abréger nous écrirons w au lieu de 
w (f, u); et écrirons u, au lieu de u, (f, u). 
Opérons sur les deux membres de l'égalité qui figure dans la P21 par le 
signe me; en appliquant les règles que nous avons déjà vues, et en Sunplant 
l'expression meme on a: 


22. HpP11. 0.. meu’. = : meq : aeq PE DR ~ Sad 


‘m appartient à la classe uw, te il est un nombre fini, et qu'on peut déter- 
miner un nombre a tel qu’il n’y a pas de valeur de fe; pour æ su dans la 
classe u et supérieur à a, qui soit plus grande que m. 

La proposition conditionnelle : 


(a) a, megf [u~ (a + Q)] ~(m+Q)= A~ Sa mA 
qui figure au second membre de l'égalité dans la P15, est identique à 
(8) meq :asq.f[u—(a + Q)] ~(m + Q)= A. Sah? ~ =mA- 


C’est l'intuition qui nous dit que les propositions (a) et (8) sont équivalentes ; 
7 


M 


. transformation est la P3 du §18, dans laquelle on 
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mais on peut ériger en règle générale cette transformation de la (a) dans la (8). 
Si a, et d,, sont des propositions contenant les lettres qui figurent comme 
indices, la proposition a,8,,,— =~, yA “il y a des valeurs de x et de y qui satis- ` 
fait aux conditions a,b,.4” est identique à la a,b. y, “=A ~ =A (ou, en 
adoptant les parenthèses, a, (bs, y ~ =A) ~ =A) ‘lil ya des valeurs de w qui : 
satisfont à la condition a, et tels qu'il y a des valeurs de y qui satisfont à la 
condition 6,,. En examinant l’Introduction au Form. on voit que cette 

| pris les ‘négatives des deux 
membres. ae 
~> Or, ce qui dans la (8) précède le signe ~=,, es par la P22, est identique 
à meu’. Donc la (8) se transforme en 


(y) . men =m A 
la quelle est dentine à 
(8) Kran 


par une identité logique contenue dans Form. I, $a, P6 (Intr. 816, P5). Sub- 
stituons enfin dans la P15 au: second membre (d) sa valeur (8) ainsi trane- 
formée; on & - 
23. HpP11. 9: on slim fi. =. ph = À. 

“L’infini n’est pas une limite de fe, lorsque la classe y! existe, et réciproque: 
ment.” Analoguement 


23, - ae ice 9: en, =. = A. 
.. Nous allons prouver que 
24. Re. tn = HpP11. m'eu’. m,eur. ): m’ le 


‘Tout nombre m’ de la classe a est supérieur, ou | égal, á tout nombre m, de ii 
classe m.” En effet, substituons à m’ew.mjeu, les valeurs qu’on tire des défini- 


tions de w et w, P22. En sousentendant toujours HpP11, qui explique la- 


signification des lettres u et f, on a: 


- (a) a eo la ON m’ +Q) 


= A~ =A meq: agf [um (a + Im Q)= A~ aA: 


Groupons différemment les propositions du second membre.de la (a), ce qui est 
permis par les propriétés commutative et associative de la multiplication logique. 
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Et ensuite appliquons la règle de logique (Int. §18, P7) qui transforme len- 
. semble des propositions - - ) 
de ~ =,A-5, ~=asA; 


“il y a des æ qui satisfont à la condition as, et il y a des x qui satisfont à la 
condition 6,” dans sa équivalente 


CAES 


“il y a une valeur de y et une de z qui satisfont aux conditions a,b,” (On se 
tromperait en la transformant en a,b, ~==,A-) Dans notre cas nous avons deux 
propositions qui contiennent comme indices la même lettre a; nous en ferons . 
une proposition seule en écrivant deux lettres différentes a’ et a, dans les deux 
formules, et l’on a: - 


(8) mew. meu. =:m, mıeg : al, aeq. flum (a! +] (m + Q) 

= AS luna + Q)] — (m—Q)= A. =e, a, A) 
“dire que m’ et m, appartiennent respectivement aux classes w et u est 
identique à dire qu’ils sont des nombres finis, et qu’on peut déterminer deux 
nombres a’ et a, tels que nulle valeur de f [u — (a'+ Q)] ne soit plus grande que 
m', et nulle valeur de /[u— (a, + Q)] ne soit plus petite que m, .” 


(y) m, meq.a’, arg. .f [u (a! + Q)] (m + Q) 
= A f lun (q + Q) ~ (m — Q) = 4.9: zeus (a’ + Q) ~ (a, + Q).~ =, A. 


“Or, étant m et m, des quantités, et a’, a, des quantités qui verifient aux condi- 
tions dont on a parlé précédemment, on peut déterminer-un nombre x appar- 
‘ tenant à la classe u, plus grand que a et que a.” En effet, puisque lu=», 
il y a dans la classe u des nombres supérieurs à a’ et à a. 


(8) Hp(y). zeu~ (a! + Q) (a + Q).9.f5<m. 


“En conservant les hypoth. de‘(y), et si u est un nombre dont on vient de 
parler, fx ne supére pas m.” Si l’on désire analyser ce passage, remarquons 
que f[w— (a! + Q] ~(m + Q)= À, en transportant le second facteur dans le 
second membre, et en posant m — Q, au lieu de ~ (m + Q), se transforme en 
[ae (a + Q)] 9m — Q; maintenant des hypothèses 


zu (a + Q).ffu— (a! + Q)] om — Q, 
‘on déduit Seem’ — Q, 
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comme resulte de l'identité logique zeu.fugv.g. rev, (conséquence immédiate 
‘de Intr. §29, P3) et /xem’ — Q est identique à la thèse /zx<m/. Analoguement 





(e) | - Hpß). 9. fe >m- 
Composons les (8) et (e), qui ont la même hypothèse: ` 

H - i Hp($).9.fe<m'.fa>m. 

Or de la Thèse de (£), par l’arithmétique on a m’ 2: m; 

(n) 2 omm, | 


et la thèse de (y) est la thèse du théorème 24 à démontrer. Dans les démonstra- 
tions qu'on fait avec le langage ordinaire, on s’arréte habituellement à ce 
point ; mais nous voulons, par des transformations successives, obtenir toute la 
P24. A cet effet, les (f) et (7) sont les prémisses d’un syllogisme (Form. I, 
§1, P13), dont la conclusion est Hp(£) 9 Ths(z), ou, en développant : 


(0) Hp(y) . ce — (a! + Q) (u —Q). pm >m. 


Ici Hyp. contient la lettre x, qui ne figure pas dans la Thèse ; on la élimine par 
la loi que une deduction a, y Qe, ybs: Où l’Hp. contient la lettre y qui ne figure 
pas dans la Ths., est identique à la as, y ~ —,A.9.8,: “S'il y a des valeurs de y 
qui satisfont à in condition d, y, alors est vraie la b,” (Intr. $18, P10). Par 
cette transformation la (0) devient , 


&) ee 

“dans les Hp. de la (y), s’il y a un nombre x tel que ...., alors est vraie la 
Ths. du théorème” Or la (y) dit que la seconde partie de l’Hp. de la (1) est con- 
sequence de la première partie; donc on peut supprimer cette seconde partie, 


par l'identité logique ayb.=.a=ab (Form. I, SL, P33). En la supprimant, 
et en développant l'abréviation Hp(y) on a: 


@) m, meq.d, neg f [um (a + Q)] (m + A) 

= a. Slur (qt Q] (m — Q) =A. 0. TheP 24. 
L’Hp. de cette proposition contient les lettres a’ et a qui ne figurent pas dans. la 
Ths.; on les élimine avec le même procès, et l’on'a: 


(2) m, m'eq ia”, weg .f[u— (a + Q)] ~(m'+Q), 
= A. f[u (a + Q)-(m —Q)= A. ~ =e, a A 0. ThsP24, 
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Mais par la (8), l'Hp. de la (A) est identique à m'eu’. mew ; done: 
m’ eu. mye, Q.M > mı. c q. f d. 


Théoreme.—‘‘Ayant u et f la même signification, st l’ œ et — œ ne sont pas 
des valeurs limites de fx, alors la limite inférieure des nombres w’ et la limite 
supérieure des nombres u, sont des nombres déterminés et finis, et la première 
n’est pas inférieure à la seconde”: 


25. HpP11. œ~ elim/x.— or elim fe. o. lw’, Yureq l > Vu. 

En effet la P23 a la forme a.b =c, la quelle est identique à l’ensemble aboe 
et acnb; comme nous avons déjà dit pour expliquer la transformation de la P1 
dans les P2 et P3. Nous écrirons seulement la première des deux proposi- : 
tions, la quelle est: | | 

(a) HpP11. œ~ elim fx. g- = = A. 
De la P23’ on tire analoguement 

(a). HpP11. —w~elimfe.9.m~= Ae 
La P24, en exportant HpP11, devient : 

(8) HpP11. 9: m’ew. Mel. Om, m, + M > Mi. 


‘Multiplions logiquement membre à membre les propositions (a) (a’) et (8) 
(Form. I, §1, P30); en simplifiant, c'est-à-dire en écrivant une seule fois les 
facteurs logiques répétés, comme dit l'identité logique aa = a (Form. I, §1, P6), 
on a: 


(y) HpP11. e~elimfa.—o~elimfa.o: 

i HAT AIME. MEL + Dm, m m Zm. 
Or dans la théorie des limites supérieures et inférieures des ensembles, on a la 
proposition : | | 
(5) u, veKq.u ~ = A V~ =A: men. me. On, m MM: hu, Voeq. hu > Vo. 
“Étant u et v des ensembles de nombres, effectivement existantes, si chaque 
nombre de u est supérieur, ou égal, à chaque nombre de », alors la limite infé- 
rieure des u et la limite supérieure des v ont des valeurs finies, et la première 


est supérieure, ou égale, à la deuxième.” Cette proposition est une conséquence 
de Form. V, $3, P4, P4’; mais elle n’est pas explicitement contenue dans le 
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formulaire publié, et il sera bien de l'ajouter. Si, dans la (ò) au lieu de u et v 
on lit « et u, elle devient 

(e) Ths(y) 9 ThsP25. 


Mais on peut mettre la (y) sous la forme 
(© HpP25 9 Ths(y). 


Les (e) et (Č) sont les prémisses d’un syllogisme, dont la conséquence est 
` HpP25 9 Thak i 


Théoreme.—‘'Si la limite inférieure Ti nombres u! est finie (comme cela 
arrive dans les hypothèses de la proposition précédente) elle est une valeur 
limite de la fonction fa”: _ 


26. | HpP11. lueg . 0 -hee lim fa. 

En effet, appellons 7 cette limite inférieure, c'est-äldire posons 

(a) e = 

La définition de la limite inférieure d’une classe est (Form. V, §3, P1’), 

(8) ueKq.leq.g::l=lu.=..u-(I—Q) = A:yeltQ. -uly—Q) ~ = A. 
“ Étant u un ensemble de nombres, et 7 un nombre fini, on dit que / est la limite 
inférieure des u, lorsqu'il wy a pas de nombre u inférieur à 7; mais, quel que 
soit le nombre y supérieur à Z, il ya toujours des nombres u inférieurs à y.” 
Posons dans la (8) w au lieu de u; par HpP26, hypothèses que dans cette 


démonstration nous sousentendons toujours, l’hyp. de (8) est vraie, et on ne 
l'écrit plus; et la (a) se transforme dans l'ensemble des deux propositions 


(y) et (ô): | 
(») u=({—Q)= A, 
(8) gl + Q. Oye (y—Q)~ =. 
Transformons d’abord la (y). Opérons par le signe me; ona: | 
-(e) meu.mel—Q.=,A. 


Substituons à meu’ sa valeur donnée par la P22; remarquons tout de suite que 
meq . mel — Q se réduisent à mel —Q, car la premiere condition est contenue 
dans la seconde; on a: 


(©) mel— Q: aq. f [un (a+ Q] (mHE A. Ars 
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Or la proposition a,.b,,~=, A. =, À, “il n’y a pas de valeur de x qui satisfasse. 
à la condition a,, et telle qu’ on puisse déterminer un y qui satisfasse à la condition 
b,,, est identique à la proposition ab, =, yA, “il n’y a pas de valeurs de. 
x et de y qui satisfassént aux conditions asb” (Intr. §18, P3). Appliquons 
cette transformation à la (č), en supposant que x soit m, y la a, que a, , Tpré- 


sente la mel — Q, et bay toute la proposition entre (:). Ona: 
(n). mel—Q.aeg.f[u—(a+Q)]—(m+Q)= A. =a, mA: 


Transportons le troisième facteur dans le second membre, par l'identité logique 
ab= \-=.a) ~b; ona: 


(6) ER E eee eee E 
Posons /— À au lieu de m; la mel — Q devient 1 — hel — Q, ou AeQ, et on a: 
(e) - hQ .aeq Da aflu la tR] = 


‘Quel que soit le nombre positif h, et quel que soit le nombre a, il y a toujours 
de valeurs de [u (a + Q)] plus grandes que 7— A.” 
Maintenant transformons la prop. (ô). Posons 7+ h au lieu de y; on a: 


(x) | heQ. nu (+ A —Q) += 


Opérons la thèse par me; substituons à meu’ sa valeur donnée par P22; rédui- 
sons les deux propositions meq .mael +  — Q à la dernière [cfr. la transforma- 
tion de la (y) en (£)]; la (x) devient - 


(A) keQ. ps. mel+h—Q: au (a+ D] (MH = ae mn: Zur: 


Or une proposition de la forme a,:b, Osy =yA:~=,A (il ya des x qui 
satisfont à la condition a, et tels qu'il y a ds y qui satisfont aux conditions 
by- Ce, y) est identique à la proposition b,:a,.¢s,y-~ =oA:~ EA, transforma- 


tion analogue à celles que nous avons déjà police plusieurs: fois (Intr. §18). 
` Appliquons cette transformation à la thèse de la (y); les lettres x et y sont ici 
‘meta; a, est mel +h—Q, b, est aeq, ete, y est f [un(a +Q)] > (m +Q) = 

la (à) se transforme en: | i 
(u) Al. Dr. aeg: mel+h —Q ag CTO = A ~E nAi YEA 
Or on a: à an 


(v) aeq. mal-+-h— Q. flu atA] (+0) = À. D- “tu (+ Qo — Q. 


| 
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“ Etant a un nombre, m un nombre plus petit que 7 +A, s'il n’y a pas de valeur 
de .f[u— (a + Q)] supérieure à m, alors toutes les valeurs de f[u— (a + Q)] 
sont inférieures àl +A.” En effet /[u—(a+Q) J= (m +Q) = 4 est identique 
à flu (a+ Q)]om— Q; la classe m—Qo7+4—Q, tout nombre non 
supérieur à m est inférieur à {+ A; done f[u—(a+Q)]97+A—Q. Dans 
la (>), l’'Hyp. contient la lettre m, qui ne figure pas dans la Thèse ; on la élimine, 
selon les règles connues (Int. §18, P10), et l’on a: i 


(£) aœeqgimd+h—Q.flu—(a+Q)]—(m+Q)=A.=nA:0: 
fu (a+Q)]ot+4—0Q. 
Or étant a et.b des propositions, de apb on déduit a ~ = A. 9-b ~= A (Form. I, 


§3, P14). Donc, en opérant sur les deux membres de la (£) par le signe ~=, 4, 
on a: l | 


(0) Ths(u) -o :asq flu (a+ O] olHA—Q. ~ =A 
Par le syllogisme, de (u) et (o) on tire 
(m)  hQ.pniaeg.flu (a + Q)]oI+R—Q.-=en 


‘Quel que soit le nombre positif A, on peut déterminer un nombre a tel que 
toutes les valeurs de la fonction, pour œ > a, soient plus petites que J + A.” 

Nous avons done décomposé la (a) dans l’ensemble (y)(6), transformé la (y) 
en (1) et la (8) en (x) ; nous allons recomposer les (:) et (x). Soit A une quantité 
positive, a une quantité choisie de façon que toutes les valeurs de f[u— (a+ Q)] 
soient plus petites que 7 + À; soit b une quantité quelconque, appellons c le 
plus grand des deux nombres a etb. Sera c un nombre ; donc, en substituant c 
à a dans ()on a: 


@ MQ . aeq . fu —(a+Q)]917+2— Q. beq. c= max(a, b). 9- 
PIE a RE Q)~ 


“il y a des valeurs de f[u—(c + Q)] plus grandes que J—h.” Or, puisque 
e2>a,onactQpa+Q, tout nombre supérieur à c est aussi supérieur à a; 
en multipliant par u: 


u—(+Q)ou—(@+Q); 


opérons par le signe f (Form: I, $6, P5) ; la relation subsiste dans le même sens: 
lu (c+Q) 07 lu> (a+ Q)]. 


t 
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Mais par Hp(p), [u (a + Q)] 97 +4—Q; done 
(7) Hp(p).9.flu—(c+@Q)]917+%—Q, 
“toutes les valeurs de f[u—(c + Q)] sont plus petites que ZA.” On peut 
aussi écrire cette déduction sous la forme 

Flen e+= et] (+0), 
par l'identité logique agb. = .a = ab (Form. I, §1, P33). Substituons dans le 
second membre de la (p) à f[u— (e + Q)] sa valeur qu’on vient de trouver; on a 
(a) Hp(p).0 Fu le + Q)] AC+h—-Q) A —44+Q) >= 
On peut remplacer (l + A— Q) ~ (J—A-+Q) par l'intervalle (— AR) — (2 +h); 


et l’on a: 
(v) ct — 0+) ~=a, 


“il yo a des valeurs de f[u— (e + Q)] apparionant à Vintervalle de l—h à 
l+ h;” d'autre coté on a 


| c>b, 
d’où ; | c+Q9nb+Q, 
© umetu ËA), 
Sium (e+ R)] osu (6 + gA] 
Flu (e+ OI A T EHA uon bt] (2) (+A). 


Faisons suivre les deux membres par le signe ~ = 4; la relation subsiste dans 
le même sens (Form. I, $3, P14); on obtient 


(®) Tas). 9. Fu (6 + Q)] ~0—A)~ (C+ 4)~=A 


Des premisses (v) et (p), par le LS Lie on a Hp(p)9 Ths($), ou, en 
développant 


(x) heQ.aeq.f[un(at+Q]ol+h—Q.bQ.c= max(a, b).9. 
funt SEATA ~ 

L’Hp(x) contient les lettres a et c qui ne figurent pas dans la thèse. On 

élimine c en supprimant la proposition c = max(a, b), car étant a et b deux 


nombres, il y a toujours le plus grand. On élimine a par la règle connue 
(Int. §18, P10), et l'on a: 


(b) heQ :aeq [u —(a + Q)]91+2—0Q.-—=;4:6eQ.0.Ths(x). 
; 8 . : 


-t 
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Mais la deuxiéme partie de ‘cette hypothèse est contenue dans. la première, 


comme dit la (x); on peut donc la supprimer, par la règle app. =.a=ab;one: 
(o) REQ, bQ. osen etOi EA: 
Mais, par la P6, la (w) est identique à 

le lim fx, 


qui est la proposition à démontrer. 
Analoguement on a: $ | | 
26’. ur HpP11. leg .9.lue lim fx. . 


Il suffit en effet de faire quelques changements des signes + en — et l en l, dans 
la démonstration de la P26 pour démontrer la 26‘. | Mais, puisque cette démon- 
stration est assez longue, et dans cette Note nous mous proposons d'étudier les 
- différentes formes de raisonnement, on peut déduire la 26’ de la 26 par la 
transformation suivante. On a (Form. V, §3, P16);| - 


à 


lu = = —h(— m), 


“ou, en écrivant toutes les lettres, qu'on ne peut pas ici sousentendre (voir P21 
et P21’), 


(a). | tal, = ENG be 
Mais on. reconnait facilement que 
(8) — a (f, u) =u (~f, u), 


“Ja classe des nombres &, correspondants à la fonction f, et à la classe u, 
changés de signe, est identique à $ see des nombres w, SN ae à la 
fonction — f, et à la même classe u.” Donc: 


(My (Fy) = — (f, h). 
Maintenant, par la P26, que nous venons de démontrer : - 
` (à) | . lu (— f, u) elim, u, fe. 
u est aussi facile a prouver que 
(e) . lim,, u, «—/e = — lim, u bf. 
De la (y), (ô) et (e) on déduit la P26’. | 





| 





Exercice de logique mathématique. : - 59 


Théorème. —"“Ayant u et f la même signification, si ni œ ni — œ ne sont des 
limites de fx, alors il y a des valeurs finies, limites de x. j 


27. . HpP11. œ~ elim fæ. — o~ elim fe. ġ. q> lim fe ~= A 
En effet, la P25 et la P26 sont: l . 

(a) HpP11. œ~- lim fx. — or elim fe.g.lwed, 

(8) HpP11. lw'eq.¢. we lim fæ. 

On en déduit | à 

() .  HpPil œ<elimfr.— o~ elim fe. o. luega lim fa. 


La forme de cette déduction est, que si ab9c.acnd.9.abncd, où a = HpP11, 
b= (œ ~ elim fx) (— œ ~ e lim fx), e= (lw'eq), et d= (lwe lim fx). Cette 
` formule de logique n’est pas explicitement contenue dans le Form. ; mais elle est 
reductible aux formes que y sont contenues. Or, étant u une classe, de xeu on 
déduit u ~ = 4, (si æ est un individu de la classe u, alors la classe u n'est 
pas nulle); donc: | | 

(6) . — Ths(y).9:q—limfr- =4. 

Les Cy) et (ô) sont les prémisses d’un syllogisme, qui a pour conclusion la propo- 
sition à démontrer. . 


Dans la P27 .transportons les Hp œ~ e lim fr.—o~e lim fe dans le 
second membre, selon l'identité logique abegd. = .apd~ ~ b~ ~e (Form. I, 
§2, P25). Ona: o | 
(a) . HpP11: 9.q—limfx- = 1. —. œ elimfx.—.— œ e lim fe. 

“Ou il y a des nombres finis qui sont des limites de fr, ou l’©,ou—en ` 
sont des valeurs limites” La prop. œelim/fx est reductible à la forme 
co lim fe~ = x:et la (a) devient : 


(8) HpP11. 9. qolim <=. 7, L © A lim fe~= ar. (— im fr = y, 
La formule a~ =A. b~ =A =. awb ~ =A, (Form. I, §3, P9) transforme 
la (8) en: ; 

(y) HpPit. 9. (q> lim fiz) — («00 ~ lim fr) — (e — œ lim fa) ~=A 

et la (ac) ~ (bac) = = (a —b)—c (propriété distributive de la multiplica- 
tion, Form. I, $2, P22), transforme la (y) en: | 

(8) HpP11. 9.(g-ı»—ı:— œ)— lim fa ~ = A4. 
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Celle ci, par la définition P10, devient 
28. : HpP11. 9.limfx- = 4. | 
“Toute fonction fx, donnée pour les valeurs de la variable appartenant & un 


ensemble illimité supérieurement, lorsque la variable tend à l’o, a des valeurs 
: limites.” 

Théoreme.—" si. un nombre zest saperiear à quelque nombre m de la inene: n 
w, il n’est pas une limite de fx.” 
29. i HpP11. mew. im + Q. 9. als 


En effet, posons 4 = z — m; A sera une quantité positive. Toute l'intervalle de 
z — h à z + À sera contenue dans l'intervalle de m à &, car 


G— 2) — (a+ 4) = @ —h+QA@+h—Q) par] la définition de l'intervalle 
i (Form V, §4, P41), 

(—h+Q) (2 $ h—Q)92—A+Q, par la formule abpa (Form. I, §1, ` Pō), 
2—-h+Q=m+Q, puisque s—h= m. x 
Done: 
(a) meq . zem +Q. h=2—m.o. hed, G—H—G+H)pm+Q. 
Maintenant soit a un nombre tel que f [u —(a+Q)]— (m + Q) = À; sera aussi 

Flu (a+ Q] eeth) A 
par la formule de logique agb . be =A-.0-ac= À (Form. I, $3, P31); et l'on a: 
(B) HpP11. pla). aeq. Tu (a + Q] (m+ Q=A.0. 
:heQ . aeq er D Ge A: 


Nous avons dans la ‘Ths. répété l'Hp. aeq,| par la formule de logique 
agb. 9: ao (Form. 1, $1, P29). Or, par la P8 on a: a, 


Oy Tha(8).9.2~ e lim fz, 
-des premisses (8) et (y) on a, Hp(8) 9 Ths(y), ou, 'en développant : 
(ô) Pen meq. zem + Q. h=e—m. aeq Sle a+ Q1—(m+ = 


N 





On &limine la lettre A, qui ne igre pas dans la Ths., en supprimant la proposti | 
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tion h=2—m, qui est sa définition. On élimine a par le procès bien connu 
(Int. $18, P10), 


(e) HpP1i. meq.rem + Q:aeq. Sure QI + = A~ =D 


2~elim fe. 


Or, par la P22, meq :aeq.f[u— (a + Q)] ~(m+Q) =A. ~ =a est identique à 
meu! ; en substituant, la (e) se transforme dans la proposition à démontrer. 

Dans l'Hp. de la P29 il y a la lettre m qui ne figure pas dans la Ths. ; 
éliminons- la ; on obtient: 


(a) HpP11. zeq : meu. .me—Q.= =nA:9-2~ elim fe, 
(8) EO ARAQ E e 


Or w~ (z -Q)~ = A “il ya des nombres de l’ensemble w, plus petits que 2” 
est identique à z`>lw', “la z est plus grande que la limite inférieure des w.” . 
Substituons dans la (8); on a le théorème 


30. HpP11. zeg.a> lw!.g.2~ e limfa. 


“Si z est un nombre plus grand que la limite inférieure des nombres ul ‚il n’est 
pas une limite de fr Analoguement on a: 


30. HpP11. zeg .2 < l.9. z~ elim fx. 


On dédit que la lw” et lu, lorsqu’ elles existent, sont respectivement le maxi- 
mum et le minimum de la classe lim fx. 


Il est intéressant le cas où il y a une seule valeur limite de la fonction. 
Appellons-la y. Pour indiquer que y est la seule valeur limite de fx, sans 
introduire des notations nouvelles, il suffit de dire que la classe lim fx est 
identique à la classe formée de l'individu y; or. cette classe est indiquée par 
cy; donc nous écrirons ~ 

lim fx = vy. 


Dans la pratique on pourra sousentendre le signe ı; et écrire (comme avons vu) 
ye lim fx pour indiquer “y est une limite de fx,” et (selon l'habitude) y = lim fx 
pour indiquer “y est la limite de fx.” Mais ici nous adopterons la notation 
complète (voir Int. $31). | | 


un 
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Théorème." Ayant w et f la signification connue, et étant y un nombre fini, 
la condition nécessaire et suffisante pour que y seit la limite de fx, est que la 
limite inférieure des nombres y/, et la limite supérieure des nombres u, coin- 
cident avec y” 
31. ` HpP11. yeq.9.:ıy= lim fo. = | hy! = ln =y 





En effet, des HpP31, si limfx—:y, puisque y-=»;, c'està-dire puisque 
om gety, en subatitaant à iy sa valeur égale lim f on a œ~ elim fx: 





(a) HpP31. y = limfe. g. œ~ elim fa. 
Analoguement 

(8) HpP31. iy = lim fæ. 9. — wm~ € iaa 
Composons les (a) et (8): m 

(y) Hp(a) .9. e~e lim fx. — or elim fx a 
de la P25 ona: 

(6) - Hp(a).Ths(y).9 . hw, leg 2 
Sapprimons i ici Ths(y), qui, par la (y) est conséquence de Hp(a); on a: 
(e) Hp(a) . o. Lu, lueql 

Or, en multipliant les propositions 26 et 26’ on a: | 

(2) _ Hp(a).Ths(e).9 . hw’, Vane} Jim fa. 


- Supprimons Ths(e), qui est ee de Ha) comme dit la prop. ee 
développons le second pen on a: 


(n) Hp(a). p . lw e lim fæ . Vu elim fx. 
| Substituons à lim fx sa valeur égale iy, comme dit Hp(a) : 
(8) f Hp(a).9.lu'ecy.Vu, eig. 


Or le groupement des signes e: est identique au signe =; en substituant, et en 
développant Hp(a),.on a: 


t 





LONE HpP31. lim fx = iy. 9. Ly’ D AE 
Réciproquement, de la P26 ona: _ "D, 
(x) HpP31. y = lw = Yu. 9. yelim fx, 


(A) Hp(x).9: bye, leg. 
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Or si une classe a une limite inférieure, ou une limite supérieure elle existe, 


effectivement : 
ueKq és =A. 


Cette formule n’est pas écrite dans le formulaire ; on fera bien de l'ajouter. 
Dans notre cas: ; 


(u) Hp(x). Ths(a). 9.4! ~= A. A. 

Supprimons Ths(A) qu’est conséquence de Hp(x); par la prop. (A); ona: - | 
(7) L  Bp@).g.# mm =A. | 
Or (P23 et Ps), u~= A signifie o~e lim fæ; et m = À signifie 
— one lim fx; donc: oe | 

(E) . Hp(x). 9- œ~ e lim fx. — œ~ e lim fx. 

La P30 dit dans notre cas: D 

(0) “ Ap(x).zeq. 2>y. Q.2~ elim fa. 


A eq .2 > y substituons zey + Q; u le deuxième membre, et EE 
= tons Hp(x); la (o) devient 


(x) i Hp(x). 9: zey + Q.ze Hin fa: =, 
et, en opérant la Ths. par.ze, 

(p) | Hp(x) 0 (y + Q) — lim fu = 4 
Analoguement'la P30! devient f o 
(p’) | Hp(). 9.9 — D~ lim fx = A 


Or, P20, lim fa = (q — 1 œ œ~ i — œ) ~ lim fx. . L'ensemble des nombres réels 
q se décompose dans les nombres inférieurs, égaux, et supeneurs à yi q = (y — Q 
~ ty (y+ Q); donc 

(0) Hp(x).9. lim fe = [o (y + Quy  (y— Q) 1 0)] A lim fe. 
Or la (£) dit que ao lim fx = = A, et que (. — a) — lim fx = À; les (p) et ( 
donnent (y+Q)—limfe=,, et (y — a ~ lim fe = = A; donc la (ø) i 


transforme en: . 
m). | Hp(x) . .9.lim fe = = «y — lim fe 


| 
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sue par l'identité logique a = ab. = . apb devient 
(v) |  Hp@).0.limfrpu. 
On peut écrire la (x) sous la forme : 
(9)  Hpß@).d-ıyolim fe. 
Composons les (v) et ($); on a, en développant Hp(x): 

(x) . HpPa1. y = lw = Vu. D. lim fæ = =y. 


Les propositions (4) et (x) ont la forme abge. acyk, qui est réductible à la finis 
a-b = c; en faisant cette combinaison des (9i et (y) on a la proposition à 
démontrer. 


Nous voulons enfin réduire la proposition lim fe = iy à une autre forme, et - 
précisement à la forme qu’on prend généralement par définition : 


32. HpP11. yeq.9..limfr= y. | 
= ::heQ. Da. AEQ : weu w > a. Oa. mod (fx — y) < h: ~ = A. 


“Ayant u et f la signification connue, si y estun nombre fini, la condition 


nécessaire et suffisante pour que la limite de fæ se réduise au nombre y, est que, 
pour toute valeur du nombre positif A, on puisse |assigner un nombre a, tel que 
Von ait mod (fa — y) = h pour toutes les valeurs de x, appartenant à l’ensemble 
u, et supérieures à a 
En effet, le théorème DRE transforme {la proposition lim fx = ıy en 
y = lu = lu: f ; 
(a) > HpP32. P31. 9:lim fæ = iy. = ly = lw = Vu 
Supposons donc y = hu! = l'u; prenons un nombre positif A; puisque y est la 
limite inférieure des w, on peut déterminer un nombre m’, appartenant à l’en- 
semble w, et plus petit que y + A; et puisque y lest la limite supérieure des u, 
on peut déterminer un nombre m, de l’ensemble «,, plus grand que y — h: 


(8) HpP32. y = Lu! = lu AQ. 9: eles mi <y + À. 
| ~ Zn À: msu. m >y— h.~ EmA 





Et étant m et m, les nombres dont on vient de parler, par la définition de w 
et &, on pourra déterminer un nombre a’ tel que nulle valeur de f [u — (a' + Q)] 
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ne soit plus grande que m’, et on pourra déterminer un nombre a, analogue pour 
la classe uy: 


(y) Hp(8) mei. m<y-+h. myeu. a: 9: aeg flum] A) 
= 1:7 =a A heg Feat] (rm —Q)= A aA 
‘Or, étant a! et a, les nombres dont on vient de parler, si Von. nomme a le plus 


grand des nombres a’ et a, il est facile de voir que les valeurs de f [u—~(a+Q)] 
sont comprises entre y —h ety +h: 


(8) Hp) aeq. fun +Q)]—(m'+Q) = À meq. fu Na +Q)]~(m—Q) 
= A.@= max (a, &).9.f[u—(a + Qo (y—h)—(y +h). 


On prouve cette déduction par des transformations connues. Des Hp. on aa 2d, 
doù a+ Qoa +Q, flu (a+ Q]oflus(a' +Q)]; mais /[u~ (a + Q)] 
~(m+Q)= A, par Hyp, done flun (a+Q)]>(m+Q)=A, par la 
formule de logique agb. be = A. 9. ae = A- 


Analoguement on a a2, doù f[u— (a + Q)] oflu = (a + ai mais 
a (a + Q] (mi —Q) = À; done f[u— (a + Q)]— (m — Q) = 


On peut écrire ces deux relations sous la forme f[w—~ (a+ Q)]9 aa — Qo 
J [u- (a+ Q)] 9m, + Q; en les composant, on a: 


Fu (a + Q)] 9 (m — Q) — (mm + &) ; 


mais m et m, sont des nombres de l'intervalle (y —h) = (y +h); done 
(m — Qo) — (m + Qo) 0 (y — À) ~(y + A), d'où la Ths. de (8). 
On peut multiplier la Ths(ô) par aeq, qui est une conséquence des Hyp. : 


(e) Hp(è). 0- deq Luka + Q)] 9 G — 4) (y +A). 
Or de la Ths. de la (e) “a est un nombre tel que....” on déduit “on peut 
déterminer un nombre a tel que....”. Nous pouvons énoncer en général cette 


forme de déduction. Étant a, une proposition contenant la lettre x, on a 
a, As où ‘si a, est vraie, il y a des x qui satisfont à la condition as,” 
dans notre cas: 


(6) Hp($).g:aeq fu a + Q)] oly — 2) (y +h). ~ =a 


Dans cette thèse la lettre a est apparente; elle ne contient que les lettres 

f,u;y,h; VHyp. contient encore les lettres. a, a', a,, m’, m, que nous élimi- 

nons. .On élimine a en supprimant sa définition a = max (a, a). On élimine 
ig | Er 
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‚a eta,, en supprimant les propositions qui igs nenn comme dit la (y); _ 


- on élimine m’! et m, en supprimant aussi les an qui contiennent ces. 


lettres, comme dit la°(B); ; et Ton a: 


m) HpP32. y= =y MQ. 40g. Ste QD += 


Exportons une partie de l'E. : 
(6) HpP32. y=bu=lu.9.heQ. Oa: aeq.f En +8). ~= 


 Réciproquement, si A est une quantité positive et-a un nombre tel que toutes 


les valeurs de f [u— (a + Q)] appartiennent à l'intervalle de y—A à y +h, il. 
n y a pas de valeur de f[u— (a+ Q)] supérieure äly-+A, ni inférieure à y — A: 


| 0 HpP32. heQ. aeq Sle (a+ Qolu — Au +8)-9-f lus (240) 


nay tA+)= Aa ionat] (y — A —Q)— 


+ Mais si f [a > (a +Q) > + h+ Q) = A, y + est un nombre de ae 


u; analoguement y — h est un fy: 


Be Hp().0.9 + hed. y— hen, E 


Donc Lu! y +h, lu >y — h; et en tenant iine de la P25 on a: 


(A) HpP82. ReQ.aeq./[u (a+ Qo A) Wt ).0. vtza — h. 


Y 


Éliminons a, qui figure seulement dans VHyp.: 


(u) HpP32. heQ:aeq f [u> (a + Q)]O(y—A) (y +4). es 9: Ths(2)- 
“Si A est un nombre positif, et si l’on peut déterminer un nombre a tel que...., 
alors les quantités y tA, lw, lu, y — h forment .une ue décroissante.” De 
la (4) on tire | š - 
(») eee ‚he. Oni aeq. se + own). 

, =a A O MQ + he 2lm2ÿ—R. 
On peut donei la loi avec laquelle on passe dé la.(u) à la (7). Le (u) ala 
forme Fe la (v) a la forme a. bo. D: bod; la loi est donc : 


 abegd.g:a.bge. D- bod. 


On-ne trouve pas cette formule logique dina le Formulaire ; mais, en important = 
toutes les Hyp. on la réduit à des formes qui y sont contention: La (v) signifie 


i 


| 
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“gsi quelque soit le nombre positif A, on peut déterminer un nombre a tel. 
que, ...., alors, quelque soit le nombre positif A, on a que... .” 

Maintenant, de la Ths. (y), “quelque soit 4, on a y + iol Se Sy h,” 
on déduit y = lw = lu; done: 
@ a Bpo)9.y = hy! = Mn. 
Les prop. (6) et (E) ont la forme abge.acgb; leur ensemble est donc réductible 
à la forme ag.b=c: 


(x) HpP32. ity = le lu. ae 
= AQ. Oat aeq flu (a + QJ O(Y—A) (y +4). ~ Sar 


Substituons ici à y = lu’ = l'u sa valeur lini fæ = y, comme dit la (a). Au lieu 


de f[u—~(a+Q)] ~(y—A)— (y +h) on peut écrire zeu.x>a.g.mod (fe—y)>h; | 
et la (x) se transforme dans la PROpOSIMOE à démontrer. 


Maintenant on pourrait se proposer de développer la théorie-des limites, et 
de généraliser les propositions connues, lorsqu'il y a une seule limite, en les ren- 
dant valables sans faire cette hypothèse. Par exemple le théorème de Cauchy: 


foqtN lim, z a Lf(@ + 1) — fé] eq. -lim À = lim [f (e + 1) — fe]. 


“ Étant f une fonction réelle définie pour les valeurs entières de la variable, 
c'est-à-dire, étant f1,f2,f3,.... une suite de nombres, si la limite de 


fx 


f(&+1)—/fx a une valeur déterminée et finie, alors la limite de = coincide 


avec la limite précédente,” se généralise en : 
*fegfN .g.lim es 9 med I lim [/@+ 1)— fa. 


“Quelle que soit la suite f1, f2, eats , toute valeur limite de a est: moyen 


entre les valeurs limites de la différence 7 (a + 1) — fx.” 

Mais nous arrêtons ici notré exercice. On remarquera que la Logique 
mathématique représente avec le plus petit nombre- de conventions toutes les 
propositions de mathématique, même celles très compliquées, dont la traduction 
en langage ordinaire serait fatiguante. Mais elle ne se réduit pas simplement - 
à une écriture symbolique abrégée, à une espèce de tachygraphie ; elle permet: 
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d'étudier les lois de ces signes, et les transformations des propositions. Nous 
avons expliqué les lois que nous avons rencontrées. D'abord cette analyse est 
longue; ensuite on voit que ce sont toujours les mêmes règles qui se présentent. 
On compose ou décompose des propositions, on importe, exporte, transporte des 
conditions, on élimine des lettres, on forme des syllogismes, etc. Seulement le 
syllogisme a été étudié par les anciens logiciens; on n’a découvert les autres 
- règles qu’aprés l'introduction des symboles. Les deux objets de la logique 
mathématique, la formation d’une écriture symbolique, et l'étude des formes de 
transformations ou de raisonnement, sont étroitement liés. Nous terminerons 
avec les mots de Gondillac.* “Tout l’art de raisonner se réduit à bien faire la 
langue de chaque science. Plus vous abrégerez [votre discours, plus vos idées 
se rapprocheront; et plus elles seront rapprochées, plus il vous sera facile de les 
saisir sous tous leurs rapports.” | 











*La Logique, 1780, pag. 127 et 149. 





Theorems in the Calculus of Enlargement.* 


By Emory McCLintock. 


In my Essay on the Calculus of Enlargement (Am. Journal of Mathematics, 
II, 101-161), that calculus was described, from one point of view, as an exten- 
sion of the Calculus of Finite Differences, comprising, as its most important 
branch, the Differential Calculus. I argued that the operation of Enlargement, 
indicated by . i - 
px = p(x+ h), 


is simpler than that of Differentiation, 


— [k =0]} 


that the'two operations, E and D, are functions of each other ; that whichever is 
defined last must be expressed in terms of the other; that p should therefore 
be defined in terms of 8, namely, D = loge; and that the theory of the functions 
of E, or Calculus of Enlargement, is a formal algebra, of which the theory of 
differentiation is that part which corresponds to the theory of logarithms in ordi- 
nary algebra. Spontaneous expressions of approval of these suggestions were 
sent to me by eminent mathematicians of different countries, and I cannot doubt 
.that the ideas in question, being founded in reason, will.in time find general 
acceptance. = 

In that Essay I gave incidentally (p. 146) several substitutes for Taylor's 
theorem, by which the coefficients were exhibited in the language of finite 
differences, or, as I prefer to say, of the calculus of enlargement, without refer- 
ence to the theory of differentiation. My present purpose is to present 
another similar series, ‘corresponding’ to Taylor’s theorem, with a more direct. 
proof, and with suitable illustrations, and afterwards to exhibit series corres- 
ponding to Lagrange’s and Laplace’s theorems. In doing this, several symbolic 











* Read before the American Mathematical Society, Aug. 14, 1894. 
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expansions of wide scope will be developed. Numbers preceded by the letter 
E will, wherever they occur, be understood to refer to the numbered equations 
of the Essay in Vol. II. oe 


Let B= Ez, Ye 
so that Box =  (@ +1) — 29, 
and let a" = w(x — 1)(e@—2)....(@-+m-+ 1), 
asin Æ 271. Then* Lee pi | Een < 
we BT + 1) — gt ttm) 


= ARE + Bee es 
= = me —m tly mA — 1) : R 
- Similarly, BM) = m (m — 1) FM, 
` Br) a mg + nn) 
| BF mg) ml. | 
It will be observed that B"7-"2%— 0 when n>m! Let ox be any function of | 
x which can be expressed in positive integral powers of B, say, - 
PE = a, + GB + aB?/21 +... > (3) 
Then E QEZ" = ag? ra ma rd... = 
Let a= 0; then, since 0" = 0 for all values of m greater than 0, 
OE TO = Map? +O" —™ m! == am. 
Hence, by substitution i in (1), | | 
gu = ong? + DO + pre *0R*/2! +. . > (2) 
This déc doubtless new, may be illustrated in various ways.. If, för 
example, it be applied to the problem of interpolation, we may take z=1, 


ps = E", and we have, operating on Sar the well-known formula in finite differ- - 

ences, wherein A =E — 1, 
fe +n) = fx + nAfx + n Aifir/ 2 +. 

* It will be understood that operations, functions of E, are ne by symbols which in each case 

„apply to all-that follows in the same expression ; while functional | nt such as or f, apply only to 

the letter or bracket which they precede. For example, #E,2"fE,Y means that Ye is operated upon by 


f8., the result multiplied by x”, and the product operated upon by $E.. Continuity and ee 
of results (equivalent in the case of series to convergence) are always presupposed. 
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‘Let y =z +k. We know, by # 112, that OEY = oy, so that BRY? = (m — 2)" y 
= (y — z)" = k". Ifnow we operate with both sides of (2) upon y° with VERRE 
to 0, we have, writing z + k for y; 

(2+ k) = oz + pre 10.4 + pE 0. E2] Hr... (3) 
Taylor’s theorem declares the value of a, in @(¢+h)=a,tak+a/2!+.... 
to be n™@z.- This series (3) expresses the value of am by the use of the simpler 
symbol m, without reference to the operation of differentiation.* 

In the use of (3) for the expansion of ẹ(ż + k), the interpretation of the 
coefficients depends of course upon the form of the function denoted by @. If, 
for example, oz = z”, : 

3 Erz) TM") = gay), 
and we obtain the binomial theorem, 


(a + ky =e + ne" ik +. 


As another iiselratfon of (8), let $=log, and we have for the coefficient of 
kim! 
E log B? ""0" = om) log Eg 2- m+ 20— ‘Jog 8,0”, by Æ 135, 
= log (1 + A,) OF" 
= [A —} A + $AR—....] 0M 
= (1) (mi) 


since, by Æ 279, Aro” = = 0 except when n = m, in which case A"T0” = ‘m! Then 
(3) becomes 
log (2 + k) = logz +s -Ig — prh.. 
To interpret a trigonometrical expression, say sin Ep2’ —mom), we use the analytical 
definition, say sine—#—#/3l+...., and the result will m according to 
the value of g in m= 4p +q. I, for instance, m = 1, 
| “sin mg T10 = (B — 8/3! + ....) 2710 
= he a +... 0082, 
and the same if m — 5: 
| sin m? "509 = fee Bst 2...) 2° 508 
= = 5/51 — T/T es Sora 
=1—#/2!+....=cosz. 








*In the earlier series, #818, a, is represented in the form x "$ (zE) 0". The form in (8) is 
$8,2°-"0™, so that ¢ (zE,) 0" must be equivalent to ee 0“. It is in fact easy to prove that $ (zE,) #0 
= 4H 2°40. See E 98. : . 
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Again, if m = 3, m=7,...., we have the same result with the opposite 
sign, viz. — cosz; if m= 2,m=6,....,—sinz; andifm=4,m=8,...., 
+sinz. If, therefore, we write sin for @ in (3) wej obtain 


sin (z + k) = sinz + cosz.k—sin 28/21 + ae 





In more complicated cases the coefficients are tol be interpreted by observing 
general rules (equivalent to the usual rules for differentiation) which may be 
derived and proved, without reference to limits or differentials, by analytical 
methods alone, analogous to those laid down by! Lagrange in his Calcul des 
Fonctions. | 
I would not be understood as suggesting this formula and other like formulæ ~ 
mentioned in the previous paper referred to as improvements upon Taylor's 
theorem. My object is, however, something more. than the mere exhibition of 
interesting novelties. This series (3) shows at a glance, what indeed has other- 
wise been abundantly proved, that there exists no barrier, .no definite boundary, 
between the branches known as the Calculus of Finite Differences and the 
Differential Calculus. The Calculus of Enlargement, or algebra of the functions 
of 8, comprises both those branches; the differential calculus, which relates to 
p= log#, being that part of the symbolic algebra of the functions of s which, 
corresponds to the theory of logarithms in ordinary algebra. Nor would I have 
thought it useful to present this new series (3) at this time at all, considering the 
.other similar series given in the earlier paper, were it not that it happens to be 
naturally introductory to the presentation of wider and more important theorems. 
The symbolic series (2) is but a special case of this: 


op = ou + pr ~*0. A a ADI os (4) 


Here, as before, oz = Ez’; and A represents (è 2)/h, so that B is what A 
becomes when 4 = 1; also, 


a" = x(x — hk)(x — 2h) or - (7 mh + h), 





so that 2” is what x”! becomes when A= 1; so that, in short, (3) is what (4) 
becomes when A=1. It is needless to recount) the steps, exactly similar to 
those taken to prove (2), by which we’ may derive (4); we may note, however, 
that | Ag] — meha Dgn, 





Apart from the case (2) already considered, the most notable special case of (4) 
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is that wherein h=0, Let h=0 and z= e; then since (ct — 1)/h = loge 
when h=0, a = log E— log z = D — u, and (4) becomes : 

PE = > (e*) + pmo (D — u) + pre“ 0? (D —u)/2! + .... (6) 
If pe = loge = p, this yields merely the identity D = u + D—u. fgE=E, 
and if we operate on fx and divide both sides by en, we derive a curious generali- 
zation of Taylor’s theorem : 


f(n) = Jetna uft n (> — u)f2/91 + seen (6) 
When u —0, this becomes Taylor’s theorem. Ifin (6), for example, fe = e", 
we have . 


P ; eau (e+ 0) — ee + nue + nue / 2! +. 


Ify=e*t* and if we operate with (5) upon y, remembering that or. 
we have this interesting result, 


PTE) =o (E) + pme l + poet. 2/2! + oe (7) 
` or, substituting @ log for 9, . 
p(u + k) = qu + pne"0.% + one 1/21 + .... (8) 


We have here still another substitute for Taylor’s theorem, wherein, as will be 
observed, pD&pu= ppge“0™, a relation otherwise derivable at once from Æ 169, 
where Dabe = Ld e"%p0. If in (7), as.a special case, we put u =.0, we have 
- Herschel’s theorem, o : | 
P(E) = p1 + PRO. k + PEO. /2I+... 
A more useful form of (7), for some purposes, may be | 
Q (2e) = zt RO. k + pOl p oean (9) 
If for any reason we desire to ignore the operation of differentiation, we can 
determine the successive coefficients of (7) by writing @,u for meo", and 
employing the relation i 
| = PmE 0 = PEO" +? = Puit. 
For, writing v for 0 in mu, to avoid using two kinds of zeros, we have 
Pnt= PE", and i 
mE "0 = prevu 0 
' = DEL" (1+ 0B +... }u710 
= DEV” (v + vu How! + ....) 
= P 


10 ! 


74 McCuinrock : Theorems in the Calculus of Enlargement. 


That is to say, having found the value of the m coefficient as a function of u, 
mu, we take the same function of E as an operator upon w°—10 to obtain the 
next coefficient. Lu 

The general principle which I have followed, in the earlier ‘paper and in 
this, in the development of theorems of expansion, consists in assuming that 
expansion is practicable, and therefore that the form of the coefficients is all that 
is to be sought; and in finding a series of functions, Ax, fw,...., and an 
operator P, such that Pf,x = mf, _ yx, Pie = 0; whence, as in the proof of (2), 
it follows that, for any function @ which can be expressed in positive (ER 
powers, 


PP = PPO + PPa/0.P + HPpA0.P?/2!+.... i (10). 


For the simplest series of functions, x, z', 2*,...., the operator is D. Another 
series of functions is 2°, x, æ (x — h), x(a—-h)(a— 2h), ...., commonly called 
factorials, and represented here by x", æ!l, xl, .... The operator corresponding 
is E* —1, and the resulting series is well known. In the earlier paper I extended 
the then existing theory by devising the more general form of factorial shown 
-in E 265 and E 267, | { 


ol = g(s + amh — h) (a +amh — 2h) .... (x i amh — mh + h), 


with the EEE operator (er’*+*— x-*)/h. The result was a very 
general operative series which included as special cases those just mentioned (in 
which respectively A = 0 and a = 0) and others more novel, such for example as 
those in which the operators are 1 — x", mè g+t# pe. In the present paper 
the, theorems (2) and (4) correspond to the operators B—z and (z*—2*)/h 
respectively, the former a special case of the latter. We have now to consider 
a still wider generalization involving the same principle of procedure. 

Let A=(z*—2*)/h, as: before, and let xl"! = æ (pz,)"x™—'!, where 
along h)(a— 2h)... (a—mh+h). Also, a!'= g, aœmltl= 0. It 
is needed to prove that aw!™! = mpza!™—1!. con 

We-may in the first place prove that ax!l"l= m@rxl"-1l by analysis of 
‘the expression (pz)™ contained in æ!”*l, on the assumption that oz can be 
expressed in terms of a. Let a,a* and apa? be any terms of ox; then a,A‘a,Af 
` will be a-component of (pe). When or is used a third time as multiplier, let 
a,A* be any term of it; then a,a*a,a°a,a” will be a component of (ge). In gene- 
ral, similarly, aa,....a@,a°t?t----+" will be a component of (®E)”, a,A* being 
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x 


any term of mz when used as a multiplier for the m™ time. Let us denote this 
component by a,4. The corresponding component of z!"!= a ($E)"«"-1! is 
therefore a,xatx"-1l. Let us denote this by compa!™!. Then ` 
A compa!"!= aux (m — 1)? 21741 
= a, (m — 1)’ (m — 8) æ. gti * f 
=w (m — 1)(m —s), (11) 
where w = a, (m — 2)*~Ya.a"—*—*!, Similarly, comp (pz)""*= aaz a'™*, and 
pomp ee ‘l= comp mpex (@E)" Tta"?! 
= ma Aa ar Ta ta? | 
= ma,A“a (m — 2} Hg m—i+u—2l% 
= ma, (m— 2) 4, (m — s + u —1)Pa.am HP 
= wm (m—s-+u—1). (12) 
The difference between (11) aud (12) is w(s— mu). This shows that no compo- 
nent of az!™! is necessarily equal to the corresponding component of mpzx!™—1!, 
except in the case where a=ß=....=u, when s=mu, and the difference 
vanishes. In all other cases, however, we may so group the components as to 
find the sum of any group in Ax!*! equal to that of the corresponding group in 
mpexl"-1l, -As the first of the group, take the component already con- 
sidered. As the next, take that component which is formed as first described, 
but with a cyclic interchange of factors, namely, with a,a® in lieu of a,4°, - 
aA” in lieu of apa’, etc., ending with a,a*in lieu of a,a". The difference 
. between the components in this case will be w(s— ma). In the next case, pro- 
ceeding as before, the difference will be w(s— mß), and so on, until when the 
group is completed the sum of the differences becomes w(sm—ms)==0. Since 
‘the sum of each group in Aw!™! is equal to the sum of the corresponding group 
in m@ea!™—*!, it follows that these two expressions are equivalent. 
Another proof that az!*! = m@e,xl"-1l depends on the assumption that 
@E can be expressed in powers of E, not necessarily positive or integral. We 
remark first that 
(PE) gfe = WEL Efx — x (PE)? fx. ; , (18) 
For, the terms of oz being of the form ar“, be, ...., each term of (@e) will be 
of the form a’E* or 2abe**+*. As regards each term of the form a'r”, we have 


the identity | 
- ae afa = larra fx — car fx, 








* As will be seen by performing the operation denoted by a. 
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because the performance of the operations indicated produces the identity. 
- (x + 2a) fc + 2a) = See ee) 
Similarly, as regards each term of the second form, 
2abe + Par = . Zar beffa + 2b rartfi — _ amaba + Hf. 


By sümming the terms of both forms we obtain (18). Let fx = (o8)"— Wa; then 
(13) becomes 
(one (gu) Wa = 29ra (gn) da — note. (14) 
If the equation | 
l (pE) apa = mpra (pE) a — (m — 1) x (pE) 4a - -(15) 
be true for any value of-m, it is true for the value next higher, and so on for all 
higher values; for operating on (15) by @E, and substituting for the first term of 
the ‘second member its value from (14), we derive at once 


Ge)" tanker = (m + 1) pra (pu)™Ya— ma (px) + Wher. 
But (15) is true, by (13), when m= 2, and it is therefore true for all higher 
values. To go back now to z!”!, its definition is, 
wll = g (QE) (z — h)(x— 2h) ... . (x — mh +h). 


If ya = #7" (2—h).... (x —mh + 2h), we have «!"!=2(px)"(a —mh-+h) ya. 
If we operate upon this with A= (2? — #*)/h, we have 
ain! = [le + IGE ste — a (90) (e — mh +A) Val A 
= (pr)"aya + (m— eee 
= mone (paa, by (18), 
= more lt, o> 5 | (16) 
Let a = a (DE) = (@e) l4, since all functions of E are commutative ; then, 
performing the operation (gx) upon: both sides of (16), we find that 


Atze! sr 
Erg = mq! Ol = me, 
‘yg ™tiyi=l—=Q, 


Let fa be any fineto of E which can be expressed in positive integral powers 
of H, say | 
fax a+ ar + qnt/21 +... i (17) 


Fer"! = amw!” + amg!” + amg n2] H anaa, 


| Then 
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whence, ifxæ—0, . JEO”! = ap- 


Substituting this for all values of m in (17), and as that Jeo 10! = fwe = fa, 
we obtain finally this general symbolic theorem : . 

. rk=Rr+f0"a + fE0l/?1æ#/2!+...., (18) 
where u = (*— 2") /hor, and a!"! = g ($5,)"2°* (x — h)(x—2h)... (x —mh+h). 
This comprehensive expression includes as special cases all the series already 
mentioned in this and the earlier paper as well as those yet to be given. If 
E= E” and if z= 1, we have from (18) the “ factorial theorem” (E 291) which 
was presented and extensively discussed in the former paper, where many deduc- : 
tions were made from it. A great number of special cases and applications 
might be deduced from the wider formula (18), but 1 shall confine attention at 
present to a few of the more notable cases. 

Let x=(y; — z)/RBy, so that x is the same function ory as H isof £; then, 
operating with (18) upon y° with respect to 0, and remembering that Fa =fy, 
we have the following general series for the expansion of a function of y in terms 


of x, when y*= 2" + choy : 

Sy = fe + fe 0!2!. w + F0 !?l.a?/21 + fe,0!8! a8/8!4 2... . (19) 
This looks Jike Lagrange’s and Laplace’s series, yet it is new, simple and useful, 
in and of itself. I find no indication that any one hitherto has attempted to 
expand in terms of x, by either of the series named, a function of y, when 

. 1 

y=2+ahpy. If we put y —u, and expand f(u*) by either series, we find 
that | 


fy = fe doef. ayes sé a( o |2! 
+ (2 Eye] 21814. (20) 


This series, also new, is identical with (19) except in form, and may be preferred 
by those who are not acquainted with, or who find a diffculty in the use of, the 
notation of the calculus of finite differences. If fy= y, we have as special cases 
of (19) and (20) the following new and highly important developments, identical 
except in form: 


. y= + 2- "oz. PREE À (0 — 7). oe A n (21) 
y =z 4+ 2° ron. + 27 # — [a * (pa)"] .a®/2! + z (22) 


| 


| 
1 
0 
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The manner of employing this biform expression in determining approximately 
„the roots of any equation, y = 2# + hæĝy, is shown i in the succeeding paper, “On 
a Method for Calculating Simultaneously all the Roots of an Equation.” 
If, in (20), A=1, we have Lagrange’ s well-known theorem, ‘where 
y =z + apy, | | 
= = fe + Qaf'e. 24 -Š onra ED a, (23) 


corresponding to which we have, from (19), l i 
fy = fe + Pape 1. a + 7840 (tr... (24) 


‘in which the coefficients have the same value as in (23), but.are expressed with- 
out reference to the operation of differentiation. 'If ge =# = 1, y =z + x, and 
(24) becomes reduced, as a special case, to (3), in which Taylor’s theorem is 
replaced by one in which the coefficients are expressed without reference to dif- 
ferentiation. To obtain a corresponding expression in lieu of Laplace’s theorem, 

which expands fw in terms of x, where u= (z + zou), let w= ly, and from’ 
(24) we have 


PR Le + Alm (pin) *(0—1).2/21....,7 (25) 


Laplace’s theorem being 


Ju Île + og TV. a+ 2 Ion? al. 2! +. 








Another new series, akin 3 (24), may be derived from a9) by putting 
- 





h= 0, in which case x@y = 240 J = log y — log z. That is to say, assuming 


z= æ, the relation involved is = y =u + xy; and the series is | 
; i | 

Sy =f (&) + JEE. x + fE0 (PE)? g0. 8/2! Fee’, (26) 

the general term being f0 (Gm) eor. 27 /m | I£, as a very simple special 


case, we put u= 0 and dy=1, we have Herschel’s theorem. If logy=v, and 


if gy=dlogy=wW, we derive from (26), writing flog for f, still another 
important result, - 


fox fa + Fl + fos0 (HAO. a + - = (27) 


Hare v=u + + and D, = log &— da Comparing this with Lagrange’s 
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theorem (23) and the corresponding series (24), we see that the coefficients of 
all three must be identical in value. We have here, in fact, another form for the 
expansion effected by Lagrange’s theorem, a form which will be found entirely 
analogous in principle to the “secondary form of Maclaurin’s theorem” given by 
Boole in the second chapter of his Finite Differences : 


fo = fo + 0.0 + HR +... 


To reduce- (27) to this form we have merely to put u=0, Ww=1, and therefore 
x= v. If, without going so far, we put w= 1, the general series (27) assumes 
the restricted form given above in (8). 

Lest the reader suppose that the theorems here Aie are not practi- 
cally available, in comparison with those of Lagrange and Laplace, I add one or 
two examples. Let it be required to expand 9" in terms of « when y= ze”. 
Referring to (26), we have py = y*, so that the general (m**) term of the expan- 
sion desired is s : 


RRORPALO® 1, q |m l= apt POM 1 am /m tnt (n+ km)" Lam! _ 
| Again, to expand y" when y=2-+ ay logy, we shall have from (24), ws 
m' term, 
Bone" (0 — 1)(0 — 2).. : (0— m +1). x" /m! l 
=n re (0 +n+km—1)....(0+n + km—m +1) a /m!. 


Apart from that in which A=1, the chief symbolic special case of (18) is 
that in which h=0. In this case H—(D—u)/@#, where D= log E= i 
(assuming the operations to be with respect to y), and u= logz; also 
w'™! =g (E) "ex". But in fact (18) is so sweepingly comprehensive that to 
dwell longer on special cases would only weary any reader not sufficiently inter- 
ested to seek out the cases for himself. 

It has been remarked that the coefficients of (24) and (27) must have the 
same value as those of Lagrange’s theorem (23); that is, that 


Gy = Ep] =fE0 (pm) *(0 — 1X0 — 2). vee (0—m+1) (28) 
= fD,0 (PDy)"e"0"—?. i . (29) 
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These relations may, assuming f and ® developable by ag s theorem, Pe 
proved independently as follows. Since fra? = fx] and a = fe ™ 0, 
(Pa) fz = (fag? 20). (prière - PEE 
= (E); * (30) 
for, if the general term in fe is ar* and that in (@E)" is Ef, the general term of 


* the second member is ‚(ar‘z’ 10). be?’ = abaz* >+? land this is the general term 
of the final form. - If we differentiate both sides of 7 ) m—1 times with respect- 





to z, we obtain (28). Again, the general term of /n,0 (gn)"e"? is ans0Bn£e 
= aany bye" = aabe” FTP = aab FFE, so that (29) may be proved simi- 
larly. u : j 





On Foucaults Pendulum. 


By A. S. CHESSIN. 


In this paper we shall consider the motion of a physical pendulum on the 
surface of the earth, taking into account the rotation of the earth about its axis. 
The initial velocity of the pendulum relatively to the earth will be supposed 
equal to zero, as in the famous experiment of Foucault with his practically 
mathematical pendulum. The name of ‘ Foucault’s pendulum” is therefore 
retained, although oscillations of any finite amplitude will be considered.* 


y East) Let O be a point 
P on the surface of the 
earth; OXZ the meri- 
dian of this point; Oo 
the direction of the axis 
(West) Y’ of the earth towards the 
south. Then Z X Oo is. 
w (South) - the latitude A of the 
| place, OX being the in- 
tersection of the meri- 
dian plane with the 
N *horizon XOY, directed 

again towards the south; OY in the plane of the horizon 90° from OX and 
towards the east; OZ in the direction of the force of gravity. Farther, let 
ON be a physical pendulum, 0 the angle its axis makes with OZ, the pen- 
dulum being a body of rotation. Let OP, OQ, ON be a system of three 
` principal axes of inertia about the point O, the axis ON coinciding with the 
geometrical axis of the pendulum, OQ under 90° to ON in the plane OANZ 





X (South) 








* As ia well known, only very small oscillations were given to Foucault’s pendulum. 
11 | 
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(the plane which would be the plane of oscillations of the pendulum but ~ 
for the disturbance due to the rotation of the earth); OP, perpendicular 
to this plane in the sense shown on the figure. Let farther O be the centre of 
inertia of the pendulum and OC = l; M be the mass of the body; 4, A, C be. 
the three principal moments of inertia of the pendulum about the point O; 
Yı, Yes ya the angles which the axes OP, OQ, ON make with the direction of 
the axis (o) of the earth. Finally, let 6,9, à be the three Eulerian angles 
which define the position of the pendulum relative to the earth, i. e. 6= ZNOZ; 

= Z POX; ÿ = angle of a determinate plane passing through ON and fixed. 
in the body, with the plane OZN. Then we shalllhave . 


COS yı = COS À COS, 
cos ya = sin À sin 6 — cos À cog 0 sin $, 
cos y, = sin À cos Ô + cos À sin 0 sind. » Aa) 


We shall make use of Bour’s differential equations|for the relative motion 

d (33) = oT, _Ə(U + £) 

d RIA Og Vk , 
where 7, is the kinetic energy of the absolute rotation, U + K is the potenta of 
the force of gravity (and not of attraction)* in the case of the earth. Hence 


U+ K= Mgl cosb, (2 
=4{A [0 +o cayt sin 6 + © cos Y%)*] ates it (3) 
ies. | r= + @' cos 06, 


and o is the angular velocity of the rotation of the earth. Bour’s equation 


gives first (g, = +); a 
a (Sp) =° 


as neither 7, nor U+ X contains the variable 4, and thus we have a first integral 
r+ a cosy = Ÿ +9 cos 0 + a cos ya = c 


We have supposed the initial velocity of the-pendulum equal to zero, hence 


& = @ COB yy and 
` T + @ COS yg = @ COB Y ` | (5) 








* U is the potential of the force of attraction. 


= 
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‚where cos yg means the substitution of the initial values 6), @) into the expres- 
sion of cos yz. l | 
Next take q, = 9: 59) OT, _ zi 
| ; = 0% 
or 
-g [4 (P sin 8 + o oos ya) sin 0 + Cs 008 ya 008 0] à 
A ee ee 


, leaving off the terms of the order of w.* -After a slight transformation this 
equation becomes ; 


[A sin’ 0 (9 + o sin A) + Oo cos ye cos 0] = — 240 cos A sin?O sin pP. (6) 


If we neglect terms of the order of o° and higher, we may substitute in the 
right-hand member of (6) the value of sin*# sin ġ.# calculated in the supposition 
of the immobility of the earth, because this expression has the factor o. Let $ 
be the angle formed by the axis of the pendulum with OZ in this hypothesis. 

‘Then we may instead of sin’) sing.@ in (6) substitute sin sin... Inte- 
grating the un after that and er for brevity 


£0) = = sin? 0, — sin? 0 + © À 008 6 (cos ene 6), or (7): 
AO = -L sint (cos nt. m, 
Aa (È) = % — sin 6, cos % — (S — sin Ì cos à) - > (1) 
we shall find | . os 
| sin 6.9! =o FO) sin à + LA (0) + A (SI cos 2 sin dy (8) 
| sinp - 


This value of sin0.g we now substitute in the third and last mtegral, that of 
the kinemo energy in the relative motion : w 

A (8° + sin? 0.9") = 2Mgl (cos 6 — cos fo). (9) 
Now, the expression (8) shows that sin*9.” involves the factor a’. But this term 
cannot be neglected. This exception is due to the fact that in the right-hand 


*In this problem, like in all other problems of motions on the surface of the éarth, it is useless to 
keep terme of the order of «7, if the force-of gravity is considered as constant. . 
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member of (8) sin 6 appears in the denominator. 


We do not know a priori what, _ 


the minimum value of 8 may be. It may perhaps be zero, like the minimum 
value of > (i. e. like in the ordinary pendulum), in which case the right-hand ` 
member of (8) would become infinite ; or it may be of the order of a, in which case 


the same ps would have a finite value. 


= 1A (8) sin À + LA (8) + fs ()] cos 
. a priori Pa be the desired approximation. 


the term = 





It follows from this remark that 
A sin ĝi}? cannot be neglected 


There are, however, some terms . 


in the expression (8) which may be dropped, namely, —sin*@ in (7), © 
(3—sin3 cos) in (7): This is obvious. Hence, we must substitute for- 


sin? @.@" into the left-hand member of (9) the expression e ; where 


(6) = sin à [ sin’, + £ cos 6, (cos 6, — cos 6) | 


n°0 


+ cos À sin $o [2 sin 6, (cos 6) — cos 0) + 6, — sin 6, cos 6, | t (10) 


We then obtain the equation 
| (ee cos ÔN? = 2491 





the integration of which gives 


sin? 6 (cos 6 — cos 6.) er PO jan | (11) 


cos 0 = = 008 By anf (¢ + T) + PE T), 


where RE Mgt 
; , “=N -I> 


ee = Bota aa, See 





sin? § 


sin? 0 . 


ss Ue 
ur J 

N e= of) (13) 

We way write cos e instead of (1 —4<’), then : : 
cos 6 = cos 6, snu (t + T) + cos d en%u L + D. (14) 

To determine ®, the equation (8) gives | | 
| P= —asina + 0% O ossi ee (15) 
| 
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~ The expression of 3 in function of time is found from (14), where we only need 


to put e=0. Then sin © = sin & o BET T) and cos À =dnult+ 7): 
“Thus I sin Ì cosS 


nn is readily se: in function oft. Tet us put 


(= Sin es and (9) di = à (0). (16) 


Then, as easily seen, ®(f) is a pose function of the period 2T. We have 
furthermore 


LO iO | die) 


sink @ ~~ 1— cos - 1+ cosh’ 
1 — cos 9 = — 2% (en°ni — nu (t + T)), 
1+cos0—= 2dmu(t+ T), 


where we neve put n = Er and very simple tepatna give 


0 snyt — q + 7), 88, oar 
— u Baer ty Fe) 
oda (t+ 7) mr em 
A transformation, a will be als verified by t the reader, gives 
| ©; (ut 7 ni) _ = tn 
| ACTES [z ml 
In these formulas, as is usual, Zr | 
_ @"(0 1 PT 
t= St) ark Be P en°x dx. | (17) 


Substituting the above formulas into (15), sean and parung for the sake 
of brevity 


Nana +407 + a — ol =- Gs) 
rom i A1 anne, ze (19) ` 
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we shall find ae ae 
| ee if, % (a)? Ä j 

P=htoM+t nS FRO (20) 


If we put furthermore 





| TS 
= were, (an) 





the motion of the axis of the pendulum may bis represented in the following way : 
1. Equation (14) shows that the axis of the pendulum oscillates between the 
positions 0 = M and 0 = e, never passing through the vertical. . 
` 2, The equations (14) and (21) represent a closed cone with a plane of symmetry 
which would be the Pee of oscillations but Jor the disturbance due to the rotation of ` 
the earth. l 
8, if we rotate the cone just defined, about ‘the| vertical 02 with the constant 
angiilae velocity aN; the combined motion: of the cone about OZ, and of the axis of 
the pendulum on this cone, will represent the moen of the axis of the pendulum 
relatively to the earth. | : 
4. The rotation of the cone defined above may take place towards the west or 

towards the east, or the cone may be fixed relatively to the earth, according to whether 
N is less than, greater than, or equal to zero.* pi 
In fact, formula (18) can be written in the following way: 


> N=— m sin À +m cos À BID po, . : (22) 
m= + (O6 — Laos, . - | (33) 
6) — sin Ôa cos Ô; con C oe es 
a Taten 068 


a a is easily verified that both m and n ‚have always positive values. Hence 
Niss Z 0 according as _ = 
En tga. © (25) 


It follows from this discussion ‘that the rotation of the cone defined above, at the 
same latitude, a 1) on the amplitude of the oscillations; 2) on the construction. 








*See Comte de Ba "Sur le mouvement du pendule conique à la surface de la terre. (Thèse de | 
Doctorat.) : | 
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of the pendulum, and 3) on its initial orientation. The EET on de ampli- 
tude and the orientation has been indicated first by Count de Sparre in his doctor 
thesis, in which, however, only the motion of a mathematical pendulum was con- 
sidered. The influence of the construction of the-pendulum on the results, as seen - 
from the formulas developed in this paper, offers a greater field. for experi- 
ments which would.be very interesting. 

Formula (22) shows that, ceteris paribus, the absolute value of Ni is maximum 
- or minimum, if the pendulum is started in the plane of the meridian ; maximum if 
initially deviated towards the north; minimum if towards the south. | 


|N] mar. =: m sin À + ms cos A, 
| N| min. = | 


In order to complete the itoa it remains to determine the angle 4 in function 
oft. This is done very easily, but the limits of this paper do not allow the 
reproduction of the calculation here. 

To conclude, let us see what the above formulas become in. the case of 
.very small amplitudes of oscillations, neglecting powers of 6, higher than the 
second. | 

Formula (21) becomes. 


en ue 


and instead of the equation (14) we may write : a ” 
0 = B cosut + è sinut. . (14) 
The eliminstion of t between the equations (21) and (14) gives the elliptie cone . 


et sin’ an. ES (26) 
The intersection of this cone with a N plane at the distance V A from 
the point O and fixed with regard to the cone er re an ellipse with the 
| semiaxes l 

a=\ À Oa: 


=VAe= HZ ox 
b As= Gees 
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Graii On ouate Pedii: 


A first approximation gives for N the value — + sina. These results are ` 


in perfect accordance with those of Mr. Kamerlingli Onnes.* 
A more accurate value of Ni is obtained by retaining second powers of a, 


Formula (22) then gives 





___24—C. ,., © = WR, 
N= T RE a à PAC nina; 
which differs from the result obtained by Mr. in Onnes, who gires 
the value ; 
ve a +34% cos À sin Py + 8 2e C'ég sin 2. 








t Over de betrekkelijke S Nieuw Archief voor Wigkunde, Deel V, p. 169. ` 





A Method for ‘Calculating Simultaneously all the 
Roots of an Equation,* 


By Emory MoCLINTocK. 


The comprehensive method which forms the subject of this paper may be 
introduced best by practical illustrations, beginning with trinomials and proceed- 
ing later to equations in general. Let it be desired to learn approximately all 


the roots of the equation x°——1—x. In this case we may use the formula 
v = o—o'a—$ ota? — fota®—...., (1) 

where a = —#, and o is any one of the sixth-roots of —1, viz. 

m a. a CH or Os ae 

1O o y EN ENT EVENT 

2 m —l 34443 348 3-3 rt —3 

8 —ÿf—1 yl y—l —y—i y—i —y— 

4 1 1 4 NES aay Pis 

En N —I 

6 —1 —l —l —1 —l —1 


` 


By inserting in (1) the numerical value of a we have . 
e=o+ta®’— got + drot — ..,. 

For the several pairs of roots, or values of x, we have therefore, taking the 
values of o as stated, and remembering that ./3 = 1.732 nearly, 
go —+ Hd oe EVIL +...) = — HWV —1, nearly; 
a= ENS + ty — rh... ENVIE + 3 — + rh...) 

| | = .94 + .619—1, nearly ; 
g = — 4/3 + d— rip... EN —1 (4 VI — se — rs 8...) 

= — .79 + .304/—1, nearly.f 





* Read before the American Mathematical Society on August 14 and October 27, 18%. The portion 
read on August 14 is indicated in the Society’s Bulletin for October, 1894. 

+ This example has been employed by Spitzer (Allgemeine Auflösung der Zahlengleichungen, Wien, 
1851) and by Jelinek (Die Auflösung der höheren numerischen Gleichungen, Leipzig, 1865), to illustrate 
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The formula (1) made use of is valid only for equations of the form 
x = — 1 + 6ax, where a is numerically less than the sixth-root of: 5-5, The 
same formula may be used, with the same restriction upon the value of a; for 
equations of the form gê = 1 — 6ax, by taking o for any sixth-root of 1. Hisa 
special case of a more general formula, applicable to all equations of the form 
a” = o” + nax"—* (that is to say, all trinomial equations) for which the series is 
convergent: 
z= o +o ta + o7” (1— 9% + n)a®/2! 
+ 0781 — 3k + n)(1— 3k + 2n) af/31 

+ at~* (1 — 4k + n)(1 — 4k + 2n)(1 —| 4k + 8n)at/4l+.... (2) 


Here o may have any value, but a” must for convergency ‘be smaller numerically 
than #-*(n — k)*~"o™ when n is positive. If n is negative, a~* must for con- 
vergency be smaller numerically than (— k)" (k — n}"-*o"*, Nothing is gained 
by having n negative, since in that event we have only to multiply œ" = @"+-nax" + 
by a" * to produce the positive form "= ©" — nba—*, where b = aw". 

In the interpretation of the trinomial formula (2), it is usually most conve- 
nient to reduce the given trinomial 2* = o" + nax*—* to that form in which o" is 
1 or — 1, in which case œ means merely any n™ root-of 1 or — 1, as the case 
may be. If that is not done, we must interpret.@ as equivalent to ck, where c is 
the nt root of the numerical value of o”, and & is any nt root of 1 or —1, 
according as o° is positive. or negative. This remark will apply to other equa- 
tions as well as to trinomials. For uniformity of illustration, the examples 
adduced will be of the form o*=1 or œ” = — 1, :to which form any equation 
a = + c" + f(x) is at once reduced by writing ca for x. 

Since its first use by Newton, if Newton was its author, no discussion of 
numerical equations can be considered complete without introducing the cele- 
brated equation 23—2—5=0.* To this as it stands we can apply the 
trinomial formula (2) at once, but a more convergent series may be had by 
suppressing the term next to the last, by the transformation a b= y — 2/15, 
so that the equation to be solved becomes 3375 9? — 180 y — 659 = 0. In this 





the changes made by them in Horner’s method to make it serve inithe computation of imaginary roots. 
Such a calculation as theirs can only be done for one pair at a time, and that with considerable dificulty, 
after first assigning approximate locations, : 
“ *Employed after Newton for successive new methods by res Fourier, an and- ‘Murphy, 
not to speak of other writers. 
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let y = (659/3375)! z = .580146 z," so that #=1+ 3az, where a = .0528206. 
Here w* = 1, and by (2) we have 

| 2=a+oa—toa+.... l 

= o + -0528 20? — .000050 + .... = .999950 + .0528 20°. 
The cube roots of 1 being 1 and — 4+4 —3, the three values of z are there- 
fore 1.05277 and —.52639+.478564—3, whence those of y are .60176 and 
— .30088 + .47585</—1, all correct to the last place. The real root only has 
heretofore been sought by the various writers who have dealt with this equation, 
so far as appears, except Murphy, who finds approximate values of the imaginary 
roots by two methods, both tedious.+ 
Murphy adds another example, occupying two or three pages, concerning 
which, writing in 1838, he says:.‘.... as this method may be said to be. the 
- only direct one known for obtaining a first notion of the magnitudes of the real 
and imaginary parts of the roots of equations, we have, therefore, developed it 
at length ....; we may add that the research of the impossible roots of equa- 
tions has baen generally overlooked in modern treatises of algebra.”f The 
equation which he employs is af + x + 10 — 0, and he finds eventually, for 
the four roots, 1.251 + 1.348/—1 and — 1.251 + 1.2829/—1. If we take 
x= 10'y = 1.77828 y, the equation to be solved becomes „+ 10747 +1=0, 
or yt = — 1 + 4ay, where a= — .044457. -Applying (2), and observing that 
a=—1,n=4,k=8, i | 
y=o+a7%a—toa?+....=o—a'a—for'a’+....- 
= © + .044457 0" — .000988 0°’ + .... 

The first term neglected is — ou‘, so that the terms taken should be good to 
five places. When ot =—1, we have either o =v 4 (1 +V —1), œ =+W-—1, 
= 14V I); or, o=V4(—1 ENT), =] = VE(LEN TT). 
Also, V4= .707107. Taking the first pair of.values of a, we have 


y =.707107 (1 + 000988) + -044457 —1 + .707107 (1 — .000988)V —1 
= .70781 + .75086Y—1, 


* Decimal fractions ee are only approximately true will be stated, for RR, without any 
such qualifying phrase as ‘‘ nearly.” 

t Theory of Equations, p. 124; pp. 185-188. 

f Todhunter remarks that “ there is no easy practical method of caloulating the: imaginary roots of 
equations at present known.’’ Cayley, 1878, in the article ‘‘ Equation ” in the Encyclopedia Britannica, 
says: ‘‘ Very little has been done in regard to the calculation of the ee roots of an equation by 
‘approximetion ; and the question is not here considered.” 
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and siinilarly for the second pair, 
y = — .70781 +°.66195/ —1 


The four values of «= 1.77828y are therefore = 1.2587 + 1.3852/—1 
and œ = — 1.2587 + 1.1771 X —1. These values are very closely correct, so 
that Murphy may possibly have made some error, though he says distinctly that 
his results must be taken as only a first. approximation. 

Enough has been said to illustrate the use of (2) when the given trinomial 
is fit—a phrase which will be used to express readiness for the application of the © 
methods now brought forward so as to yield a ‘convergent series.  Murphy's 
quartic was found fit at once, as was the sextic first discussed. Newton’s cubic 
was improved by a linear transformation; a process not usually available, 
when a trinomial is desired, for degrees above the, third. Two questions there- 
fore arise: what shall be done to improve a given cubic, and what shall be done 
when the degree is higher and the trinomial is unfit ? 

If the cubic a = + 1 + 8az has a’ < +,* it is fit, though a jadis 
may secure greater convergency. If @®=4, a being positive, there are two” 
equal roots, and no transformation will avail. If a’>4#, and if a is negative, 
the transformation x! = y + a will serve, though some other may serve better. 

[fa > 4, and if a is positive, the roots of the cubic are all real, and the exhibi- 
- ition of all of them at once is impossible, since the formula (2) expressly contem- 
jplates, for cubics, two imaginary roots, corresponding to the two imaginary cube 
roots of unity employed. In this latter case the trinomial is radically unfit, and 
the disposition to be made of it may be considered along with that of unfit 
trinomials of higher degrees, as part of the second question. - 

Except for improvable cubics, as just explained, there is usually nothing 
better to be done with an unfit trinomial, as a trinomial, than to apply the trino- 
mial formula (2) twice, securing n—& roots by one operation, and the remain- 
ing k roots by the second; though sometimes the :trinomial form may be aban- 
doned advantageously. The original trinomial being Œ" =o" + naz*—*, we 
now regard it, for the first operation, as °T? = wt ~* + (n— k) ax", where 
of * = —o"/na, and a, is the reciprocal of (n — Den: -More simply, if 
om = + 1 + naa, at= (F1+4+a")/na. That n — k roots can now be pro- 
duced by a Sonvärgent series is readily proved. By the supposition of unfitness, 





*Numerical values always understood. 
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DE (n — k) "o"*#, and we have also a = n~! (n — by art, o° = — naa? —* 
r'o—*/(k—n). Hence n=" (n—ky "ar> #(n—k)— art en), 
whence af*<n"(— k)'or*"-®, which satisfies the criterion of convergeney' 
first stated, it being observed ibat n—k now takes the place of n, n that of 
n— k, and — k that of k. i 
For example, let 


4y? — 243y + 165 — 0. | ` (3) 


Here y? = — 165/4 + 3(81/4) y, and the numerical value of (81/4) is not less 
than that of 27°17} (165/4? = (165/8}. We must therefore, since a is positive, 
employ two operations: one upon the equation y = 165/243 + 4y°/243, and 
the second upon the equation y? = 243/4 — 165% 1/4, the first yielding one real 
root, the second yielding the two remaining real roots. For the first, let- 
y = Ď5u/81, so that the equation reduces to u= 1 + 4.55°.871.817°w 
=1+.00759u. Here a = .00759, n= 1, k=.— 2, and from (2) we have 


u=1 Hat 3a +... . = 1+ .00759 + .00017 = 1.00776. 


Hence y—.684. For the second, let y = 4243, so that the equation reduces 
` to w—1—8330 (243) w= 1—.08712v—}, or v=1+2av where a= —.04356, 
By (2), taking n = 2, k = 3, 


v = o — o~ ?.04356 — o7 5.00285 ... . = 9970 — .044. 


As & may be 1 or — 1, v is .953 or —1.041; and as y = 7.794v, the remaining 
values of y are 7.43 and — 8.11. 

In this example we have illustrated not only the first operation, securing 
n — k (= 1) root, but also the second operation, securing the remaining % (= 2) 
roots. For the latter the formula used is equivalent to «—=na + o"a? ~”, obtained 
by multiplying both sides of the original trinomial g” = o” + nag” * by at". 
For the simpler form 2*= + 1 + naz"—*, we have "= na +a", That this 
transformation necessarily yields a convergent series when the original trinomial 
is unfit may be seen upon due substitution. For, putting o” = ka, and a = n'a}, 
we have, as the criterion of sonvergency of the derived equation 2° = oł} + kaa" 
the requirement aj < n~"(k—n)*~*oj", and this is satisfied by substituting for 
a” and a their values in the known numerical inequality a" > k-*(n — b) "ut, 
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Referring to the last example (3), we took first n =1. Whenevern=1 
the trinomial equation 2* = o” + naz™—* becomes z=o-+ ax”, putting k=1— m 
“Then (2) becomes, for this special case, 


a = a+ o"a + "ma + o"—*m (m — 1) a?/2! Hese., (4) 


a series known to Huler and Lagrange, and immediately derivable from 
Lagrange’s theorem, 


=) + HP + PAARE) 


where the relation is æ =o + ap (æ). The trinomial series (2) may be derived 
at once, as will be seen, from Lagrange’s theorem (4*), by putting œ" = u, so | 
that the relation is.u = o° + nau —*", and expanding f(u) = u” by means: 
of (4*), This is however an afterthought, the series (2) having been discovered, 
without employing Lagrange’s theorem, in the course of writing the preceding 
paper (‘‘ Theorems in the Calculus of Enlargement.”) together with and as a case 
of a more general series which applies to other as well as to trinomial equations. 

The new theorems numbered (21) and (22) in ‚the paper just referred to are, 
when x° = o” + naĝ (x), 


ZUR, "90.0 + 30 (PE) a? —* (0 — n).a/21 | 
+ 290 (PE) 0° i ee n)(0 — 2n). a'/3! = ssa, (5) 


x =o + al "po. +o" Lo “a (a)*.a%/2! 
in d 4 1—n 8 ,,8 { | 
+ (o T) 2 (po}.a/3!+,,,., (6) 


Here the brackets about the letter following the functional sign @ are omitted 
for convenience. The two theorems (5) and (6) are of course identical, except 
as to the form of the coefficients, which have the same, real value, each to each. . 
The symbol 0 is equivalent to ¢, when £=0, and the symbol. of operation Ej is 
to be interpreted as that by which, when applied.to any function of 0, say fO, 
the latter becomes the same function of 0 +1, say f(O + 1). Similarly, this 
operation being subject to the law of indices, 570 = f(0 + À); and more gen- 
erally, if gr = arp + bef '+...., PEJO = aEt/0 + OTIO + .... = af(0+n) 
+ 6f(0+-n—1)+.... So also with powers of Ej; if for instance 9, = HES, 
` (PR) = EP + 2+” + BBM) /0 =f (0 + 20) + 2/(0 + n + m) +/(0+ 2m). | 
If, for example, in (5), px = x"—*, so that 9, = Ep *, the coefficient of a is 
ito" = @!~*, as in (2). Again, the coefficient of a?/ 21 is KO" “at = (0—n) 
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= 007% (0 + n — 2h) = (0 + 1) a°#1-* (0 + 14+ n— 2%) = a7 *(1—2h+n), 
as in (2); and the other coefficients of (2) will be confirmed in like manner, so 
that (2) is a special case of (5). It is likewise a special case of the conjugate 
expression (6), which is derived from Lagrange’s theorem (4*) by ‚writing x", a", 


and na, for x, a, and a respectively, and taking v = f(x") = (a jr . This use of 
' Lagrange’s theorem has escaped notice since 1768, when that theorem was pub- 
lished, and might have escaped notice much longer had it not been for the 
` circumstance that the relation underlying (5), from the nature ‘of its origin, is 
a” = a" + naĝz instead of s=a+apz. Given this relation and this series (5), 
it is most natural to remark that œ must have n values, determined by the nt? 
roots of 1 or of —1. 
The theorem (5) is itself a special case of the ı more general theorem, num- 
bered (19) in the preceding paper, 5 ' 


Je = fa FOIRE "a + fE00 (om) 0 0—3 (0 — n).a/2 +...., (7) 
from which RR) £ 
| "= o” + mo" po.aŸ + m (pe) tr (0 + m—n).a?/2!4+...., (8) 


the given relation being still == o° + nape. By means of this equation we 
can find approximations, in convergent cases, to the m™ powers of the several 
roots of a given equation 2” = a" + napz, by employment of the n™ roots of 1 
orof—1. Apart from the case m = 1, however, I see no practical use for any 


other case than m=—1. In this case (8) becomes 
a! = a? — oipo. a — (9%)? o?! (0 —1—n). a/21—.... (9) 
For the trinomial case 2* = o” + nax*—*, this becomes ` 
Mena — a7? *(— 1 — 2h-+n).a?/2!—.... (10) 


Before proceeding to discuss the principal series (5), it will be well to con- 
sider finally the reciprocal series (9) and (10). It is obvious that in any of the 
trinomial examples already- brought forward we might, with little additional. 
difficulty, by the use of (10), obtain different approximations to the roots 
by means of their reciprocals. Take, for instance, the equation numbered (3), 

where u= 1 + .00759u. Heren=1,4=2,a= «00759, and from (10) 


ul=1-a— 2a... . = 1 — .00759 — .00012 = .99229. 





* Here men, ott *~* mu —nip ot, and Eu = du, by a known theorem. 
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` This differs but 1 in the last place from the reciprocal of the value found for - 
`u, 1.00776, a matter of no importance considering that the result is desired to 
three places only. Cases may arise in which these reciprocal formule will be 
found valuable; and they will certainly be found of the highest value if and . 
when means are discovered for distinguishing those cases in which the reciprocal 
approximation is the more correct. Little appears to be gained, on the average, 
by taking a mean between the values ascertained by the direct and reciprocal 
‘approximations; yet in half of all cases the reciprocal approximation must be 
the closer of the two. Probably in most cases both the direct and the reciprocal 
approximations will err on the same side of the true value; and as regards the 
contrary chance, it seems better to continue one approximation further than 
to go to the labor of computing both. At present, therefore, no practical advan- 
tage. appears to be derived from the use of these reciprocal theorems, though 
further investigation may enable them to take the place, in suitable cases, of the 
direct. It will be found, on examination, and may readily be proved, that the 
same series is obtained by (5) or (6) for x, from æ" = a" + naz, as by (9) for 
x = y from y” =a *—nao"y" (y~). The differential formule which cor- 
respond to (7), (8), and (9) as (6) corresponds to (5) are, respectively, 


fa = fa + o*pof'o.a + (a-» 2) Lo!" (u)#'o].a/21+ ..:., (11) 
a” = a" + mo" "po. a + m (+2) [o"n (po}].a/21 + ee... (12) 
aT l= a! — al "po.a — (2) [a= -".(po)"] .@/2t —.... (18) 


Returning to the general solution (5), for which hereafter the reader may 
at his option substitute (6) as equivalent, we have seen that when oz =2"~*, 
that is, when the given equation z* = o” + nage is a trinomial, the general solu- 
tion takes the form of (2). - For all cases in which (2) is not available, and in 
fact for all cases whether (2) is available or not, the solution is equally general 
ifa= 1.. Again, since 0 = 1, the first zero in each term of (6) may be omitted. 
We shall therefore, now that we are passing beyond the consideration of trino- 
mials as such, write the general solution of x” = o” + nox thus: 

f 
a=a + atgo +4 (pr) atmo in) | 
+ 8 (pe)? +1 (9 + 1—")(0 + 1— 2n) + sus UH 


s 


| 
i 
i 
! 
f 
l 
l 
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7 Knowing this formula, we are usually enabled, almost at a glance, to determine 
‚the number of imaginary roots, the signs of the real roots, and often the signs 
of the real parts of the imaginary roots, of any given equation; and applying it, 
we can obtain with little difficulty approximations more or less exact to the 
values of all the roots. This means that Sturm’s theorem, acknowledged hitherto 
to be the only complete solution of the problem of separation of roots, is no 
longer essential in the examination of numerical equations. To make this clear, 
and also to avoid the charge, brought by Fourier against Euler, of selecting easy 
examples, I shall’shortly take up in order all of the illustrations, ‘eleven in 
number, employed in Burnside and Panton’s Theory of Equations in the section 
devoted to the application of Sturm’s theorem. 

Having an equation presented for solution, the first step is to inspect it, to 
see whether it is fit. If not, some linear transformation must be sought to 
render it it. If that prove impracticable, the inventor of the equation may be 
suspected of introducing equal roots and known tests may be applied. (With 
coefficients taken at random, equal roots are not likely to appear.) If no 
equal roots are found, a suitable transformation is possible. No equation is cer- 
tainly fit, however, unless all the roots can be found by convergent series. 

I shall use the word “span ” for the degree of an operation, represented by 
the letter n in a” =o" + noe. Thus, for Jelinek’s equation, x +x+1—0, 
the span is sextic, and the equation is solved with one span. For Newton’s equa- 
tion, a"— 2% — 5 = 0, there is but a single span, a cubic; and for Murphy’s 
equation, af+2+10=0, likewise- but one, a quartic. For the equation 
numbered (3), however, AP — 243 y + 165 = 0, two apans are needed, namely, 
from left to right, a quadratic and a linear span. Hxamining these trinomials, 
we see that in the first three the middle coefficient is small enough to permit a 
single span, while in the last it is too large. I say therefore that in the first 
three cases the “dominant” coefficients are the first and last, while in the last 
case all three coefficients are “dominant,” A span stretches from one dominant 
to the next. There is therefore but one span for each of the first three equa- 
tions, while two are indicated for the last. If the dominants which define any 
span have like signs, it is a “like span”; otherwise an “unlike span.” The 

‘recognition of dominants is not always easy, but is often facilitated by some 
simple transformation. Once recognized, they disclose the nature of all the roots 
at a glance. If exceptions exist to this statement, they have yet to be discov- 
ered. Each span represents n roots.. It will be remembered that o” is positive 

13 
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for a span whose dominants have unlike signs, and vice versa. The following 
table, showing the number of different kinds of roots covered by each span, is 
based on the characteristics of the n roots of 1 or of —1: 








- Real Roots. ` Imaginary Roots. 
Description of Span. ma — on eo 
Positive. INegative. Positive. Negative. Unoertain. 
n = 1, unlike signs: 1 
like: — 1 
` n= 2, unlike: 1 1 
like: p : 2 
n= 3, unlike: 1 E 2 
“like: | 1 2 - 
n= 4, unlike: 1 41 | 2 
like: 2 2 
n = 5, unlike; `- 1 : 2 3 
like : | 1 Ge, 2 
- n=6, unlike: 1- 1 2 2 
like: 2 2 2 


Recurring to the examples given, we find for #+x+1=0, n=6, signs 
like, therefore six imaginary roots, two of them at least with real parts positive, 
two at least negative ;-for 2? — 2x — 5 = 0, n= 8, signs unlike, one real posi- 
tive, two imaginary with real parts negative ; for zt +g +10=0; n= 4, like 
signs, two pairs of imaginary roots, the real parts: having opposite signs; and for 
that numbered (3), 4° — 248y + 165 = 0, first span, n= 2, signs unlike, there- 
fore two real roots of opposite signs, to which the second span, n= 1, spain 
unlike, adds another real positive. 

A recognition of the dominants of any equation not only indicates the nature 
of the roots, but shows how, if desired, we can proceed first to the computation 
of the greatest or least root. It will be found that the first span of n, terms f 
yields not only n, roots, but the n, greatest of the roots : that the next span of 
nm, terms yields the n, roots next gr eater in size, and so on, till the last span of n, 
terms, which must yield the n, roots of smallest size... In this statement imagi- | 
nary roots rank according to their moduli. For, let a, b, c- be the numerical” 
values of successive dominants, always counting from left to right,. with the 
highest power of the unknown quantity, as usual, on the left. The point to be 
shown is that the roots covered by the span from a to b, of k degrées, are 
_ all larger than the largest of those covered by the span from b to.c, of | degrees. 


1 
i 
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That b shall be a dominant requires that b*+! shall be decidedly larger than a’c*; 
let this be assumed. To put these spans successively in the form "= +1+ nov, 
we first put n= k, x= (b/a) "ù, and afterwards n=l, «= (c/b v. As 
regards the first span, the series is convergent for the % values of v, which are 
nearest to unity; and as regards the second span, the series is convergent for the Z - 
values of v, which are nearest to unity. Since (b/a)/* is decidedly larger than 
(c/b), the values of x corresponding to the % values of v, must be larger than 
the largest of those which correspond to the 7 values of. That any one root is 
not presented in each of two adjacent spans, is immediately assented to when we 
reflect that if it were, some other root must fail of presentation at all. That this 
- intuitive assent is correct may readily be seen. Let us first suppose the n-equa- 
tion to be a trinomial of one span. Let a root or pair of roots change continu- 
“ously 80 that the span becomes less and less convergent, and finally not conver- 
gent but divergent: a new dominant has arisen, dividing the roots into two 
~ classes, k and ù — kin number respectively. Let now the latter span be again 
subdivided without destroying the dominant in question : the % roots of the other 
series remain together. As another supposition, let us for the sake of argument, 
imagine one and the same root to be in two adjacent spans, on both sides of a 
given dominant. Let all the- other middle dominants gradually subside by 
changes of other roots until we have a new trinomial with the given root still 
on both sides of the middle dominant : the situation is absurd, and it is equally 
absurd to suppose any root to be either annihilated or created by gradual con- 
‘tinuous change of other roots. . 
>  [tis to be observed that coefficients are not to be counted as “dominant,” 
sin the sense here employed, unless they are relatively of larger size. It is pos- 
‘sible that of three coefficients, a, 6, c, we may find b relatively small, and that , 
we may also find a convergent series for the span from b to c: if so, the order of 
magnitude will be disarranged. Cases of that sort are seldom likely to be 
‘observed, however, unless specially invented. Lagrange laid it down that the 
single root of the equation «= o +x developed by his method of 1768 (a 
method equivalent to that special ‘case of the present general method in which 
n = 1) is always the smallest root; but his statement is not always correct unless 
the coefficient of x is a dominant, in the serise here used.* 





*That Lagrange’s proof concerning the smallest root is incomplete was shown by Chio, in a memoir 
presented to the Institute of France in 1846. Ohio had however apparently no idea of “ dominants.” 
That the smallest root can co | be found when the coefficient of z is N very large is of course 
familiar. 
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Hach of the paragraphs which follow, ‘having attached to them numbers, 
from 1 to 11, relates to the example. having the same number i in the work on 
equations already mentioned. os | 

[1]. af + 30° +70 + 10x +1=0. The dominants here are uncertain. 
It cannot be claimed, as obvious, either that they are 1, 10,1; 1, 7, 10,1; or. 
1, 3, 10, 1. Im these cases respectively the spans would be either a like cubic 
and a like linear; a like quadratic and two like linears; or a linear, a quadratic, 
and a linear, all with like signs. But any one of these combinations would : 
indicate two real negative roots and two imaginary, one of the real roots being 
the smallest of the four. When the dominants are at all doubtful the equation 
is unfit and must be transformed. Let a= y—1; then y— 7+ 4y +y—4=0. 
Spans, two quadratics, respectively like and unlike; whence y has two (larger) : 
imaginary values and two (smaller) real values of opposite signs. From this 
equation in y we find approximately that the four values of æ are, —.4+ 2.20/—1 
‘and —1-+ .9, showing that the largest values are imaginary, which rules out | 
1, 8, 10, i as the dominants; and that the real parts are negative, which rules 
out 1, 10, 1; leaving 1, 7, 10, 1 as correct. For the details, beginning with the 
first yspan, let y= 2u; then W=—i+4w— Ju! tiu = —1-+ gu, 
where a? = — 1, qu— (4u— ut + 2u-*)/16, and by (14) 

| u= + oo +... „=o +o (4d — a + 2071)/16 
= 5/16 + 180/16. a | 


Hence, for a rough nahen, u= .8+1. 11 = so that y= 6 + 21 
or thereabouts, and x = — .4+2.2V 1. To approximate to the real values, 
by operating upon the second span, we have = 1 +43(y°— ya) =1+2%y, 
where oy =4(y'—y—y'‘). Hence y=a+o "go +...., whereo=-+l, 
or y=a+4(@*—1—o')+...., whence y= + 9, ara 2=4+.9—1. A 
better transformation, if close results were desired, could be got by putting 
y i=o+i/16. = 

[2]. af—4xt— 3x + 23 = 0. Done 1, —4, 23; : ene a ine 
span, unlike, and a cubic, also unlike ; largest root real positive, another real 
positive, two imaginary. For a -fitter equation, ine z=2(1+u)/(1—u),so 
that TIu + 24u? + 2344 — 80u + 1 = 0. Here the spans are, quadratic. with- 
‘like signs, and two linear, each unlike; “hence two lar ger ‘roots imaginary, 
two smaller real and positive. If à = (234/17) y = 1.747, we shall have 
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Y + 18y + 1—.20y-'=0, neglecting the term in y`’, whence Y=—1 
+ 2(—09y+.10ÿ 1). Here © =+w—1, and y = —.19 + o = — 19+/—1,. 
so that w= — .33 + 1.75./—1 or thereabouts. a the horer real root, let 
u = 402/117, whence z = 1—.04% — .08#—.042 *%. In the second member we 
may replace z by o =.1, whence z=.89, w==.31. For the smallest root, let 
. u= v/80, and we find similarly v = 1.04, u = .013. 

[3]. 24 — 132°? + 10x—19—0. Dominants, 2, — 13, —19: two quad- 
ratic spans, unlike and like respectively ; hence two larger roots real with oppo- 
site signs, two smaller imaginary.’ Take a! 1 — y, and again y'=.10+ .9, 
whence g = (v + 9)/(v— 1). Then vt — ° — 402v — 598 = 0, which is to be 
‘solved. Here the spans are an unlike cubic and a like linear. The smallest root 
is real negative, the others are one real positive, two imaginary. For the 
= span, let v= (402) z = 7.38g, so that zt — .018— z — .198 = 0, and 

= 14+8(.006:+.0667 1): The values of o aré 1 and —}+ 866V —1, and 
corresponding values of w? are 1 ànd —4T+ 866/—1. We have here 
z =o + 0”? (.006@ + 066071) = .066 + o + .0060°, and the values of z are 1.07 ` 
and — .44 + .86/—1, whence those of v are 7.9 and — 3.2 + 6.3/—1. For 
the smallest root, let v = 299 u/201, - whence by the usual linear pee 

— 1—3/640 nearly, v = — 1.5. 

~ Tay + ir —5—=0. A te equation with a full 
quintic span, two terminal dominants only, with unlike signs: one real positive 
root, four imaginary. To secure a fitter equation for solution, let us try == y—1, 
and again y" = u +1/6, giving 3888 u° + 2160u? — 684u* +1521 u— 365 = 0. 
Here the dominants are 3888, 1521, — 365, so that the spans are a like quartic 
and an unlike linear; whence the smallest root is real positive, and the other 
four imaginary. For the imaginary ruots let u = (1521/3888)'z = .792, giving ` 
+ 892 — .362+2—.30=0. Then # —— 1+ 4(—.222?4+ .0924 .0827'), 
and z =o + a? (— .220°+ .090 + .08 071) = — .08 + a—.09a*+ .220°, Here 
either o = .707(14V—1), ®@=+V/—1, oF =.707(—14V—1); or else 
o = .107 (12V 1), & = FV —1, o =.707(14/—1). For the first pair, 
z= 47 + .84/—1, and for the second, z = — .63+. 94 —1. The corresponding 
values of u are .37 + .6/—1 and —.49+.7/—1. For the smallest root, let 
u = 3650/1521 = .24v, whence .01 vë + .08 vf — az 0, and v = 1.02, 
u—.24. 
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[5]. æt — 2% — Tæ + 102+10=0. Dominants, 1, — 7, final 10: two 
quadratics, each with unlike signs, hence two pairs of real roots, larger and 
smaller, the roots of each pair having opposite signs. If we put z=y-+J4, so 
that yt— 17/2 + 2y + 209/16 =ò, the same characteristics appear. Even 
this will not give close approximations without going further in.the series than 
we have hitherto done. We have in fact not yet had occasion to take more 
than the first term beyond o, a term which I shall hereafter, overlooking the a, 
speak of as the ‘‘first term,” so as to speak of the term containing (®E,)” as the 
m'® term. If for another trial, we take =s+1, and then s!=¢-+1/8, 
clearing of fractions by t=y/8, so that »=(y-+9)/(y+1), we have 
3y1— 130y’+8y+1159=0. Let us take this as the equation to be solved, 
though it is really not much fitter than the one before. The characteristics are 
the same as for the original equation. For the larger pair, let, y=(180/8)'u 
= 6.58%, and let us carry the work to two places. We have ut—w?+.00938u 
+ :2057= 0, whence = 1 + 2pu=1 + 2(— 0047 u! — .1029u-*). Then : 


(pu)? = .001 w? + 011w t, (pu) =— .001 u~’. To the first term inclusive, the 
formula (14) is o +0 lpo =o + o7! (—.005 o!—.103 07?) = —.005 + 8970, 
where o= +1, —1. The second term is $(@%)?o°—*(Q — 1)=4(.001 m? 
+ .011 By 4) ~* (0 — 1) = .0005 0? (— 4) + .0055 a ™ (— 5) = — .002 —.028 o. 
The third term is 4(pE) 0°" (0 — 1)(0 — 3) =4(— .001 5°) 0° (0 — 1)(0 — 3) 
= — .001/6 0" (— 7)(— 9)=—.011@- The second term gave us .0280; and 


the third now gives us 011, both with the same negative sign, which must 
affect all further terms. As the convergency is not rapid, we may add — .02o 
as probably covering the succeeding terms. Summing, w= — .01 + .84w, the 
~ two values of u being .83 and —.85, and from these the values of y are 5.5 and — 5.6. 
For the remaining values of y, which must be smaller, let y=(1159/130)'» 
` = 2.986 v, so that the equation becomes .206 vt — v? + .0206 v + 1=0, whence 
P= 1+2(.0100+.108v*). Then (pv) = .0020° + .011 0°, and (pv)? = .001 v”. 

de formula (14) gives v=o +o (.0100+.1030%)+.0040°+.0280°+.0110°+.. 
Making as before a slight allowance for the terms neglected, again all of the 
same sign, say + .020, we have v=.014+1. 160=.014 + 1. 16, and y=3v 
= .05 + 3.6, so that there is a positive root somewhat greater than 3.5 and a 
negative root somewhat less. This equation, 34 — 130% + 8y + 1159 —0, 
may be resolved into the factors 39? + 6y — 61 = 0 and y*— 2y—19—0. 

[6]. a+ 3x + 22° — 32? — 2x — 2—0. Nothing here is obviously domi-' 


Simultaneously all the Roots of an Equation. 103 


nant. Let s=y—1, so that yf — 24t — y + 3y—38=0. For a fitter equa- 
tion, let us take y!=v-+1/5; then 3750 — 250+ 150+ 2560 —1862/25— 0. 
This shows a like quartic and an unlike linear: smallest root real positive, 
the rest imaginary. For the imaginary roots, take v=#(ftu=.91u; then 


ut — ($)? /16 + 3 (ftu/ 64 + 1 — 981 ($) žu!/ 2660 = 0, and W=—1 
+4 (.020W—.015u+.080 u"). Hence u=a + 0"? (.020 o? — .015  +.080w1) 
=a — .080 + .0150° — .020 of, where w—=—1, and the values of © and its 


powers are the same as in the paragraph numbered 4. Hence the imaginary 
` values of u are approximately .64+.71V —1 and —.80-+.68/—1, and those of 
v are .58 + .64/—1 and —.73 + .62/—1. For the small real root, take 
v = 9312/3200 = .291z, so that 2=1 — .0172? + .0082#.— .0102°. Hence 
z= .98 and v—.29. | 
[7]. a+ 112 — 102% +181=0. Dominants, 1, —102, 181: spans 
quadratic and linear, both unlike, hence three real roots, one of them negative, 
the smallest being positive. This is merely a form of the more celebrated equa- 
tion æ? — 7x +7 =0, to which it is reduced by writing (x + 3)-1+48 for x. The 
latter has the same characteristics, but may be made fitter by putting «= 37/2, 
and y~'==1— 427’, so that = 32/(2z—1) and #— 212 + 7=0, again with 
the smallest root pôsitive. To find the two larger roots, let z= 21w = 4.5834, 
whence v’—v + .07274=0, and = 1 + 2(—.036)& !, Taking up to the second 
term from the trinomial formula (2), we have v=o — .036 0"? — .0020 = —.036 
+ .9980. Aso=-+1, the values of v are — 1.034 and + .962, whence the 
two larger values of z are — 4.74 and +4.41. For the smallest root, let z=4u,.- 
whence w= 1 + u?/196, and w= 1.005, 2= .335. | 
[8]. a + at + oF? — 224 22—1=0. This may be a quintic with a 
quintic span, hence one real positive root, four imaginary. It is proper at this 
point to explain why there may be a dominant between the two at the ends. 
There are several considerations involved. As a rule, a variation of signs among, 
the larger coefficients is favorable, because an accumulation of terms having the 
same sign is unfavorable to convergence. The most important point to examine, | 
of course, is the absolute size of any doubtful coefficient. Other things equal, it 
is an unfavorable circumstance if any such coefficient is so large that it would 
be a dominant were the equation a trinomial; and we -may therefore make a 
tentative use of the criterion of cénvergency for trinomials. To examine this 
case, let us suppose it reduced first to &°— 22? -1=0. Here a= +$, and the 


+ 
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case as a trinomial is convergent if, numerically, a*<k"* (n— k)", where n= 5, 
k=3. We see that 2°5-5 is not less, but greater than 3-82-*. Next, suppose it 

reduced to < + 22—1=0. Here a=—#, k=4, and we see that 25555474, 

Both tests are contrary to convergence, and, notwithstanding the favorable 

unlikeness of the signs of — 2 and 2, we may therefore suspect that the given 

equation contains two spans, a like quartic and an unlike linear. It may, how- 

ever, be mentioned that a first approximation attempted from the quintic span 

gives æ—.68, not far from exact. To obtain a fitter equation, take a '=u-+ 2/5, 

so that 3125 u" + 1250 + 375u* — 3825u — 4603 = 0, this time undoubtedly 

a quintic span. Let u= (4603/3125)"v—1.08» nearly, so that = 1 

+ 5(.18 — .020? — .07v). - Then v=o + a (.18 — .020* — 070°) + ...., 

where o’=1. Employing the powers of œ listed at the end of this paper, we 

find, for the real root, v=1.09, whence w=1.17; for one pair of imaginary . 
roots, v=.36 + 1.2V —1, and for the ‘other pair, v = —.91 + .7/—1, whence 

u= .39 + 13V—1, u= — .98 + 8V —1. 

[9]. x° — 62% — 302 + 12x — 9 = 0. Dominants, 1, — 6, — 80, —9; 
spans, an unlike linear, a like cubic, and a like quadratic. The largest root 
is real positive; the three next in size include one real negative and two imagi- 
nary having their real parts’ positive; the smallest pair is imaginary. For the 
large positive root, let x= 6u, so that u=1 + 5u7?/ 216 — u~ 4/648-+u-°/5184, 
_ whence without further approximation u = 1.02, «= 6.12. For the next three 


roots, let s= 53v = 1.719, so that = — 1 + 3(.10v + .08077— .0307%),. 
whence v=0 a~? (.100+ .08 a — .0807~*) = — .08+4+-0+.07a% Foro=—1, 
this gives v= —1.01 for the real root, and æ——1.72. For = ++ .866/—1, 
a= — 4 + 8667 —1, it gives v=.38 &.99/—1, c= .6+1.6/—1. For the 


two smaller imaginary roots, let æ=—(3/10)/#2—.548z, so. that ?=— 
+ 2(.3652 + .016 2 — .001 2°) or say # = — 1+ 2(.42), whence z=o + w'(.40) 
=.4 Ho = 447 —1, andea=2+ .57—1. | ` 
[10]. 20° — 18g" + 608 — 1202? — 302° + 18% — 5 = 0. Dominante, 2, 
— 18, — 120, — 5: spans, an unlike linear, a like quadratic, and a like cubic. 
The largest root is therefore real positive, the next two in size are imaginary, 
. and of the remaining three smaller roots, one is real negative and the other two 
imaginary with real parts positive. For the, large positive root; let æ—9y, so 
that y—1—.37y 1, the rest being unimportant, whence y=.63, s= 5.6 +. 
For the next pair, let 2=(20/3)?u= 2.58 u, so that, disregarding the two final 
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terms, we have #=—1+ 2(.1U°+ .7u— .1u”'), u=o+a7! (.10°+ .70 — 107?) 
=7+o=.7+/7—1, giving g=1.8 + 3V —I. For the three smaller roots, 


let w= 247w =.347v, so that, neglecting the two first terms, o'=—1 
+ 8 (40 — W + 104), v=o +0" (.40 — 20” + lot) = — .2+0—.30°. For 
the real root, a=—1, 9=—1.5,2=—.5. For the imaginary, «—.5+.8664/—1, 
a = — 5 £.866/ —1, and v = .5 + 6 —1,2=.2+.W 1. | 


[11]. 2x + 15% —84x—190—0. Dominants, 2, —84, —190: a quadratic 
span, with unlike signs, and a linear, with like signs. There are therefore three’ 
real roots, two of them negative and one of these the smallest, the third positive. 
If «= y — 5/2, we have the equation heretofore fully discussed as (3). _ 

Lest the reader may suppose that, in the examples above illustrated, 
unusual means have been employed to secure specially favorable transforma- 
tions, it is proper to remark that, while such unusual means ought to be discov- 
ered for the most perfect working of the method, none worth mentioning has 
yet been devised. The transformations used have, with one exception, been of 
the simplest, as the following list will show. In this list thé word “direct” 
means “direct suppression ” of the second term, and “reverse” means “ reverse 
suppression ” of the term next to the last. Newton’s equation, reverse; Murphy’s,. 
none ; Jelinek’s, none; equation (3), none; No. 1, v= y — 1; No. 2, x = 2y, 
y=(1+u)/(1— u); No. 3, a= i — y, and reverse; No. 4, s=y—1, and 
reverse; No. 5, first transformation, direct; second, =s +1, and reverse; 
No. 6, v= y—1, and reverse; No. 7, from the usual form, œ =$ y, and reverse; 
No. 8, reverse; No. 9, none; No. 10, none; No. 11, direct. I am able to make 
only one suggestion, illustrated by No. 2. If an equation f(x) =0 can be 
brought to the form in which f (1) = +1, the transformation = (1 + u)/(1—w) 
may be valuable.: No. 2 is af — 4% — 3x + 23=0, and it is put into the 
form in question by taking x = 2y, whence 16y* — 327 — 6y + 23—0. 

e The present method applies equally well to the computation of the roots of 
equations with imaginary coefficients, coefficients which are regarded as having 
respectively the size of their moduli. Such equations are of greater generality 
than the ordinary, in which the imaginary roots are restricted to going in pairs. 
For a simple example, take @ —a/—1—1=0. Here the span is. cubic, 
= 1, a=40/—1, and the formulafrom (2) se =o+oa —toa’+4ofai+.... 


Here = — a/9, «=1/81, so that s= o + &°/243 + a’ + @/27), disre- 
garding the subsequent terms. As either a=1, @’=1, or else a=—} +/—3,. 
14 
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oœ = —4 FV — 3, we find directly the three! values of æ, namely, 1.004 

+ 8467 — I, —.225 + 6907 —1, and — .779— 1.086 —1, which vary but 

slightly, if at all, from the accurate values. When the independent term o” is 

imaginary, the values of a may be found by the usual method for computing the ` 
nt? roots of an imaginary quantity by the aid of De Moivre’s theorem. 

That difficulties will arise when we attempt! to apply the formula to cases 
in which there are no obvious dominants is certain. The case of equal roots has 
already been mentioned as of that nature. Equal roots may be regarded as on 
the line between the real and the imaginary, and so we may suppose that an 

“equation containing them may, as to its characteristics, be exactly on the 
dividing line between one set of dominants and another. . Even a probably con- 
vergent case may present difficulties when twolroots are equal: for example, 
2 +at—x—1—=0. Treating this as a quintic| span, we must accept the sum 
of two of the four imaginary series produced (if they can be summed, as seems 
probable), as equal to zero. To illustrate another class of doubtful cases, in 
which one or more of the series is divergent, let us take «+ #— + x +1=0. 
If we treat this as a quartic span we shall derive for the imaginary roots 
.65 + .764/—1, but for the real roots we shall obtain, instead of —1,15+.57, the 
unintelligible result — 1.15 — »a/—1. If the sign of x be changed. and 1 
substituted for x we have as the sum of the (terms —1, and we may put 
xv = — (1 + u)/(i—u)=(u+ 1)/(u— 1), producing 8u4+ 14u? — 1 = 0, an 
equation eminently fit. In treating this equation as a quartic span we were in 
fact assuming it to have four imaginary roots. The result shows that we should 
look upon it as having spans either linear and Sune linear, quadratic and linear, 
or cubic and linear. : 

Having thus a method for the easy determination of the values of the roots, 

real and imaginary, not to speak of the preliminary recognition of their nature 
by inspection, there seems to be no further need of those various methods for 
distinguishing the real roots and assigning limits to their values, of which 
Sturm’s was the latest and best. . Are we then to say that for computing more 
‘closely the value of a single real root we may also dispense with the orderly and 
satisfactory method which we. owe to Horner? | The answer may eventually be 
both yes and no. As the culmination of arithmetical processes, based on the 
same principles as other well-known and less general rules of procedure, such 
for instance as the extraction of the square root of a given number, it is not 
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supposable that Horner’s method can ever be allowed to subside into obscurity. 
On the other hand, apart from the orderly and luminous character of the process 
itself, it has never been really proved to be intrinsically easier in actual work 
than that by series, due to Huler and Lagrange, a process which, as we have 
seen, is only a special case of the present general method, that case in which 
n=1. Itmay be seriously questioned whether, for practical purposes, any one 
employing the present method for first acquaintance with the several roots will, 
unless for special reasons in special cases, abandon it for Horner’s method when 
it comes to securing a closer approximation to the value of any one of them. To 
use the present method in such a case, having an approximate value a, it is only 
necessary to transform the equation by x = y + a, and then, having thus secured 
a linear-span for the smallest root, make another application of the method by 
the use of formula (14). De Morgan once deprecated a suggested improvement 
of Horner’s method, ‘considering that the process is one which no person will 
very often perform,” since variations of known rules infrequently applied “ afford 
greater assistance in forgetting the method than in abbreviating it.” For a 
similar reason it may not unreasonably. be assumed that the present method may 
probably, in practice, be followed in most cases to the end.” 

Sometimes, indeed, the examples employed for illustrating Horner’s aie 
are such as the present method meets at once most satisfactorily, without requir- 
ing further treatment at all. For example, Todhunter’s chief example, running 
over many pages, is af — 3° — 2x + 6 = 0, which, if x = y + 1 (direct suppres- 
sion), is y? — öy + 1 = 0, a quadratic and a linear span yielding for all the roots 
very convergent results by the use of (2). Again, the last example given by 
Burnside and Panton is xt — 32? + 75% — 10000 = 0, as to which it is required 
to “find to three places of decimals the root situated between 9 and 10.” The 
result is 9.886. If we put «=10y, we have a quartic span, „=1-+49y; 
warte oy = .0075 y — .01875y. Taking nothing beyond the second term of 


*Tt will of course have been observed that, at least for determining the numerical value of o when 
a" is not +1, or (what is the same) for transforming the equation to the form o*=-+:1, the present : 
method is much facilitated by the use of logarithms. It is not inappropriate to quote from Burnside 
and Panton the quasi-prediction with which they close their book, at the end of a historical note on 
“numerical equations : ‘‘ Mathematicians may also invent, in process of time, some mode of calculation 
applicable to numerical equations analogous to the logarithmic calculation of simple roots. But at the 
present time the most perfect solution of Lagrange’s problem is to be sought in a SOMERTON of the 
methods of Sturm and Horner.” 
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the general : series (14), we have u for the four values of Y» .9886, —1.0261, 
and .01875 + .9927/—1. 
For the elementary instruction of students it| may be well to afford a first 
glimpse of the method of dominants by taking some simple case in which there 
„are only two or three large coefficients, with the other coefficients relatively 
much smaller. For instance, the cubic 1000 2° + & — 1000 = 0 will be admitted 
by any one to have three roots not very far in value from the three cube roots 
of unity or if it be disputed, the discrepancy can be increased till it be admitted. 
Then a + 2 + 10000% — 1 = 0 may be used in like manner. Any one can easily 
be made to see that this resembles, first, a quadratic, and secondly, a linear 
equation. For, if «= 1007, we have 4° + y/100 +1— y7'/1000000 = 0, in 
` which the last term is plainly of little importance; jand similarly, ife= u/ 10000, 
we have u = 1 — «*/ 100000000 — u®/100000000 ‚000, which cannot differ much 
from u= 1. a l 
A. simple proof of the conver ganyanin stated -for trinomials is had by 
regarding the quotient formed by dividing the general (m+n) term by the m®®, | 
and considering m increased indefinitely. This supplies the criterion for a series 
comprised of the terms numbered m, m + n, m+ 2n, and so on, and the general 
series comprises n series of that nature, all having the same criterion. We have 
seen, as regards trinomials in which the middle term is not a dominant, that all 
the roots can be found by a single convergent series; and when the middle term 
is a dominant, which means, when the middle term has any value other than 
those included in the first case, the n roots are broken up into two classes, Æ roots 
of the first class being found by one convergent |series, and n — & roots of the 
second class being found by a second convergent series. AJl this is proved by 
the aid of the criterion of convergency. That similar facts are true concerning | 
equations having more than three terms is also reasonably clear, yet in the 
absence of a general convergency-criterion we have not the same sort of proof | | 
for such equations as we have for trinomials, that every equation must be com- 
posed of mutually exclusive spans for each of which the series is convergent, 
That the nature of the roots, as to reality and relative size, is disclosed when 
fitness is established and the spans recognized, is sufficiently proved. Our infer- 
` ences as to the signs of the roots depend on an assumption not yet proved, viz. 
that the sign of the sum of the series is the same as that of the © with which the 
series begins. No such doubt exists concerning the distinction between real and 
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imaginary roots. The imaginary series always occur in pairs of equal value and : 
of opposite signs. If, in any case wherein o is imaginary, the sum of the imagi- © 
nary terms is not zero, there are two imaginary roots, while if it is zero there 
are two equal roots. Notwithstanding the defect of proof as yet existing con- 
cerning the signs of the roots, the inferences derivable from recognized apans are 
most of them certain and all of them tentatively useful. ‘When we subsequently 
ascertain by convergent series all the roots of the equation, the proof that the 
values so found are really the roots is absolute, and the correctness of the pre- 
_ liminary inferences made as to their nature is determined. 

The following table shows the maximum value of a” consistent with con- 
vergency for any trinomial coming within the limits of the table, and may be 
extended by reference to the criterion a” < k-* (n — k)*~"o™. When a” has any. 
other value than + 1, the factor o* must be-supplied. 


n—k. n=l. n= 2. n=8. n—4. . nt. n=6. 
8 78-8 > 6688 5g 448-8 39,9 2.9 
7 68.7" 55,77 44,7" 38.7" 23.77 77 
. 6 55.67% 44,6 39.6 23,6 6 ; 
5 44,5 38.575 23,5 or 5 
4 38,474 MA 4 4 4 44,77 
3.9.34 3-8 (gi geg gg 
2 23? 2 u D g3, 3 273,44 
1 1 2 3 ge 5 
0 | i | 
1 2 378 Ar 5 6 1” 
—2 P38 Bat P5 26 987-1 93. 3-8 
—3 35.474 38,53 33,6? 31,77" Bar: 40 
—4 445-5 | 44,6 44,177 44.8 44,9? 4,1071° 
—5 55.6~° 55.777 55.878 55,97? 61070, Hr 


The following list of certain roots of 1 and of —1, and of the powers of 
these roots, will be found useful for reference. Ifo’=1,@=+1. Ifo = —1, 
o=t/—1. If w=1, o=1 ‚a=1, or else 0 =—44+4V —3, 0 = — 44V 3. 
If = —1, o=—1, o' =1, or else o =} +V 3, = —4+4W—-3. If 
o=1, eithero=1, o'=1, @=1; or 0 =—1, @=1, o= —1; ro =+ VW 1, 
= —1, d= Fv —1. If of =—1, either o=v $ (1+V 5I), a= +74 —i, 
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E-o=1, either o=1, @=1, „=1, of =1) or o=.309 + .9514/—1, 
@ ? = — 809 4.5871, a= — .809 F 587V — 1, wt—.809 F 19517 —T; or 
o= — .809 + 587 V — 1, ‘ot = .309 = .951 N ‚,o=.309 + N 
at= — 809 4.587 —1. (The fractions .309, .809, .687, .951, are given merely 


“as approximations to the values of the exact expressions }(V 5—1), (45 +1), 


4 (10 — 24/6), and a7 (10 + 27 5) respectively.) 


If a =—1, either oa=—1, 


@=1, d= — I, of =1; or o=—.309 +.951V i, a = — 809 +.587V —1, 


of = .809 + .5874V —1, 
a = .809 + 951V —1, aè 
oê = — 
by the rulos given in the text-books. 


at= 309 + .9514 — 1; 
—.809+.9514 —1, of 
, see the: caves at the beginning. The TE may readily be, extended 


or @ = .809 + .587 X — 1, 
— .809 + .5874/ —1. If. 





Sur le logarithme de la fonction gamma. 


Par Cu. HERMITE. 


_ Je vais revenir encore à l'intégrale de Raabe pour: présenter son rôle sous 
un nouveau jour, en considérant l'expression plus générale, 


blog [T (a + ET (a+1— 8], 


et montrant qu’elle en donne la valeur asymptotique sous la condition que Ẹ soit 
positif et moindre que l'unité. Ce résultat a été déja établi dans un article sur 
l'extension de la formule de Stirling (Mathematischen Annalen, T. 41, p. 581), 
on va voir qu’on y parvient plus facilement par la nouvelle méthode que je vais 
indiquer, 

Soit F(x) une fonction qui ne change pas lorsqu’on y remplace x par 1—x, 
je partirai de légalité suivante, 


Ser dat fab (0) de= FE S Feo) A 
0 0 iu 0 : 
qui se vérifie immédiatement en observant que l’on a, 
; l 
Sr (dre EPE) — fF (@) de, 
0 0 
puis, 7 Ft a = 1 
J (2) de +f (x) de SF ode, 


sous la condition admise à l'égard de F(z). 
Prenons maintenant, | 


F (x) = log [T(a+zx)l(a+1—x)], 
en désignant par J l'intégrale de Raabe, on aura, évidemment, 


a= flog [L (a + 2) I (a + 1 — x)] de. 


. 112. 


Soit ensuite, . 


nous en docs cette relation, 


J, (a) = a fed, log [T (a +x)T (a+ 1—x)] des 


+a fab, log [T (a + a)T (aH 1 — 2) de, 


LA 


Hog [P (a+ 2) (a + 1) 9 4 (0), 
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et le résultat annoncé sera mis en évidence au moyen d'une expression de J er 


que je vais obtenir. i A 
J’observe à cet effet que de la formule, 


on fire aisement, 


_ BelogT @ = -@. 


D, etant age fl ee, 


il en résulte qu'on peut écrire en a par Yo une certaine valeur de as vari- 


able qui dépend de a, 


(@&—i)a : 


— eA —®) Yo o— pil —#) xo 
[EZ y= PE Seag=% En 


Cela posé, Mn une limite supérieure de la fonction 


but, mettons la sous la forme, 


En developpant en série, elle devient, 


a Dy + ggg Le DT + 5 gt LE —1) y+ 


c’est-à-dire, 
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_ Je vais revenir encore à l'intégrale de Raabe pour: présenter son rôle sous 
un nouveau jour, en considérant l’expression plus générale, 


blog [T(a+ HT(a+1-8)], 
et montrant qu’elle en donne la valeur asymptotique sous la condition que & soit 
positif et moindre que l’unité. Ce résultat a été déja établi dans un article sur 
l'extension de la formule de Stirling (Mathematischen Annalen, T. 41, p. 581), 
on va voir qu’on y parvient plus facilement par la nouvelle méthode que je vais 
indiquer. l i 
Soit F(x) une fonction qui ne change pas lorsqu’on y remplace x par 1—x, 
je partirai de légalité suivante, . 
1-8 l pi 
l F" (x) dæ F' (x) dx= F(E) — J F 
Ser ode + f oP (a) de= FE — JF @) de, 
qui se vérifie immédiatement en observant que l’on a, 
ê 5 | 
Sr (0) de = EF) — JF (x) de, 
E 0 0 
puis, F da FL dæ = F da 
JFG) de + f Ple) de = JF (0 de, 


sous la condition admise à l'égard de F(x). 
Prenons maintenant, 


F (x) = log [T(a+2)T(a+1—=2)], 
en désignant par J l'intégrale de Raabe, on aura, évidemment, 


a= fog [Ta + a) T (a + 1 — oJ] de. 
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"Boit ensuite, | , ne =. 

. Aa=tf D. log [T (a + g) T (a +1 — 2)] de 
+4f eb, ROME Ale 


=. 


nous en conclurons cette relation, : 
blog [T (a + 2) T (a + 1 E T+ 5a), 


et le résultat annoncé sera mis en évidénco au moyen d’une Psp de A (a) - 
que je vais obtenir. : < 
| _ J’observe à cet effet que de la formule, 


i log 16 -/ LE = =] dy, 
‘on tire aisement, 
— pla) 
D, sita tarat nef" ee, 


„ilen résulte qwon peut écrire en désignant par th uné certaine valeur de jis vari- | 
able qui dépend de a, . 
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On voit que si l’on suppose + compris entre zéro et l’unité le numérateur de 
la quantité qui multiplie 2x — 1, est toujours moindre que le dénominateur ; il 


en résulte qu’en faisant, 
ev — e! — 
sin = = (2: — ee), 


la fonction $ (x) sera positive, moindre que l’unit& pour toutes les valeurs réelles de ` 
la variable y et par conséquent de a; on aura aussi la condition @(x) =@(1—x). 
Cela étant l'expression de J, (a) prend cette nouvelle forme, - 


Fosse dote L fa (20 — 1 ) dæ 
La) = f'n (22—1) (2) de + Effets 1) 9 (2) de, 
ou bien, J; (a) = u qui suffit à notre objet, la quantité, 


M= fx (22—1) 9 (2) de + f'atar — 1) (x) dx, 


étant finie évidemment quel que soit a. Mais nous irons plus loin en obtenant 
les limites indépendantes de a entre lesquelles elle reste toujours comprise. 
J’employe pour cela la relation générale, 


Stof Fe de = [tra —7 à — 091 de + f Fede 


qui se vérifie en remarquant que par le changement de zen 1—x, on trouve, 


Jo de= [ro de — f Fa- 0 de, 
ou plutôt encore celle-ci, 
L710 44+ fr = ft rt — 0) de + aS TF0) +/0—2)] de 
Cela étant, soit, | 
f(a) = x (2x — 1) (x); 
de la oer qui a été indiquée tout-à-l’heure de la fonction ¢ (x), on tire, 


JE) — FU —2) = — (1 — 20) (a), 
f+ Ua) (1 w9 (e) 


et nous avons en conséquence : 


M= fc — 22) (2) dn — f'a- 2x) @ (a) de 
15 | | 
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La première era en se rappelant qu'on a (x) < 1 s'exprime par: 


aS a —2) de. = À 


. comme on peut le faire, E< 4, aura pour valeur f — 22) de. = (E — P) O, 


, 6 étant moindre que l'unité, la seconde si l’on suppose 


4 étant aussi compris entre zéro et un, nous avons donc ce rule} qu’il s'agissait 
d'obtenir, - 


Soit en particulier § = 1, ce qui donne, M = £ , on trouve alors la relation, , 
blog [T (a+ 1)P (a)]=J+ „I. 
d’où Pon conclut, ` 
i 6 
log T (a) = = J — tloga +s TL 
C’est l'expression asymptotique à laquelle j'étais parvenu précédemment par une 
autre méthode. La quantité J, (a) représentée par l'intégrale 


J aD, log [I (a + 2)T (a+ 1— x)] dè, 
coincide dans ce cas avec J(a) =1 f (e oo 2) Di logT (a $ a) dæ, voici comment . 


on passe de la première forme à la seconde: Changeons zen 1— x, nous aurons 
d'abord, 


u (a) = sf G00, loz [T (a+ x) T (a Lt x) | de, 
en ajoutant membre à membre avec la valeur précédente il vient 
Al) = fee 1) D, log [P (a +a) T (a + 1—2)] de. 


Le facteur 20— 1 étant la dérivée de « — x, une int6eratien par parties donne 
facilement, si l’on observe que æ—#? ne change pas lorsqu'on remplace = par 
$ 1— g, i 


Ale iS (@— =) Di log [T'(a+x)T (a + er 
= feat) Di log T (a+ 2) de 


`~ 
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Soit ensuite £ = 4, on trouve M= A — L ; il est nécessaire alors pour avoir 


une limite plus précise, de recourir à l'expression générale, 


¢ . 1- 
M= fee + f ale — 1) 9 (2) de, 
d’où l’on tire, ne 


M=2 i a (2a — 1) (x) dx 
= 2[ 20- me 


Le facteur æ(1— 2x) étant positif entre les limites de l'intégrale et (a) étant 
moindre que Tunité, nous avons cette valeur, : 


M= — 2f x(1— 2x) dx.0 
9 - A 


2 
12 


et l'on en conclut nos asymptotique, | 
log (a +4)=J— 
‘ Je reviens uini à la formule generale, : 
BO =f 2D, Eat TI] 
+ if ab. 108 Ahaha ae, 


afin d'en tirer une autre expression’ de J, (a) qui permet d’obtenir son développe- 
ment en série suivant les puissances descendantes de'a. Ce résultat important 
se cout aisément de l'égalité, | 


D. log [T (a + #)T' (a+ 1] a ee ay, 


au moyen des intégrales suivantes, ` 


Siea 727] dx = fi a) He np- 
JT (er sae! des Bere 7) 4 a(S 





1 
er 


r 
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=. . a-dy e—1ı i 
En les ajoutant on trouve ia quantité iad Ee — 2 m ce qui donne 


er etery 
Jı (a) JA Sen — z] 


Supposons £ = 1, on én tire la formule de a 


mae B, | Ba B; 
TO) ag sa gee 5.6. Le 





immédiatement, 


dy. 





où B,, B,, etc., désignent suivant lPusage les nombres de Bernouilli. En faisant 
& = 4 on en conclut la série de Gauss, 


B, (2—1) B, (š—1)B, 
1.2.0 34e oa T° 








J (a) = — 
ce second développement pouvant se deduire du premier au moyen de la relation,” 


J (a) = J (2a) — J (a), 


qu découle facilement des expressions, 


O Ea pee 


J (2a) F be l av. 


Remplagons en effet dans la seconde y par —- Y. et retranchons membre à membre, 


il vient après une réduction évidente, 


od 
J (2a) — J (a) = 2 e dy, 
(00) = F=f geg ple 
c'est-à-dire la valeur de J, (a) pour Ë = Dans le cas général où & est quel- 


conque, je rappelle en terminant que si l’on désigne par 8, (£), le polynôme ' 
_de degré n +1 de Jacob Bernouilli, égal lorsque £ est entier à la somme, 
1+ M+ .... + (E— 1)" on a la série eee 


nn =p, j ` | u 
J (a) = (Se + 821097 2 sa- «| «((m=1,2,8,....) 








On trouvera dans l’article des Mathematischen Annalen qui a été cité plus haut, 
la démonstration de cette formule et les conditions de son emploi. 


Sur la pression dans les milieux dielectriques ou 
magnétiques. 


Par P. DURE, Professeur à la Faculté des Sciences de Bordeaux. 


INTRODUCTION. 


Tous les physiciens connaissent la théorie des pressions TE les milieux 
polarisés qu'a imaginée Maxwell; perfectionnée par H. von Helmholtz, par 
G. Kirchhoff, par M. E. Lorberg, cette théorie ne peut éviter des difficultés et 
. des contradictions qui ont été signalées pir M. Beltrami, par E. Mathieu, par 
M. M. Brillonin. 

Nous avons tenté, dans : nos Leçons sur l Electricité et le Magnétisme, de donner 
‘une théorie des pressions ı dans les milieux magnétiques ou diélectriques, distincte 
de celle que Maxwell a indiquée et exempte des difficultés que cette dernière 
présente ; la méthode que nous avons suivie, fondée sur l'emploi du principe des 
vitesses virtuelles, paraît hors de contestation; malheureusement, une erreur 
s’est glissée dans nos calculs; en estimant la variation virtuelle du potentiel 
magnétique d’un système, nous avons négligé, comme infiniment petit du second 
ordre, une quantité qui était en réalité un infiniment petit du premier ordre; il 
résulte de cette erreur-que les conditions d'équilibre qui se réfèrent aux divers - 
points de la surface limite d’un milieu polarisé ont été données par nous d'une 
manière inexacte; au contraire, les conditions d'équilibre qui se réfèrent aux 
‚points situés à l’intérieur de la masse magnétique ou diélectrique ont été exacte- 
ment données. La même erreur entache les conditions aux limites que nous 
avons établies en étudiant les solutions d’un sel magnétique.* 

Cette erreur a été signalée par M. Liénard.f M. Liénard a donné une évalu- 
ation du terme négligé par nous; cette évaluation le conduit à une conséquence 





* Sur les dissolutions d’un sel magnétique (Annales de l'Ecole Normale Sup®. 8° série, t VII, 
p. 289. 1890). 

T Liénard. Pressions à Pintérieur des aimants et des diélectriques. (La lumière électrique. Tome LII, 
* p. 7 et p. 67, 1894.) 


r 
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remarquable: pour maintenir en équilibre un fluide polarisé, il faut appliquer à 
chacun des éléments de la surface qui le limite une pression dont la direction est - 
normale à l'élément, mais dont la grandeur dépend de l'orientation de l'élément ; la 
grandeur de cette pression en un point de l'élément est 2rreM? cos’ (M, N,), e étant 
la constante des lois de Coulomb et M l'intensité de polarisation. 

: Lorsque le corps est assez faiblement polarisé pour que l’on puisse négliger 
son potentiel sur lui même, cette pression introduite par M. Liénard devient 
proportionnelle au carré de l'intensité du champ et au carré du coefficient de 
polarisation du corps; au contraire, tous les autres termes que la polarisation ` 
‘conduit à introduire dans l'étude des pressions sont proportionnels au carré de 
l'intensité du champ et à la première puissance du coefficient de polarisation ; le 
terme complémentaire introduit par M. Liénard peut donc être négligé lorsque . 
Yon considère des corps faiblement diélectriques ou faiblement magnétiques ; 
pour de tels corps, la théorie que nous avons donnée subsiste en entier. Au 
contraire, pour les corps fortement magnétiques tels que le fer doux, le terme 
complémentaire a une grande valeur. | 

Les belles recherches de M. Liénard nous ont amené à reprendre, à notre 
‘tour, l'étude des pressions dans les milieux polarisés ; cette étude repose, comme 
du reste la mise en équation de tous les problèmes relatifs aux corps magnétiques 
ou diélectriques, sur l'expression de la variation infiniment petite qu’éprouve le 
potentiel d'un système polarisé sur lui même, lorsque ce système éprouve une 
modification infiniment petite; cette expression, qui était incomplète dans nos 

Leçons sur V Electricité et le Magnétisme, nous avons cherché à l’établir avec rigueur. 
| La méthode qui sert à traiter avec précision les questions relatives à la 
fonction potentiel ou au potentiel d'un systeme polarisé, où A, B, Q, sont les 
composantes de la polarisation au point (x, y, z), est bien connue ; elle consiste à 
ramener, au moyen d'intégrations par parties, la question: N une ques- 
tion analogue relative à un système électrisé, portant, en chaque point de sa 
masse, une densité électrique solide, 


0A Le ac m 
PE NS Oy td a (1) 
et, en el PAS de sa Mine une densité électrique iuperägtelle, | 
| — [A cos (M, £) + B cos (N;, y) + Ccos(M, 2)]- (2) 


Cette ‘méthode ramène la question que nous nous étions proposée à celle-ci; 
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trouver l'expression de la variation infiniment petite qu’éprouve le potentiel 
électrostatique d’un système lorsque la forme, la position et l’électrisation de ce 
système éprouvent des modifications infiniment petites. Ce dernier problème 
peut, d’ailleurs, être regardé comme le problème fondamental de l'électrostatique ; 
il serait donc désirable que la solution en soit donnée avec la rigueur que Gauss, 
Bouquet et M. O. Holder ont apporté dans les démonstrations relatives à la fonc- 
tion potentielle; cette solution, qui n'avait jamais été donnée à notre connais- 
sance, est l’objet du Chapitre I du présent Mémoire. - 

Au Chapitre IT, nous avons montré brièvement comment on pouvait déduire 
de la formiule trouvée quelques unes des lois fondamentales de l'Electrostatique. 

Repasser, au moyen des formules (1) et (2), de l’expression de la variation 
infiniment petite d’un potentiel électrostatique à l’expression de la variation du 
potentiel d’un système polarisé sur lui même, c’est l'objet du Chapitre III. 

Au Chapître IV, nous faisons usage des résultats obtenus pour traiter le 
problème de l'équilibre d’un fluide incompressible doué dé force coercitive; dans 
.nos Leçons sur l Electricité et la Magnétisme, nous avions déjà obtenu les conditions 

de cet équilibre; mais l’une de ces conditions était faussée par l’omission du 
terme complémentaire introduit par M. Liénard, et la démonstration des autres 
laissait à désirer au point de vue de la rigueur. 

.Enfin, au Chapitre V, nous établissons les conditions générales de a NRIS 
d’un fluide compressible dénué de force coercitive. 

Dans les deux premiers Chapitres de ce Mémoire, nous avons évité d’exa- 
miner le cas où la surface de contact de deux corps porte une couche électrique 
double ; Vétude des couches électriques ‘doubles présente des a spéciales 
que nous examinerons dans un travail spécial. 

Dans les deux derniers Chapîtres, nous avons borné notre exposé aux fluides 
polarisés ; l'équilibre des solides élastiques polarisés se traitera sans peine en 
suivant les méthodes indiquées dans nos Leçons sur l’Electricité et le. Magnetisme 
et en corrigeant, au moyen des calculs donnés ici, la forme des conditions aux 

limites. i . 

Nous n'avons pas repris, non plus, l'étude de l'influence que le Hénin 
exerce sur une dissolution d’un sel magnétique dans un liquide non magnétique ; 
le lecteur trouvera sans peine de quelle manière les conditions aux limites 
doivent être corrigées par l'introduction du terme complémentaire de M. Liénard ; 
dans le cas, seul réalisable pratiquement, où le sel est peu magnétique, ce terme 
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est négligeable ; dans ce cas,. les résultats que nous avons donnés autrefois devien- 


- nent tous exacts. 


_ Cuaptrrn I. i 
- Variation du Potentiel électrostatique d'un Système. 


Considérons un système électrisé portant à la fois une distribution électrique 
solide à l’intérieur des masses continues qui le forment et une distribution super- 
ficielle sur les surfaces de discontinuité qui limitent cés masses; nous laisserons 
“de côté, dans le présent travail, le cas où ces surfaces porteraient une couche 
électrique double ; nous nous proposons de consacrer à ce cas un mémoire spécial. 

Soient: M, un point situé à l'intérieur de Pune des masses continues qui 
forment le systéme : i 

de), un élément de volume entourant le point M; 
pı, la densité électrique solide au point 4; 
li, un point situé sur une surface de discontinuité; 
dS,, une aire élémentaire découpée sur cette’surface, autour du point iu; 
cı, la densité électrique superficielle au point g. 
Au point. M (x, y, 2), la distribution électrique solide aura pour fonction poten- 
tielle, E as Be 
U (if) = Ue, 7,02 fas, (1) 
ri | étant la distance MM, et l'intégrale s'étendant à -tout espace rempli par une 
masse continue électrisée. | 
‘ Au point M(x, y, z), la distribution D superficielle-aura pour fonc- 
tion potentielle, | 


BES CHEN re @) 


r, désignant la distance Mu, et l'intégrale s'étendant à toutes les surfaces de dis- 
- continuité électrisées. 
. La fonction poienuelle totale aura pour valeur, au point M a, Y, 2), 


V(x, y, 2)= V(M) = U (M) + wi) | 
= f 2 dn + Nas. ; (8) 
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Le Potentiel électrostatique du be a pour valeur, ae 
v= f pUdv + No vas + 4Sevas, (4) 


- ¢ étant la constante fondamentale de l’électrostatique. 
Tl est la somme de trois termes : 


1°. Le Potentiel. de la distribution solide sur elle même: — =f p base 
2°. Le Potentiel de la distribuon solide sur i distribution superficielle: So Uds; 
3°, Le Potentiel de.la distribution superficielle sur ellẹ même : So Was. 


Prenons maintenant deux états du système infiniment voisins l’un de l’autre. 

‘Entre chaque point géométrique M du système dans le premier état et chaque 
point géométrique M' dans le second état, établissons une correspondance univoque 
assujettie aux conditions suivantes : - 

1°. Deux points CORE GAS M, M, sont toujours infiniinant voisins l’un 
de l’autre. 

2°. A tout volume v du premier système, tout entier compris à l'intérieur 
d’üne même masse continue, correspond un volume v’-du second système, tout 
entier compris à l’intérieur d’une même masse continue, et réciproquement. . 

3°. À toute aire © du premier système, tout entière tracée sur une même 
surface de discontinuité, correspond une aire S’ du second système, tout entière 
tracée sur une même surface de discontinuité, et réciproquement. 

(Ces deux conditions excluent la POUR de toute scission, de toute 
déchirure, durant la déformation.) 

4, En tout point d'un volume tel que v, la déformation fait naître des dila- « . 
tations et des glissements qui sont infiniment petits. 

5°. En tout point d’une aire telle que S, qui se transforme en sa correspon- 
dante S’, les déformations sont infiniment petites. 

6°. Les densités électriques solides p, p', en deux points drone 
M, e diffèrent infiniment peu l’une de l’autre. 

. Les densités électriques superficielles o, o', en deux. points ‚correspon- 

ae u, à, different infiniment peu l’une de l’autre. = 





* Dans un grand nombre de cas, les by pothéses précédentes seront vérifiées, si l’on fait correspondre 
entre eux les deux points géométriques M, M’, positions initiale et finale d’un même point matériel; on 
pourra alors, si on le juge utile, adopter ce mode de correspondance, mais on ne sera jamais tenu de la 
faire ; on pourra toujours, si l’on y trouve avantage, en Stable un RS 

16 
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Seien Y la valeur du potentiel électrostatique du système dans is premier | 
. état et Y’ la valeur du potentiel électrostatique du système dans le second état. 
Nous allons chercher à calculer Vinfiniment petit principal de la différence . 
(Y7— Y), infiniment petit principal que nous désignerons par OY. i 


1°. Calcul du terme principal de [U' (M) — U(M)]. 

En un point M du système, pris dans le premier état, la distribution élec- 
trique solide que porte le ‘système dans cet état admet une fonction potentielle 
U(M); au point correspondant M’ du système pris dans le second état, la distri- 
bution électrique solide que porte le système dans cet état admet une fonction 
potentielle U’ (M'). La différence [U' (M7) — U(M)] est infiniment petite; cette 
-` proposition est évidente lorsque le point M et, par conséquent, le point M’, sont 
extérieurs aux masses électrisées; une démonstration est nécessaire dans le cas 
où le point M, et, partant, le point M', appartiennent à une masse électrisée. 

Soit P la limite supérieure des valeurs absolues que peut prendre la densité 
éléctrique solide p én un point quelconque du système et en l’un quelconque des 
états compris dans l’ensemble d’états que l’on veut considérer. 

Soit m un point quelconque du. système en l’un de ses états. Du point m. 
comme centre, décrivons une sphère X de rayon R; la fonction ‚potentielle au 
point m de la distribution électrique solide répandue à l'intérieur de cette sphère 
sera inférieure, en valeur absolue, à 2 PR?. On peut donc prendre R assez 
` petit pour que cette fonction potentielle soit inférieure en valeur absolue &.une’ 
quantité donnée d'avance n. R étant ainsi déterminé, prenons le second état 
du système assez voisin du premier pour que MM’ soit inférieur à R. Posons : 


. U(M)=u(M)+ uh), 
u (M) étant, au point M, la fonction potentielle de la distribution sde que . 
renferme, dans le premier état du système, une sphère de rayon Æ ayant le point 
M pour centre et U (M) étant la fonction potentielle de la distribution solide qui 
demeure extérieure à cette sphère. Posons de même | 


U'(M)=u (M') + W (4), 
‘w (M!) étant, au point M, la fonction potentielle de la distribution solide que 
renferme, dans le second état du système, une sphère de rayon R ayant le point- 


-M' pour centre et W (M') étant la fonction potentielle de la distribution super- 
- ficielle qui demeure extérieure à cette sphère.. Nous aurons sûrement. 


lu(M)|<n, [w (W)i<n. 
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D'autre part, le point M est intérieur à la sphère de rayon R ayant le point W’ 
pour centre et le point M’ est intérieur à la sphère de rayon R ayant le point M | 
. pour centre; il est alors évident que U’(M') tend d’une manière continue vers 
U (M), forse le second état du système tend vers le premier; on peut par con- 
séquent prendre le second état assez voisin du premier pour que Von ait 


[w(u NK. 
uam — U(M)|<3n. 


On peut donc prendre le second état du systéme assez voisin du premier pour 
“que la différence f U'(M') — U(M)] soit inférieure en valeur absolue à une 
quantité donnée d'avance; cette différence est donc infiniment petite, comme 


On aura, alors 


nous l’avions annoncé. 
Nous sommes assurés que la différence [U (4) LT (M)] peut i être regardée 
comme ‘un infiniment petit du premier ordre ; nous allons maintenant évaluer le 
terme principal de cette quantité. . 
Nous avons 


va TA) “Safa —S fire 


la seconde intégrale s'étendant à tous les éléments dv, du premier état, et la pre- 
mière à tous les éléments correspondants dvi du second état. 

. Nous pouvons exprimer cette différence au moyen d’intégrales toutes éten: 
dues aux éléments dv, du premier état, et écrire : 


U (4) — O(n) = f ARP do, 


MM 
+> (TETE) G | 
+ PL do, + E, u (5) 
avec | g | Ref ee dvi — w, A dv, | E | | 
| +f Se ee ee z o 


| + de RE M 
Posons M = 2 (Me) = Fi a bows! r (7) 


124 Do : Sur la pression ie Ta: milieux diélectriques” où magnétiques. 


a ) ae sera, d'après nos restons une fonction du point M,, qui gardera, pour 
tous les points M,, une valeur infiniment voisine de 1. 
Nos conventions nous permettent également d'écrire - 


dv, — d 
ER = Qu (Mi) = Be (8) 


, Pi — pı = Sp (M) = Sp, 0) 


6 et à étant deux facteurs infniment petits indépendants du point M, tandis que 
Oo w (M) et p (M,) sont deux fonctions finies du point M. | 
Nous pouvons alors écrire l'égalité (6) sous la forme 


= 4 ( ET 1 dy! = Eu do; ) 


eh re): E (10): 


La différence. = om 
| Amp! [Lv 
Se Si 
est ce que deviendrait la différence [ U' (M’) — U(M)] si, au point M, du système . 
pris dans le premier état, la densité électrique solide avait la valeur finie wp, et 
-` si, au point correspondant M! du système pris dans le second état, la densité 


électrique solide avait la valeur, infiniment voisine de la’ précédente, pi j ‘dès 
lors, nous savons que cette différence est infiniment. petite. 


.La différence 
SH is OS Be in de, 


f st ce que deviendrait la différerice Lo (HW) —U(M re si, au point M, du système 
pris dans le premier état, la densité électrique solide avait la valeur finie p et si, 
au point correspondant Mj du système pris dans le second état, la densité élec- 
trique solide avait la valeur, infiniment voisine de la précédente, Mpa; dès lors, 
nous savons que cette différence est infiniment petite. _ 

Comme $ et 0 sont deux facteurs infiniment petits, légalité (10) nous 
apprend que K est un infiniment petit d'ordre supérieur au premier. 

Le terme principal de [U’(M’')— U(M)] est donc formé par Pensa: des 
termes ezplioitement écrits au second membre de l'égalité (5). 

















n 
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- X. Variation du potentiel de la distribution électrique. solide sur 'dle- meme 


RS 
=f (0) pao 
+ Jp — p) Uae 
+ fou GP ae + 2 


Nous aurons 





avec 


dv! — ER an. 





H =f (U' — U)(p/de! — pdv) +f Up — 9) 
En vertu des égalités (8) et (9), nous pourrons écrire_ 
H=6f (U0! — 0) updo + 3 f (U' —U)ydo 
+68 f U'pade. | 


La différence i 
U'— U= U'(M)—U (M) 
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(11) 


(13) 


as) 


étant infiniment petite, ainsi que -les deux facteurs 6 et 3, “cette égalité (13) 
montre qué tous les termes qui composent la quantité H sont infiniment petits d'ordre 


supérieur au premier. Le terme principal de à Updv est donc représenté par 
l'ensemble des termes explicitement écrits au second membre de l'égalité (11). 
On peut d’ailleurs, dans le premier de ces termes, remplacer la différence . 
- (U'— U) par son infiniment petit principal, c’est-à-dire par l’ensemble des 
termes explicitement écrits au second membre de légalité (5). On obtient ainsi 


l'égalité suivante: . 
- Af tae f yp Ui 
SS pan do 
+S fo ge — ay) pra de 
aa 2 SS fy Me™ do io, de 
Be fo, 


Transformons cette égalité (14). 





(14) 
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Pinggan, au point My, une densité électrique solide R, = pi — p,; soit 
.M(M) = =f a adm 





la valeur, au point M, de la distribution ainsi obtenue. Une. identité bien 
connue, due à Gauss, nous donnera | ` 


[updo = f UR, 


RS € SS pan de= foo Udo. (15) 
Nove aurons Messen | 


I st di A a pdn, w=f J a Tir odo de, 


= fon, Be = der 
= far Ht a . (16) 
Enfin nous pouvons écrire | 
Py | ee : 
1 =o M'M, — MM, 
LS on rag meS qe nr 


a f S a a lt + pride doy. (17) 





Nous avons 








(xi EPR oo! Zn (— x) d ; 
Der oe 


Sn et 
= fool Mu, SO ym] 

+ p@-a uf ey rr ars M jæ 
=f- Sm em pae Go. 


MM . 
Mais il résulte des hypothèses faites que les rapports — = oa, um’ different 
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` infiniment peu de 1, même lorsque Bea et HM, Hf, sont infiniment petits; on 
peut donc écrire 


Sz ae . ran 
pe ae 21 do re un F pado, i A (19) 


K étant infiniment petit. Au second membre de cette égalité (19), le premier 
terme est évidemment fini et le second infiniment petit. Cette égalité, jointe à 
l'égalité (18), montre alors qu’en négligeant les infiniment petits d’ordre supé- 
rieur aü premier, on peut écrire la première des égalités | 


SS a rit es Le Len CU pan) T 
Sl au nye 2 fo Cr 4 1 Hod, jae 7 


here pride do, = afo a fis pa) dv; 


les-deux autres s’établisent d’une manière anne 
Posons 
E(x, y a=k (H) = JS 
ne, van) = ef YH ody, 21 
| S m | (1) 





























(æ, j) = nas 27, da, 
Di = ef nae 


et les égalités (17) et (20) 1 nous ‘semana d’crire, en ee les infiniment 
petits d’ordre nn 


S Som (m ep) Pease CCE nv le) dv. (22) 
Les épalités (14), (15), (16) et (22) donnent, < en dernière analyse, ` 


ES Updo = ef (4 — p) Van 
tof pues ay 


- Jean Dte- (23) | 
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Nous avons eu soin, au cours des raisonnements qu’on vient de lire, dogs 
seulement des propriétés communes aux distributions électriq ues solides et aux 
_ distributions électriques superficielles; nous pourrons alors nous abstenir de . 
développer de nouveau ces raisonnements dans les deux cas qui nous restent à. 
traiter. 


‘8. Variation ER potentiel de la distribution solide é sur la distribution hen 


| En posant $ (M) = TS os, 
| | Ha, 
Be cas, u ae 


8 (M) = Se cd, 


nous trouverons pour expression de la variation de la distribution solide sur la 
distribution superficielle : 


eð ovas = eS (oi — 6) vas 
+e f (6 — 9) Wao 
+ Su TS as 
ef METZ w | 
— So 2) +75) +86 a) a8 
-Siea y+R@—a]dv. (28) 








+ Variation du potentiel de la disiribution superficielle sur elle même. 


Nous aurons de même , 
| + sSowas= eS — 0) was 
+e Ws as" — 48 gg 


g Sc [3 œ —2) T By —y) +8 (7 —2)] dS. (26) 
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5°, Variation du ue drague d'un aye. 
Posons 


ZM)= Ean+3an= I pan + B® as, 











(M) = (M) + AUD = fs y — pda += Pods, -n 
Mi. 


spido; + DEA od: 





Z(M) = an +800 = = 


Posons, en outre, - . 
ppm, a—a=da, eye by, d— z= ĝe. 
Une formule connue nous donnera nu | 


ee D 
do "mr dy + Oe 





Les égalitées (4), (23), (25) et (26) nous donneront l'expression suivante pour la 
variation du potentiel électrostatique d’un système > ` 


bse f Vipdr+eS Viods 
> f p (Xda + Vy + Zie) mg (Xe + Yby + 232) dS 
ef Yo + 4: a +: vot is = Sas. (28) 


Dans certains cas, ily a avantage a transformer cette égalité au moyen de rela- 
tions que nous allons écrire. | 
En tout point intérieur à une masse. continue électrisée, on & 
nn eins z=. (29) < 
Ces égalités perdent tout sens en un He pris sur ‘une surface de discontinuit& 
électrisée. 
Soient 1 et 2 les deux ee er at qui sont a de part et d'autre 
de la surface S; soient A, la demi-normale menée vers l'intérieur de la région 1. 
- et N, la demi-nôrmale - menée vers l'intérieur de la région 2. Le surface S est 
une surface de discontinuité pour les dérivées partielles du: premier ordre de la. 
fonction potentielle. Si M est le point de la surface S auquel se rapportent les 
17 Cae i 
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quantités X, Y, Z; si Mix, Yi, 2) et M, (a, Yas Za) sont deux points infiniment 
voisins du point M et situés le premier dans la région 1, le second dans la 
-région 2, on a 


=. — € ts ar St a) | =—.[ + on, cos (N, æ) |, 
- Y= —e + N „| = =— 14 + 270 cos (N,, 4 ÿ)|, (30) 


eu 2 cos (M, )] = — e [BT + an cos (3, 2]. 


Les identit&s cos (N, Œ) + cos (N, x)= 0, 

cos (M, y) + cos (Na, y) = 0, 

l f cos (N,, 2) + cos (N,, 2) = 0, 
permettent de transformer les égalités (30) en ~ 


=: 3 Gun + ðv 
av fee i a A 
ar I) | (31) 
as TES BA V u u 
De ces égalités (30) et (31) nous pouvons encore déduire les égalités ` 
ST = — de 08 (M, a), | 
OV OV - 
D one Ar (32) 


a ae == rn 2: 


Ces diverses formules nous seront utiles par la suite, 


| Cuarirre II. 
Application de la Formule précédente à quelques. Questions @ Electrostatique. - 
$1.— Conditions de l'équilibre électrique. | 


` Le potentiel thermodynamique. ‚interne d’un. système dng a pour 
le 


F= + f Opde + Seas r, | u (1) 
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© étant une quantité qui, sur un conducteur, varie d’un point à l’autre et F, la 
valeur que prendrait le potentiel thermodynamique interne du m ramené 
à l’état neutre. | 
Comme nous ne voulons pas, dans le présent mémoire, introduire la consi- 
dération de couches électriques doubles, nous: nous limiterons au cas où ©. varie 
d'une manière continue d'un point à l'autre de toute masse condhictrice connexe. 
Supposons que le conducteur se compose de deux masses conductrices séparé- 
ment connexes, 1 et 2, limitées respectivement par les surfaces S,,8,. Imposons 
à ce système une variation de distribution électrique, sans changement de posi- 
tion ni de forme des corps conducteurs qui le constituent. Faisons correspondre 
les deux points géométriques M, M', où un même point matériel se trouve au 
début et à la fin de la modification ; les deux points M et M’ coïncideront. En 
vertu de légalité (28) du Chapitre I et de l'égalité (1), nous aurons | 


OF = f (eV + ©) òp, do; + G (eV + ©) 80.48, 
+ f(ev+ ©) ps dey + QS (7 + ©) dosd, 


- Les conditions d’équilibre s’obtiendront en exprimant que ôF est égal à 0 pour 
toutes les variations virtuelles dé la distribution électrique. 
Si l’on désigne par Qı et Q, les charges invariables des corps 1 et 2, on aura 


fae, + À oS, = Qi; 
Sp. vi S 0,48, = ar ; 


en sorte que les variations virtuelles de la distribution électrique seront assu- 
. jetties aux conditions 


Sind + Sinas = 0, 
Sindo + S 30,48, = 0. 


‘C’est seulement lorsque ces conditions sont remplies que ôF doit étre.égal à 0. 
` Il doit donc exister deux constantes C,, C,, telles que l’on ait identiquement 


Ser +0+ ind + SO + 0) doas, : 


+S EV+ + O) ddr, + Se + 0+ G) 30,d5,=0. 
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Pour que cette identité ait lieu, il faut et il suffit que lon ait: 
1°. En tout poun du corps 1 ou de la surface qui le limite, o 
2. eV+O+Q=0. | (2) 
: 2. Hn tout point du corps 2 ou de la surface qui le limite, u 
| VEOH GEO. | (2 bis) 
On blight ainsi, par une méthode entièrement rigoureuse, les équations connues 
de l’&quilibre die 3 „n . RE 


§2. = Actions qui s'exer cent entre des corps dônt la forme et Télectrisation demeurent 
invariables.. . : 


Imaginons un système formés de corps qui se déplacent | de Aae que 


chacun d’eux garde une figure invariable et que chaque, point matériel entraîne : 


la charge qu’il porte ; tel est un système formé de solides parfaitement rigides 
et parfaitement mauvais conducteurs. ha 

‘Prenons deux états voisins du système ; à chaque point géométrique M du 
premier état faisons correspondre un point géométrique M’ du second état, de 
telle sorte qu'un même point matériel se trouve en M au début de la modifica- 
tion et en M’ àla fin; dx, dy, dz, sont alors, en chaque point géométrique, les 
composantes: du dsplkoement an pa le point matériel qui se trouvait en ce 
point géométrique. 

Les hypothèses faites nous donnent les égalités 


jp=0, d0=0, dd —do—0, ds! —48=0. 
L'égalité (28) du Chapitre I et l'égalité (1) donnent 


r= 38, — flo (X8x + Fay + Zè) do en 
= — Sete + Ysy + Ze) dS. 


Cette égalité nous montré que chaque élément matériel eat soumis : 

1°. Aux forces auxquelles il resterait soumis si ve Rien était ramené à 
l’état neutre. | ER Es 
2°. A une foree qui a pour composantes X, Yq, Zq, si l’on dese par q 
_ la charge électrique totale de l'élément matériel considéré. 
On retrouve ainsi, sous leur forme la plus générale, les lois de Color, 


: point de départ de a m 


Donem: Sur la pression dans les milieux diélectriques ou magnétiques. 133 


$3.— Actions qui s’exercent sur des corps conducteurs électrisés. 

Nous supposerons, comme au §1, que d’un point à l'autre de toute masse 
conductrice connexe la quantité © varie d'une manière continue; de plus, pour 
simplifier nos recherches, nous supposerons que chaque masse conductrice 
demeure homogène même au voisinage des surfaces terminales; nous admettrons 
que © garde la même valeur en tout point de la masse conductrice, même au 
voisinage des surfaces terminales; nous regarderons cette valeur. de © comme 
fonction de la seule densité D de la matière conductrice, e nous supposerons cette 
densité invariable. _ | l 

Pour éviter les formules trop longues, nous réduirons le système à u un con- 
ducteur unique. : . 

Enfin nous établirons la correspondance entre les points M, M’, en suivant 
la règle qui nous a servi au $ précédent. ` 

Nous trouverons sans peine l'égalité 


af opte + 3S 0048 = foipdo + Y oso a8 
se dv ds! — ds 4 
3 S Op do + Sov a dS. (3) 
D'autre part, les égalités (28), (29) et (30) du Chapitre I donnent l'égalité 
Y= f Vsp dv + S e780 as 


+ [em ee de oy + S evo was 








+ fe (Sp dot ST by + e) do 


+90 (Aue +) a8 
+ S arteo? feos (N,, x) da + cos (N,, y) dy + cos (N,, 2) dz] dS, (4) 


N, désignant la demi-normale à la surface limite du ‘conducteur, dirigée vers 
l’intérieur du conducteur, et (x, Yi 2) étant un point infiniment v voisin de lélé- 
ment dS, mais situé à l'intérieur du conducteur. 

Or l'égalité | 
| :/+9+0=0, | (2) 
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permet d'écrire, en tout point inférieur au conducteur, : 


0V._, aVv OV E 
Pe | (6) 


_ Les égalités (1), (2), (3), (4) et (5) donnent alors l'égalité | He 


F= nf 52) de + (oo + 02548) as] 


+ 2e Si [cos (M, &)dx-+ cos (M, y) òy + cos (M, 2) dz] dS. (6) 





Mais si l’on désigne par @ la charge électrique invariable du conducteur, on aura 


Spt + Soas=@ 


et, par conséquent, 
Sor -D)w Cao + SS UN go. (7) 


Moyennant l'égalité (7), l'égalité (6) peut s’écrire 





SPF, + Ine So [cos (M, 2) bu + cos (N,, y) Sy + cos (M, 2) de] dS. - 


Cette égalité nous fournit la proposition suivante : 
Les forces qui agissent sur un conducteur électrisé ie iis mais incom- 
‚pressible, se composent : 
1°. Des forces qui agiraient sur le conducteur ramené à l'état neutre. 
2. D'une force appliquée à chaque élément dS de la surface qui. limite le con- 
ducteur ; cette force est normale à l'élément as et dirigée vers Vextérieur du conduc- 


teur ; elle a pour valeur 
T= 2ne0° as. De oe 
Ce. théorème est bien connu. | 


Cuapfrer III. 


Variation du Potentiel d'un Sole de Diélectriques polarisés. io 


Nous allons maintenant—et c'est l’objet principal de ce mémoire—faire 
‚usage de légalité fondamentale obtenue au Chapitre I pour étudier les milieux - 
magnétiques ou-diélectriques; afin d'éviter toute confusion, nous supposerons con- 
stamment dans notre analyse qu’il s’agisse de corps diélectriques ; le lecteur 
apercevra sans peine les légères modifications qu’il faudrait -fàire subir à notre.‘ 


-> 
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exposé pour l'appliquer aux corps magnétiques; la principale modification con- 
sisterait à faire égalé à 1 la constante ¢ des lois de Coulomb. 

| Soient A, B, C, les composantes de la polarisation en un point (a, y, z) 
intérieur à un diélectrique. Le Théorème fondamental et bien connu sur lequel 
nous nous appuierons est le suivant: 

On peut sans changer ni la fonction potentielle, ni le potentiel Au systeme, rem- 
placer la polarisation diélectrique par une distribution nae fictive définie de la 
maniere suivante : 

La distribution fictive a | pour densité solide, en tout point intérieur & une masse 
diélectrique continue | 


9A dB, a ; 

p=—(3, +5, +): (1) 

. elle a pour densité superficielle, en tout point de la surface terminale dun diélectrique, 
= — [A cos(N, x) + B cos (N,, y) + C cos (N,, 2)], (2) 


N, étant la demi-normale dirigée vers l'intérieur diélectrique ; elle a pour densité 
superficielle, en tout point de la surface de contact de deux masses diélectrique 1 et 2, 
9 = — [A; cos (Nj, x) + B, cos (M, y) + O, cos (M, 2)] 
— [Ay cos (N,, ©) + B, cos (M, y) + C cos (Nj, 2)], (3) 
N,, Nz, étant les deux demi-normales dirigées respectivement vers l’intérieur de la 
masse 1 et vers l’intérieur de la masse 2. 

Imaginons deux diélectriques 1 et 2, dont &, S, sont les be libres et 
dont Sy est la surface de contact. Soit Y le potentiel de la polarisation diélec- 
trique sur elle même. En vertu des égalités (1), (2) et (3) du présent .chapître 
et des égalités (28), (29), (30) et (31) du Chapitre I, nous pourrons écrire: 


—3Y= J Ge Sy + Se) 
a S + eng ay dot Se by + Ge Fse) doy 
+f 7+ ee Cae Qu + ae en 


g S, VS [Ay cos (M, æ) + B, cos (N, +C, cos (M, 2)] dS; 





+e S. V6 [ A, cos (M,, x)+ B; cos (N,, y) + C, cos (M,, 2)] dS 
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a? eS, [As 08 (N; 4B, 008 (N, WAG, cos (ME Li Y Jas, l 
u On, OY; da | 


>, [Ar oos (M, 2) +B, cos (9) +0, cos (M, 2) OSE + Sr +, Ja 


ane 9, [As cos (N; z) + By cos (M, Haima op 
x [cos (M,, x) da + cos (N y) dy + cos (N, 2) dz] ds, 


+, EB cos (M, y) + Ch cos (Ni 2)] er 


+ ete, 
| 48, [A cos (M, 2) + B; cos (M, y) +0, cos (M, 2) 
| A, cos (M, x) — B, cos (M, y) — G, cos (N, #)] - 


er 27) be (cu zur va, ‚or D se] a8, 


+S, TAs cos Mi, z) + B, cos (M, p cos (Ni, &) .. 
+ A; cos Wn 2) + B, cos (M, y) + C, cos (M, 2)] yii dSy.. (4) 
Le ne + etc. remplace nö termes qui se déduisent, en - permutant les 


indices 1 et 2, des neuf termes écrits avant ce symbole. 
Nous allons transformer cette égalité. 


“Proposons nous d’abord d'évaluer la quantité. 32 2A : 
Prenons deux états voisins du système. it ee 
Soient M(x, y, 2) et M (a, Y, 2) deux points infiniment voisins du système 
pris dang le premier état; la droite MM, est parallèle à l’axé des x. Aux deux 
points M, M, correspondent, dans le second état, deux points infiniment. 
. voisins M'(x, y, g) et M{(x!, yi, 2); la droite M’M} n'est plus, en général, 
parallèle à Vaxe des æ. (Considérons les deux points Mj (aj, yi, 2) et - 
M; (x, y', 2’). La droite M'M; est parallèle à l’axe des x; la droite MiM;est ` 
parallèle à l’axe des y; la droite MjM/! est parallèle à l’axe des z. | — 
Soient A, A,, A’, AJ, Al, A} les valeurs aux points M, M, M', Mi, Mi, M, 
. de le composante aadi à Ow de lintensité de polarisation ; les valeurs non 
l accentuées se a au promier état du système et les valeurs accentuées au 
second. 
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Formons la quantité | . 
| A;— A" A,—A 


CRT 


Si, laissant invariables les deux états du système, nous faisons tendre le point M, 
vers le point M, le point M} tendra en même temps vers le point M’ et la 


! 
- quantité J tendra vers CE aon a . Si, ensuite, nous faisons tendre le second 


état du système vers le premier, cette différence deviendra une quantité infini- 
ment petite dont le terme principal sera précisément sa . | 
Ce terme ol peut s’évaluer de la manière suivante : 
On vérifie sans peine l'identité 

Aj— a Am A N-Ay- y 


` aa Lı — & y — y ai — 


w~ 








A} — Mama zi 
re —#4 uU a 


= (Ai — A!) [ai — a) — (x — x)] 
(% — x)(x — 2). 
4 (AL AS A). 


permettent d'écrire le second membre de cette égalité sous la forme 


.(A{—A)—(4—A) | 
Tı T & ` 











| 1 — A, aa D 
oa RN y | mx 7 
Li — © 
Su a e 
+ 2 — 2 TL —X | 
pars — À (Aj— men | 
M & XL — x t —% . 


_ Laissons invariables les deux états du système et faisons tendre ds point M, vers 
18 7 
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le point M. On voit sans peine que le quantité précédente tendra vers la limite | 


9(A—A) _ 1 oA’ d (y — y) OA! a(/ — e) 
| Ox 0 (a ler a Od % | 
Ox 


as 1 + 
3; + IA et 








Faisons maintenant inde le second R ‘du système vers le premier et cette 
- quantité deviendra un infiniment petit dont le terme principal sera 


QA. OA dy OA Ode OA ASE 
Hy Ox dv du da du 


. On trouve ainsi la première des égalités 


Ay ðA ade 


OA . OSA. OA Oda LE 
dx F Oz dal’ 
fa) 


a = Ge No at 
LE 3B _ (OB dx. OB ay | OB ase) | 
wear) a 
520 200 _ [20 Adu | 20 aby | əc Oder 
ag oa à + ay ae t =) 


3A 
y. 
B 


Les deux autres s'établissent d’une manière analogue. 
; Ces RL (5) permettent d'écrire l'égalité 


Jr A 4 B+ Ba 


N fr Che 3B, po a oy +) do, 


ddA, = 4 0G: 
= [7 r( Ja t y T Oz BON ao, 

OA, Ody OA, Ody , OA, Oùx OA, Adz 
+L Ge Be ty Oe + Ge Ge e de 
er | 4 OB, Wz 0B, Où | ƏB, Cr ƏB, Be 
Oy Oz oz .dy u dx Ox dy 

00,00% ƏC, Oda , AC, Ady ƏC, Ady 
taa e Da Oz + Ge Oy ~ By Be) 
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Des intégrations par parties permettent de transformer ‘cette égalité en la 
suivante : 


ERT 
+f e+ + Say Oda: + Bam 


=— J (Spat Se 
CT OB, 0V a0, 27 20, ƏV 
dy ðs dx dy $ Oz ðs Ox dz 
ne ƏV 20, av _, 8A, OVA, OV 
“Oz ðy oy rt dy dy u) 
3A ƏV 0A, ƏV dB ƏV OB, ƏV 
ia or Get ye aes oe ay 


= Sr [cos (N,, x) 5A, + cos (M, y) 8Bı + cos (M, 2) Ci] 48, 





dx 











= SF Loos (Mie) Ait cos (M, y) 8B: + cos (Ni, 2) 80] ASis 


= SA (+ + Sees (Me 2) Ba + 008 (M, y) dy + cos (M, 2) de] AS: 


OA, , OB, , 9C, 
Sy dx + dy aa 


4 N MICE ly + 2) bas N x) 
$ (Ei da + T ko + de) 0 cos (Ni, y) 


+ (Si dx Eo 3 ôy + 24 “1 de) cos (N,, 2) | as, j 


ICN [cos (N,, x) dx + cos (N,, y) dy + cos (M, 2) de] di; 


+S," [gee + By y+ a a wi 
+ (È 80 + OB, gv j A 7 be ) oc cos (N, y). 


+ cae 5 by + x, 32) cos (M, #) | Su. 6) 
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‚D’autre part, on & les identités suivantes : 


oA 20 ‘av 
Sam 430 4 Jz Oe + yutan) a 
| ST: Əv. Pa ov ac, or AC, Əv 
H (dy u Ox Jy T an ðs Oz Oz 
Fe °C,.07 OCG, ƏV dA, ƏV ‘24, OV by 
Ge Oy Oy Os + Oe By — ai OF 
dA, 0V 3A, ƏV OB, 0V. AB, ƏV 
+4 Ti % “ ea Oz F7 me 


Gt os BNE 











+e (By + Ba) Pha en; 


et 
si sty y + ee) où x) 
+ (Bite + Pity + Ze) oos (M, y) 
2 a E à „2 32) cos (M, :)]as 
+ -Sp cos (M, =) + B, cos (M, y) + Ci cos (M, a) 
x (3% it Pay + SF) as u 
# 9, HEC V) dx +. BMD + à 2 Tyè] cos (N, 2) 
HANES RANI + À Na) 


Nat (CP) by + 2 up ojas. T o 


Š On peut, en outre, écrire, en tout point de la- surface Sh.. une égalité analogue à 
la précédente; nous la désignerons par (8 bis). | 
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Enfin les égalités (32) du Chapitre I, jointes à l'été (3) du présent | 
Chapitre donnent l'égalité: CN 


2, = am [A cos (M, z) + B, cos (M, y) + Ci cos (M, 2)] cos (M, 2) 


o 
tam [Acos (M, 2) + B cos (Np, y) + C, cos (M, 2} 008 (M,a), (9) 


| av.avy av en: 
et deux égalités analogues pour (5; =) G- 


Moyennant les égalités (6), (7), (8), (8 bis) et (9), er (4) devient: 
-T= ef (ra + 5 0B, + 9780) da 
off [OT Oh be + 2 -T aA) 
e A ki aB y T a) al 
+ OF (A be. LA + Se) ] du 


a OA, , OB, , 3C, 
€ -S7 Ox, + OY; + Oz, 


x [cos (M, x) da + cos (M, y) by + cos (N,, 2) de] ds, 
+S (Ge + 260 oy + u 82 | cos (M, a) 


“aroa IAN a ATT. | : 
+ [2529 be + ( m dy + SD be] oos (M, 2) tas, 
+e, VTA cos (N a) + Bad cos (M, y) + C8 cos (N,.2)] 48 
| +Ñ, V [As co8 (Na) + B, cos N; DELETE as, 
| 2 Spas cos, z) + B, cos (M, y) + O, cos (Ni, 2)? 


x SI (Mi x) ôx + cos (N,, y) dy + cos (N,, 2) è] as, 
+ ete, 





rs ‚aA, Rt oC, OA, - 3B, ac, - 
«5,7 om ty T oe eae 
i x [cos (M, a) dx + cos (Nj, y) Sy +-cos (M, 2) de] dS, 
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EE | N 
+ SE N 


+ phn en 
+ pan 2279] ae} cos (M, =) 
ce ur 


EUR 2 ay 
+ = — 2020] be} cos (M, 4) 


| rat”). ac, 
+ [EE er 
2 (CV) 200 


+ PEN CMa] cos (M, 2) | dS 
+D, PILA, — As) cos (i, 2) + (Bi — B) 800s (M, y) 
+ (C, — C,) ô cos (N,, 2)] dS, 
+eQ VA, cos (M, a) + (B:— B,) cos (Ni y) | 
i + (C, —0,) cos (M, 7] Ba a8 er 
— ame N [A cos (M, x) + B, cos (M, y) + Ci cos (M, 2)]? 


— [Ay cos (N,, 2) + B, cos (Nj, y) + C cos (M, 2)}} 
+ [cos (N, æ) dx + cos (M, y) dy + cos(M, 2) bz] dSs. ao) 


Le symbole + etc. remplace sept termes qui se déduisent des sept premiers — 


"termes de l’expression de òY en remplaçant l'indice 1 par l'indice 2. 


. Faisons choix, sur la surface §,, d'un système de coordonnées curvilignes 
rectangulaires : - 
| (w) - v = const., 
(o) u= const. 


_ Supposons que le carré de l'élément linéaire tracé sur la ‚surface soit pe 


“par la formule 


ds} = A, (u, v) du + B, (u, v) do. 


Dons: Sur la pression dans les milieux diélectriques ou magnétiques. 143 

L'élément superficiel aura pour valeur . 
= EB dude. Tag it) 

Prenons un point M, intérieur au corps 1, pris dans le premier état, et infiniment 

voisin de la surface S,; ce point a pour correspondant, dans le second état, un 


point M. Projetons MM’ sur la tangente à la ligne (u), sur la tangente à la 
ligne (v), enfin sur la normale N. -Désignons les trois projections obtenues 


par ; VA bu, VBôv, 3M. 


Nous aurons évidemment, pour un point (His Yu æ)- infiniment voisin de la sur- 





face 5, . 
à (As Y) ə A Y) 9 (As 7 
dn + by + be 
ə 7 an, Par u (12) 
et aussi. | 


5 cos (N, = e pi y Ceas 36+ Dow a (13) 


Te symbole D cos (N, 2) a le sens suivant : 

Soit M un point de la surface S,; par ce point, menons A normale à la sur- 
face S,; prolongeons la jusqu'au point m où elle ‘rencontre la surface Sj; en m 
menons la demi-normale n; à la surface S{ vers l'intérieur du Sude 1; nous 


aurons > 
D cos (N, x) = cos (m, x) — cos (N,, x). (14) 


Une égalité connue* donne 





Ə (AB) s, +? (AB) 55] 


dst — dS, _ E- 
as, Sum 
| hao RS 
xg Au Ty do — (+ ans . (15) 


R, et R! sont les deux rayons de courbure principaux de la surface S, en un 
` point de l'élément dð; chacun de ces rayons est compté positivement lorsque, 
‘pour aller de la surface au centre de courbure correspondant, on.marche dans 
. le sens de la demi- normale N.. wit a a 





CP. Duhem, Hydrodynamique, élasticité, acoustique. Tome II, p. 88. 
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Les égalités (11) (12), (13) et (15) nous permettent d'écrire 
SL be + QD ay + HEAP) d | cos (M, 2) 4 
+ Sa Y à cos (M, | | 
+ SA Vcos(N,, x) À AS Sia 4 


=§, Fr cos (N;, x) ur a) cos (N,, a) | suds, . 


+ S. A; VD cos (M, a) dS, 


“ffl? A, V cos (N;, wi Ay ae Ge #) o ( Ge} du 


O[A,Vcos(N,, x A Er A x) 0(AB)). 
+ (LA Pos (M a) os a USP be 


ddv 





+ A, Vos (N, a oY dudo. (16) 


Soient : 

L, le contour de la surface $, 

m, une demi-droite normale à ce contour, tangente à la surface S,, et dirigée 
vers l’intérieur de l'aire S;; 

- (m, u) langle que cette demi-droite fait avec la tangente ade par son 

. pied à la ligne (u) (v = const.), cette ee étant ange dans le sens 3 ot le | 
_paramétre u va en croissant, D 

(ni, v) l'angle que cette doi fait avec la tangente menée par son pied 
à la ligne (v) (u = const.), cette tangente étant dirigée dans le sens où le paramètre 
°` v va en croissant, 
F(u, v) une fonction régulière des variables u, v. . 
Si la surface 8, ne présente aucune singularité, on a* 


JJ] er, layer 
Ou +t JAB Mu. | 
++ i OCP + (See 4 MOY) AB aude. 
+ [ Feos (m, u) A du + cos (m, v) B dv] dl = 0. (17) 








* P. Duhem, Hydrodynamique, élasticité, acoustique. T. II, p. 85. 
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Appliquons cette égalité (17) à la fonction 
E= A, V cos (N,, x); 
remarquons, en outre, que l’on a 
cos (ru, u) A ĝu + cos (m, v)/ B Su = cos (na x).da + cos (m, y) dy + cos (n;, z) dz 


et l'égalité (16) se transformera en une autre égalité qui, jointe à deux égalités 
_ analogues, donnera : 


9S, (ean AN, +20 y + UP) ge] cos (A ) 
ə (B, 3 (B, V) a( 
+[ AD ue + BCP ay + DO on, 3) | 
+ [Ge + 260 by + N 52] cos (M, 2) | as, 


ar S, V [Að cos (N, ©) + Bið cos (M, y) + Cid cos (M, 2)] aS, 


+ NP Au cos (Mia) + Ba cos (M, y) + CA 008 (M, 2] ES as 


= Gr [A.D cos (M, æ) + B.D cos (Ni, y) + C.D cos (N,, 2)] dS 
LA S, a cos (N;, ©) + 2 a cos (N, y) + En cos (N,, 2): 


— VA, cos (N, Re cos (M; y) + C, cos (A, 2) (+ + x) 
x [cos (M, æ) dx + cos (N,, y) dy + cos (M, 2) 82] dS, 
— f VTA, cos (M, æ) + B, cos (M, y) + Ci cos (M, 2)] 
"ox [cos (m, x) dx + cos (m, y) dy + cos (m, 2) dz] dL. - (48) 


Proposons nous maintenant d'évaluer la quantité 
SV [AD cos (N, a) + BD cos (M, y) + CiD cos (M, 2)] dS, 
# a, 


et, pour cela, cherchons d’abord l'expression de’ D cos (N,, x) en un point quel- 
conque M, de la surface &;. | 
Soient: 3, une aire quelconque tracée sur la surface Sı, autour du point M, 
à, le contour de l'aire 5}, 
v; une demi-droite normale à ce contour, Eganle à la surface S, et dirigée © 
vers l’intérieur de l'aire 5. + 
19 | 
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Par dia point " de l'aire 3,, devoi une normale à la surface &, et seit 
m le point où cette normale rencontre la surface Sj; chaque point M, faisons 
correspondre le point m ainsi défini; à l'aire &,, tracée sur la surface &;, corres- 
pondra une aire c; tracée sur la surface Si; d2,, doi, seront deux éléments cor- 
respondants des aires 3), 01. 

Un lemme bien connu de Gauss nous apprend que, pour une surface fermée : 
a S, on a 


S cos a) dS= 0, 


pourvu que les demi-normales N soient portées toutes vers l’intérieur, ou toutes 
vers l’extérieur de la surface S. oo 

Appliquons ce lemme 4 la surface fermée que composent l’aire 3,, l’aire o,, 
et la surface réglée engendrée par les normales à la surface S,le long du contour . 
A; il est facile de voir que nous aurons, en-tout état de cause: $ 


S cos (ru, x) do, — Y cos (M, x) d&, + f cos (x, x) SN, da, = 
i oy u a | | 
ou bien, en tenant compte de l'égalité (14) et en remarquant que 
à died. Ar LAS 
as, Grm) | 
ER el 1 ; 
SD cos(N, auz S, Ge + jy) 008 (Mi, a) 6M, d3,— eos (va 2) Nida. (19). 
Les égalités 


| cos (%, x) au + cos (%, ”) 2 + cos (v,, 2) à =N À cos (va u), 


cos (vi; @)- u as Es + & _ — 7B cos (v; v), (20) 
cos (v, ©) cos (N;, x) + cos (%, y) cos (Ni, y) $ cos (v;, z) cos (N, 2) = 0, Je 
donnent : en | | = o 
| 1 (roy 
cos (ri, æ) =5 cos (N;, e cos gol. „VA cos Gi w) 


. aia [2 cos (N,, z)— 2. cos (N, DIVFe cos (7, at (21) 
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en posant : oe 5 
ty % 
| ðu : Ou. Ou | ei 
D=| dx oy 1s eee. Male. - (22) 
x Ov -- - dv 2 Dw. . g 


; cos (N;, x) cos (N, y) cos (Np, 2) 
Nous aurons alors i : Ten, . 


S cos (v, ©) dM: AA, 
= fo [24 cos (N, 2) — a cos (N, WE cos (v, u) 
= | ale cos ( (Na, i — Du 008 os (Na 9) VE cos T o) bday. (23) 
Mais si G (u, v) désigne une fonction de u, v, Taie dans Vaire 5, on & 
. [ a VA cos (o u) ee VAE dudo=S a dE ] 
fase cos (vi, aus ff q VB ade =) ee | 
Moyennant ces lemmes, légalité (23) peut s’écrire 


Joe an =N, EAEk a mc vi 


2 a cos (N 2) — = cos (Me Dyas ( (25) 


Moyennant cette égalité (25), l'égalité (29) devient 
S, [2 cos (N;, x) — (È F; Er) cos in, TA | 
T Tana cos (My 2) = Fe oon »]} 
~ oye cos (M, 2) — un nl} Jaro. 


Cette égalité doit avoir lieu quelle que soit La 31, tracée autour du point M; 
on en conclut sans pene que lon doit avoir, en tout point M, de la surface S;, 


Dave (Mi 2) "+ Fy) co, 2) N “ 
2 fö pay os Ohad deen} 


u 
pe [3 ee aaa »]} (26) 
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Cette égalité (26) nous permet d'écrire: 


S, VAD cos (N, 2) dS, = S, VA, cos (M, =\(j + A) omas as 








-S, [ra mole > cos (M, 2) — Fe cos (M, »]} 

re sx cr cos (M, 2) — -Z cos (M; v] jas © 

` Mais on a | 

SEP EEE E 

— VA, ROUE OY sos (Ni, an y)]} as, 
-S A (TAA va) nl} 

= AN CURE Émis 
SE cos a, Ion Ar | 

= 5 Ee cos (N, 2) — & cos (M, y) | En) IN: dis. | (28) 


D'ailleurs les égalités 
cos (u, 2) D + cos(u, y) $Y. + cos (u, 2) 5 = WA, i 


cos (u, x) a + cos (u, y) + cos (u, 2) S =0, 
cos (u, x) cos (N;,, x) + cos (u, y).cos (N;, y) + cos (u, z) cos (N;, 2)=0, 
qui résultent immédiatement des égalités : ; 


F= Too (u æ), DE Too (u, y), & VF cos (u, 2), 
be Fonte æ), ji dé 5p =V Boos (v, 2), . 


- donnent: 


(u, a) _ = SET cos (M, 2) — Bil ços ae y) 
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On trouve de même | | > , | 
nn alt en en) 
Moyennant ces égalités, on a 
GA 5e Sete, yer 
he cos (M, 8) — $e cos (M, 9) ] 2 Ar } ôN, ds, 


=D. [ya AP ae Bar Re ef x) | 8N, ds. 


Mais, d’autre part, on a 
) 9 


sy as (u, 2) Fp oan cos (v, a)+ 





o(A aD oos (N a) = GP, 


en sorte que légalité précédente devient 


Sr [E coe (M, « )— Fy 0s WI ee 


ee 2) Fe cos (N DJ Baer glk) ee 


| 2g aman Don (M, 2)] 8M. 48, = (29) 


Appliquons maintenant & la surface 8, tout entière le lemme Sn par les 
identités (21) ; nous aurons 


S Re U N z) — aon al} 
AN 2H aos a, 2) — À cos iv, nf Jas: 


| = fan} Ex 5 cos (Mi) ]VÆ cos (m, u) | 








—+ É2 cós (M, 2) — Z cos (N, y) | N B cos (m, »)} ôN, dL. 
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Les égalités | 
| mo vA FL Boom, Dis (m, D] 
cos (v, x) = — vB > la cos N, de < cos 08 (M, y) | 


transforment cette égalité en 


S, [oats ua ÊY cos(N, om (M, cie 





A VON, 
= Any = (N,, 2) — Dos (M, »]}]e8: 
= fa, V [cos (m; u) cos (u, x) + cos (m, v) cos (v, x)] bN; dL, 
= S A, V cos (nj, æ) ÒN, dL. 2 : | (80) 


. Les égalités (27), (28), (29), (80) donnent 
S AyD on à 2) dS, = S. A, Voos (M, 2)( + r) NAS 
(AP) 
= -9 pAn cos (M, z) — 2A a Nas 
a far at Nat 


Cette égalité, jointe à deux autres égalités semblables que l'on obtient en permu- 5 
` tant la lettre + avec les lettres y et z, donne 


SF [ALD oos (N, a) + BD cos (M, 1) + GD cos (N, 21] 48 

= S la cos (M, æ) + B cos (M, y) + O; cos (M, n + Famas, 

| -§, Lt N, x) + on) cos (M, yj+ Cr oos (M, J Mas, 
l +5, pan +7 AE anas | 


f VEA, cos (es i 008 (ray y) + C1 cos (my, e)] BN da. (81) 
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Les égalités (18) et (31) donnent: vn 
À PE se + N ah, D. + 24.7) ge] eos N: x) 


| rear 17) by + BP) 5 oos (N y y) 


+ ESA Le dy aa ae! cos (N, 2) has, 
+ Ñ T A cos (M, a) + Boos 2) + O, cos (Np #)] a, 


= S, V [A; cos (N, 2) + B, 008 - y) + Goo (M, 2] ŽS isa as, 


= (AP) OY) one 
-g pan er t GP] mas, 
+f7] [Aı cos (m4, x) +B, ms y) +0, seat: à aN, 
— [A, cos (Nio x) + B, cos (N,, y) + C, cos es 2)] ôn; dL. (32) 
. Cette égalité est générale. - 
Mais l'expression de SY obtenue au a Chine I cesserait d’être valable si, 
dans la déformation du système, les lignes le long desquelles la densité o est 


discontinue se déplacaient ; on ne doit donc appliquer les en établies qu'aux 
déplacements pour lesquels 


ba = 0, dy = 0, &=0, 


en ut paie des lignes Lı, Ly, Li, qui limitent les surfaces Si, Sy, Sia. 
Dans ces conditions, légalité (3 2) peut s’écrire simplement 


E BM EEE 
+ QD en ay + EG a] Jos, 
+ S, VAS cos (M, w) + Bið cos (M, y) + 0,8 cos (M, 2)] aS, 


+, V [A; cos (M, 2) + B, cos (N, y) + 0, 208 (N, as 2 
=, (eee (AP) +0 a QUES : | = | (33) 


t 
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Nous pouvons écrire, pour la surface $,, une égalité analogue; nous la désigne- 
rons par (33 nn enfin une démonstration semblable nous ~ d’écrire 


Bye ae 
+ o = ain x cos (M 2) 
‚(pn _a(B ur + pn ABN by 
Ox, Yı Ys 
+ pan oe —2 sz} cos (M, y) 


+ [EG 17) UGP] as 4 pen _ a, AL] 





ae pan ate, u bz} cos (N,, )| de 
+ O 7 AA) 8006 (M, 2) -+(B— Ba) ð 008 (Mi, 9)-H(Cr—Cs) 8 cos (M 2)] di 


+8, PLA, — A,) cos (M, ©) + (B:—B3) cos (M, y) | 
+ (C,—G,) cos (M, 2 as 


=§ pn (AM. an Ben. en 


(CF) _ AGN) | 
a ett) ON, dS- | (34) 
Les égalités (10), (33), (33 bis) et (34) oe 


SY = ef (SEA + GEIB + GE 80,) do, 


JE TCi ray + Ss ae) 
+ 27 (CB a nr +) 
ay 


OY Gade + 2 ot by + 2) 3, 


Sg (rene Fo Man, 
+ ane [Ai cos (M, x) +B, cos (M, y) + Ci cos (M, 2J]? M dS, 
+ etc. 
NS, (A BP 4 BP 4 0 Le Ag — aa ÒN; diha 


+ m, { [Arcos (M, æ) + B, cos (M, y) + Ci cos (M, 2) _ EL 
— -[A; cos > x) + B, cos (My, y) + Cy cos (Ny, 2) P} ÔN; dSn. (35) 
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On pourrait supposer les corps 1 et 2 placés dans le champ engendré par 
d’autres corps électrisés et polarisés ; si ces corps sont fixes de forme et de position, 
si leur état d'électrisation et de polarisation est invariable, enfin s'ile n'ont avec les 
corps 1 et 2 aucun point de contact, l'introduction de ces corps ne modifie pas 
l'expression de å Y; seulement, dans cette expression, V représente alors la fonc- 
tion potentielle totale, provenant non seulement de la polarisation des corps 1 et 2, 
mais encore de la distribution électrique ou diélectrique répandue sur les corps 
invariables. | us 

Ajoutons encore une remarque qui nous sera utile au chapître suivant. 

La formule précédente, comme toutes celles que nous avons écrites jusqu'ici, 
a été démontrée en supposant que da, dy, d2° étaient des fonctions continues 
de x, y, z, admettant des dérivées partielles par rapport à ces variables ; toutefois, 
il serait aisé de les étendre au cas où les déplacements dz, dy, dz, seraient discon- 
tinus le long de certaines surfaces, pourvu que la condition exprimée par l'égalité 
suivante soit vérifiée en chaque point de ces surfaces : 


cos(N, x) da + cos (N, y) dy + cos (N, z) dz 
+ cos (N’, x) dx + cos (N, y) d'y + cos (N, 2)0z—0.  - (36) 


Dans cette égalité, da, dy, dz, sont les composantes du déplacement du premier 
côté de la surface; dx, d'y, z, les composantes du déplacement de l’autre côté ; 
N est la demi-normale dirigée du premier côté; N’, la demi-normale -dirigée du 
second côté. 

L'égalité (35) ne diffère de l'expression de $Y dont nous avions fait usage 
dans nos précédentes publications qué par les termes 


Arte N TA, cos (M, x) + B, cos (N, y) + C, cos (N,, 2)]? dN, dS, 
5 
27e S [As cos (N;, x) + B, cos (Ni, y) + Ca cos (N,, 2) JON, d&g, 


27e Si [A cos (M, Œ) + B, cos (Ni, y) + C cos (N,, 2)} 
5, 
— TA, cos (M, £) + B, cos (Np, y) + C, cos (Np, 2)]*} N, dSu. 


Ces termes, que nous avions omis, fournissent, dans les applications, les termes 
complémentaires dont l'introduction a été proposée par M. Liénard. 


20 


VE 
tte 


l'égalité 
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Cxariree IV. 


ipo d'un Fluide incompressible, doué de Force coercitive, et polaris. 


C'est seulement dans le cas où un fluide est incompressible que l’on en peut 
étudier les conditions d’équilibre mécanique sans avoir besoin de le supposer 
dénué de force coercitive; dans nos Leçons sur l’Electricité et le Magnétisme (Livre. 


- IX, Chapitre, VIII), nous avons donné les conditions d'équilibre d'un pareil, 


fluide; ces conditions sont de deux sortes: les unes doivent être vérifiées en tout 


_ point intérieur au fluide ; les autres, en tout point de la surface qui le limite; 


les premières cond Hone sous la forme que nous leur avions donnée, étaient 
exactes; les secondes ne l'étaient pas ; M. Liénard a indiqué la valeur du terme 
que nous avions omis. . 

Nous allons reprendre ici, en nous appuyant sur l'expression de SY établie 
au Chapitre précédent, l'établissement des conditions d’équilibré d'un fluide ` 
polarisé; nous espérons rendre ainsi la démonstration de ces conditions irré- 
prochable au point de vue de la rigueur. 2 

Pour ne pas compliquer outre mesure notre analyse, supposons tout d’abord 
que Ja partie déformable du système ne soit formée que d’un seul fluide. 

Si nous supposons ce fluide incompressible et si nous négligeons les actions 
capillaires, la partie variable du potentiel thermodynamique interne du système 
se réduira à la quantité Y; si l’on désigne par D la densité du fluide et si l’on 
suppose que les forces auxquelles est soumise chaque masse fluide élémentaire _ 


‘admettent une fonction potentielle Y, les forces extérieures appliquées au fluide 


effectueront, dans toute modification virtuelle, un travail 


d8, =- fo (FE de + 5 y+ ado 
- + SP [cos (P, 2) 2 + cos (P, y) Sy + cos (P, 2) 3] dS, o) 
P désignant la made et la direction de la pression én tout point de l'élément 
dS, la première intégrale s'étendant au volume entier du fluide, et la seconde à 


la surface qui le limite. | 
Nous obtiendrons les conditions. ere du système ` en écrivant que - 


d% —ôY=0. © > (2 
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est vérifiée pour toute modification virtuelle, compatible avec les liaisons, imposée 
au système. | f 

Nous ne voulons rien supposer sur les lois d’aimantation du fluide ; il nous 
faut donc envisager seulement les modifications dans lesquelles chaque élément 
de volume, en se déplaçant, entraîne son intensité de polarisation; dès lors, il. 
est aisé de voir que si a, a’, o” désignent les composantes de la rotation élémen- 
_ taire autour d’axes respectivement parallèles à Ox, Oy, Oz, nous aurons 


SA = Bo! — Ca’, | 


ôB =o — Ao", (3) 
ôC = Aa! — Bo. 
Nous savons, d’ailleurs, que 
| _ 1 (062  Oùy 

ol 

a) 
j 00y dda 
Nem 

di GE ay aN 


Les égalités (3) peuvent done s’écrire : 
Pr Ody da Oda _ Ode 
“=p (Ge Be) —0 Ge - 29], 


5B —à QE = oh Ov) — X = 3]. | (4) 
50 =: [ A 2 n B E- 2) | 
En vertu de ces égalités (4), on a 


S (Grea + 2, OB + ae 


=i f {or (ay _ at o a ie 


+ PT oo a) _ + de) 


1 HE de o 





Transformons cette égalité (5) au moyen d'intégrations par parties. 
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. Imaginons que le déplacement dont les composantes sont dx, dy, dz, varie 
d’une manière continue d’un point à l'autre du fluide, sauf aux divers points 
d’une surface fermée E tracée à l’intérieur du fluide ; soient: 

-v la demi-normale à la surface 5, dirigée vérs l'intérieur de cette surface. 
y! la demi-normale à la surface X, dirigée vers l'extérieur de cette surface. 
"dx, dy, de, les composantes du déplacement à la face interne de la surface >. 


dx, d'y, Wz, les composantes du déplacement, à la face externe de la sur- 
face 3. rs 


L'égalité précédente peut s'écrire 


i SCH atm Tigjæ 


BOSS la IL 

Hl aA] 
EAN Ca 

EASA GE EE cos (N, y) — (A SZ — 0 3E cos (Ni, #) |B 


+ 


2 (rave a) wt ja (Bra cos (N, 2)] dy 


+(e? ST) cos (M, = (05 — BEY) cos(™, p)]8} 48 - 
HS erde y) — (AP N) con, 2)] Ga — 8) 

+[(0y-35 Ge). 2% 04) (BY aA Sy) oe] 

HUB D eo de. > we T 
-(- BIP) o cos (v, DJe te} a. (6) 


L'égalité (35) du Chapitre précédent, jointe aux égalités (1) et (6) du présent 
Chapître, permet d'écrire explicitement la condition d'équilibre (2). l 
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Cette condition (2) ne doit pas avoir lieu quels que soient dw, » y, dz; ces 
quantités sont assujetties à deux conditions: 


1°. En tout point du fluide, que l’on suppose incompressible, on doit avoir: 


Bet at eee g (7) 


2. En tout point de.la surface X, on doit avoir [Chapitre MI, condition 
-(86)]: 
cos NZ x)(da — Yar) + cos (v, y)(dy — d'y) = cos (% 2)(dz — d'a) = 0. (8) 


Dès lors, il doit ae 


1°. Une quantité T, fonction continue da, Y, By dans toute Peeodue: du 
fluide ; 

“a. Une quantité A variable d’une manière continue sur la surface Z; 

telles qué l’on ait identiquement, quels que soient dx, dy, dz, 


dB, —8Y 
+ fn Qs Be Bae 


4 S; à [cos (, 2)(S0— de) +008, Mey — By) + cos ote \(3e— ðA] dS = 0. 
Des intégrations par parties permettent de der cette identité en 

a®, x | | 
ei [cos (M, x) Ba + cos (M, y) 8y + cos (Nn 2) a ds 


+ QA — Mleos (, 2) ða) + cos ©, Wr — 89) | 
+ cos (v, oe — M] dé = 0. ‘a (9) | 


L'égalité (35) du Chapitre précédent jointe aux égalités (6) et (9) du 
présent Ghapiize donnent: 
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ƏV oA ƏV ƏB , a aC 
SU +,%-: ox CET Oz Ce dx 





HAN a - De 
ar + 27 2B | 07 ac 
++ DE: (5 D. Oy Oy Oe oH 
wer -5 HN PE 
rte nt aa taa 








O Aea- -i 297) } aq 
+S, [ja 2) cos (v, 2) + È TRE y) 
— (432 — 08%) cosy, à ]} Ge — 8a 
+ [U —2) cos, pa sogea) 2) 
o 5) 008 (, ‘ova 
+ {a1 — 2) cos (p, + Ka 02%) esa (v, a) 


(Ea cos (>, y)] (G2 da) ] a 
+ S A flm—a(a32-4 92? +0 ger | 








Ou 
+ ieee ae a) + B cos (N;, y) + C cos (N,, z))*| cos (N, on 
+—£[(Bg =- A 97) cos (Me -aR cos (A, 2) | 
av 7 3V — Po(P a) } dx 
+m- (AT +B3 a) | 
+ 27e (A in De y) + C cos (N, 3) ] cos (M, y) 
hr se- Ga) 0% (No BS ay) cos (N;, æ) | 
eg in gon’ =P OnE yh og 
wo 29! +) | 


. + 2e (A cos (N, æ) + B cos (N, y) + C cos (Ni, 2))?]cos(N, 2). > 
O ca) mer x) — (0 -BS cos (M, 9) | 


— Poos(P, a)l &ļas=0. (10) 
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Cette égalité doit avoir lieu quels que soient dx, dy, 62; on en conclut sans 
peine que l'on doit avoir: - À 
1°. En tout point intérieur au fluide : 


Dee oV ðA av ƏB ., av a 
Pe Vu a & 
2 /R0V ƏV: a = (11) 
talg Ba ty) Aa C= 9 





et deux autres égalités analogues. : 


2, En tout point de la surface qui limite le fluide : 


[m—e(AST +B v4 9a 


02 
+ 27e (A cos (N,, à + B cos (M, y) + C cos o8 (N, 2) | cos (N, a 
+5 [BAZ cos im 2) er 


no Aa) ee PED 


et deux autres égalités analogues. 
3°. En tout point de la surface X: 
`” (T — A) cos ty, x) | | 1 
OV , ov ovy 2 
+ £[(Bgv_ad 7) 008 an cos (v, 2) |= 0, 
(EI — 4) cos (v, y) | 
OV dy: OV 
+a — Ba cos (v, 2) = (BE u 
 (H—A)cos(v, A | | | | 
Plea co cos (v, 2) (UM al 0 


F D cos (v, #)]=0, (3) 


Multiplions la première des eh (13) par cos (v, x), la seconde par cos (v, y), 
la troisième par cos (v, z); ajoutons membre à membre les résultats obtenus; 
nous trouvons l'égalité 

I—-2=0, 
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moyennant ge les Se (13) deviennent: 
(Bgl cos Gé y) — C2 C 7) cos (v, 2) = 0, 
av ar | ee 
(0328? cos (v, 2) — (B z igy)“ cone Ed \ as 
or. m OV av ae ni 
(AS Cx cos (v, a) — (0, — BS) 0% (» y) = 0: 


a Remarquons maintenant que la surface & est entiörement arbitraire; quel 
que soit le point du fluide que l’on considère et quelle que soit la demi-droite v 
issue de ce point, on pourra faire -passer la surface X par ce point, et cela de 
. telle sorte qu'elle soit normale a-la droite v; les égalités (14) doivent donc être | 
vérifiées en tout point du fluide, et quelle que. soit la direction v; on dott: donc 
avoir, en tout point du fluide, 


(OV OV 
oV oV 
Az C = 0, - (16) 
av ƏV | 
Pe = 


=  Ces égalités, rapprochées des égalités (11), montrent que Von doit aussi avoir, en | 


tout point du fluide : | 
orl ow av OA OV aB +07 dC 
ae a arm, a) 
ow dV ðA , OV OB , AV ACN _ 
ay ay u Ox. dy "Dy Oy ds dy AN: (6). 
an OV OA , OV OB, ƏVƏ _ | 
re G+ oy Gt Ge oe) T 
` Les égalités (15), rapprochées des égalités (12), montrent que Pon doit avoir, | 
en tout point de la surface qui limite le fluide : 


P cos(P, a) = ea + BS +05 7) 





+ 272 (A cos (M ji B cos (N,, y) i C cos (N, z2) | cos (M, x), 
OV 
P P, TE —e ase PP oy, c? a | 
+ ons (A cos (M, Fi f B cos = y) + C cos (N,, 2))? | cos (N, y), 
P cos (P, = 0) 
+ 27e (A cos (N, æ) + Becos(N,y) + C cos (N, 2) | cos (N,, 2). 
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' Les égalités (15), (16), (17) représentent les conditions d'équilibre mécanique d'un 
fluide incompressible polarisé, doué ou non de force coereitive. 
Interprétons ces conditions. | 
Les égalités (1 7) nous apprennent que, pour maintenir le fluide en équilibre, 
il faut appliquer en chaque’ point de la surface qui le termine, une pression - 
normale à cette surface; la grandeur de cetté pression, positive pour. une pression 
dirigée vers l’intérieur du fluide, est représentée par légalité: 


P= mag + BS, +07 | : 
ee N cos (Ni, æ) + Boos (M, y) + C cos (N, 2) (18) 


On voit que la grandeur de cette pression dépend de l'orientation de l'élément sur 
lequel elle agit ; ce résultat remarquable est dû à M. Liénard; le terme 


Arte (A cos (N,, x) F B cos- (N y) + c cos (N,, 2) = one M cos (M, N) 


A 


avait été omis dans l'expression de P qui est donnée dans nos Jai sur l'Elec- 
tricité et le Magnétisme. | 

En vertu des égalités (12), il doit exister une fonction O(a, y, 2) telle que - 
l'on ait, en tout point du fluide, 


— av 
e (19) 
— — AA E 
C= ea 


-Si le fluide considéré est ie cas auquel D est dependant da, ÿ z, les- 
égalités (16) donnent, acne les égalités (19), - 


d (I+ DE) + -7 aaa + BaB + CA) = 0 0. 
ou bien, à cause de l'égalité 


AA + BaB- CaC = MMM, 
a(i + DE) + + aM = 0. 


La quantité M au ne pourrait être une différentielle totale, si ô dépendait 


21 
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- dea,y,2, autrement que par l'intermédiaire de la variable M. Il existe donc 
une fonction © (M) telle que l'on ait, en chaque point du fluide : 


0 (æ, y, 2) = © (M), 
en sorte que les égalités (19) peuvent s’écrire:_. 


A= om 
Br; = 2 E | (20) 


o 2-02. = 


Ainsi, lorsqu'un fluide, même doué de force coercitive, est en équilibre, la polari- 
sation y est distribuée comme elle le serait sur un. fluide parfaitement doux, de même 
forme, dont le coefficient de polarisation serait une fonction, convenablement choisie, de 
l'intensité de polarisation; le choix de cette fonction ®(M) ne dépend pas seulement 
de la nature du fluide étudié ; il peut dependre de la suite des modifications qui ont 
amené le fluide à l'état d'équilibre. 

C’est le résultat fondamental que nous avions- obtenu, dans nos Leçons sur 
RE et le Magnétisme, par une analyse moins générale et moins rigoureuse. 

. Tout ce qui précède suppose le système réduit à un fluide unique.. 

Imaginons maintenant qu’il soit formé de deux fluides en ‘contact, 1 et 2. 
Pour chacun de ces deux fluides, on aura à écrire des égalités analogues aux 
égalités (15), (16) et (17), en affectant les quantités qui y figurent de l’indicé 1 : 
pour le premier fluide et de l'indice 2 pour le second ; en outre, nous devrons: 
avoir, en tout point de la surface de contact S des deux fluides: 


mme e[t B + Ge 27) (a, ws oe A: 
— 2ne [(A; cos (M, &) + B cos (M, y) + Ci cos (M, 2))* 
— (A, cos (N,, x) + B, cos (N,, y) + Cs cos (M, e)Ÿ]. k 


L'établissement de cette condition ne présente aucune difficulté. `- 
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“Crariree V. 
Les Flwides parfaitement doux. 
Prenons un système fora de deux fluides, 1 et 2, dénués de force coercitive 


et compressibles. Si nous négligeons les actions capillaires, le Potentiel Thermo- 
dynamique Interne de ce syatéme pourra se mettre sous la forme 


et ee (D,) dv, + fa (D) dat + fr (M, D) do, in (M,, D,) dry. ©) 


Quant au travail virtuel dB, des forces extérieures, il sera done comme au 
chapitre en par l'expression 


=-/D.(& +9 pute dv, 


> Se + ay + OE T da) do, | = 


+S ? [cos (P, x) da + cos (P, y) dy + cos (P, z) d2] dS, 


+52 [cos (P, z) dx + cos (P, y) By + cos (P, z) dz] dS,. (2) 


Les conditions d'équilibre du système s’obtiendront en exprimant que légalité 
de, — SF = 0 oe ii (3) 


est vérifiée pour toutes les modifications virtuelles du système. 

Il nous est loisible de considérer d’abord les seules modifications dans les- 
quelles chaque élément matériel garde un volume invariable et entraîne avec lui 
- sa polarisation; l'égalité (3), appliquée à de semblables modifications, donne les 
égalités (15), (16), (17), et (21) du Chapitre précédent à titre de con néces- 
saires, mais non suffisantes, de l'équilibre. ; 

Ecrivons maintenant l'expression générale de dB, — dF. 
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Nous avons 
(4) 
D, = — D, & E3 re D 
ôM, = wi + + dB, + —- a L 80,, ma 
(5) 


p B x 
SO aaa 5B, + Ot HJ 


| Si donc nous 5 définissons les deux fonctions À (M, D), AM, D,) par les ee 





a OF, (My, D Dy) 
FOE, Dy = D, S 
al L OF, (M, 2, | è 
= RM, Di) Dye OD; | x 


nous aurons, en en | 
BF = b+ Lun m, D (ASA, + BiB; + 80) da 
| re + FT) 5 (AA, + BSB, $ 0) de, 
$ Kinn na +A (M D)— D Nu D] 
x (2 ae) eu 
+ fleur» BU E A M, D)— D Uh asan, 23) 


E .00y + D a dae (7) 
. Observons que Pon a identiquement 
A, (Bio! — C,0') + B (Cio — Ayo") + C, (Aa! — Byo) = 0, 
A, (B;0/ — Co) + B, (Ga — Aya!) + Os (Ayo — Bio) = 0: 


` et nous verrons sans peine que les égalités (35) du Chapître III, (2) et (7) du 
présent Chapître, permettent d'écrire légalité (3) sous la forme : 


(8) 
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ST Krallen + x pl 
+ + + 70m rp, Jac,tae, 
+ fle (D) — D, ea < Deh aD BO PY] 
N Ge 7 +e ae 
+e Í [E Ba — Co!) + „ar (Cia Ad) + Sa — Bu do 


ʻi : op AV AA , ƏV ƏB, , OV a, 
+S D = e Oy aT Fe Fale 








+ [aR FB FA] y 
+ [9% — (7 A A 4 sy 3B, ` A u 2a] de} de 


+S, {lex (A, cos (N N. + X cos (N, y) + C1 cos (N; de 
(a +B + oS] N, 
— P [cos (P, x) de + cos (P, y) by + cos (dé 2) as 
+ etc. 3 
+ S, Tore (A, cos a, x) + B, cos (M, y) + G cos am, Jr 
— 2re (A, cos 1 + B, cos (M, - + O, cos (N,, 2)) 


| OV GAA ' 
el + B, T ru az = Mi TE O, Sg JJM dS: (9) 


Dans cette égalité, on a posé, pour ‘abréger, a 


-© AA= 3A — (Bo — Col), 
| AB =5B — (Co —Asi, | 


| (10) 
AC = ôC — (Ao! — Bo). | 


L'égalité (9) est générale; supposons maintenant vérifiées les égalités (15), 
. (16), (17) et (21) du Chapître précédent, que nous savons être nécessaires pour 
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Téquilibre da: système ; il est aisé de voir que ces égalités expriment simplement 
que. Von a identiquement 


DIE (Bo! — Ci’) av ay (Go — Ajo") n +7 (Ayo! — - B)] doi 7 


DE GR + +7 + + $F SA) | be 





4 [ne f — (7 a 27 +3 oV r a)l% 
ins ar ah , 973 4 97 28), Pe 


= 8, [ne (As cos (N, 2) + B,co (M, y) + C, cos (M, DY 


l (ar 
—P [cos (P, a day F oon (P, a} 
+ etc. 
+ S, [æ (A, cos (N, x) + B, cos (M, y) + C cos (M, y 
= — am (As c00 (M, 2) + B co8(M, y) + 0,008 (M, 2 | 
a u nn 
a = fn, ($ Oba | a, de 


+ fn, (CE Oe 4 Oy 4 + ee ds. 


ihe done que les égalités di (18), an et & (21) du Giana poke sont . 
supposées vérifiées, l'égalité (9) peut s'écrire : 


SIT + roel + LR ait Ly 4B 


Pr | + E Je j AM, i 1 AG) de, 
sfin- n 


+A, D)—D AG +i ICE + ay ay a m 


fete, =0. ae (11) 
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Il ast évident que la dilatation cubique CE + aby + = a une valeur 


arbitraire en tout point des fluides 1 et 2. 6A,, ÔB:, 6C,, ayant des valeurs 
arbitraires, il en est de même, en vertu des égalités (10) de AA,, AB,, AC,. 
Done, pour que l'égalité (11) ait lieu, il faut et il suffit : 

1; que Pon ait, en tout pam du fluide 1, 


A1 = — ta A (M, D) l 
B, = — ai M, me, : = 7 (12) 
| 0 = — h M, D) nn 
et, en tout point du fluide 2, | | = hi 
| t= h n DST, | . | 
as : T Ta + 

B, = — h (M, May S ; (12 bis) 
O =o My, D ») Se 

2. Que Pon ait, Be l : | 

a (D,) —D, D + à Ob, D) — 0, BOP) 4 =o, - (19) 

et, en tout point du fluide 2, | | 


D) — DRD +5 (a, D) — D p, 2A D) +1 = 0. (13 bis) 


Si l’on observe que les conditions (12) et (12 bis) entraînent les égalités (15) . 
du Chapître précédent, on voit que les conditions nécessaires et suffisantes pour 
l'équilibre d'un système de fluides compressibles et dénués de force coercitive, sont | 
données par les égalités (12), (12 bis), (18), (13 bis) dy présent Chapitre, jointes 


- aux égalités (16), (17) æ (21) du Chapitre précédent. | 


Les égalités (12) et (12 bis) ont joué un rôle fondamental dans toutes nos 
études sur les corps magnétiques où diélectriques; quant aux égalités (13) et 


`- (13 bis), nous avons Mena leur importance dans nos fo sur r V Electricité et le 


aapa, 


CA 


On Ternary Substitution- Groups of 1 Finite Order which 
leave a range unchomged. i 


` By H. MARONE 


In his papers, “Sur les équations différentielles linéaires à intégrale algé- . 
brique,”* and “Sur la détermination des groupes d’ordre fini contenues dans, 
le groupe lin&aire,”} C. Jordan has enumerated all those ternary linear substitu- 
tion-groups whose order is a finite number. Three of these groups, being of - 
special interest; viz. one group of order 60, isomorphic with the icosahédron- — 
group,f one of order 216, the so-called Hessian-group,§ and one of order 168, I 


have been thoroughly investigated. But nothing has been done as yet with 
. regard to those apparently Amp ternary groups whose substitutions are given 


by formule of this kind: 
AG; oh = be, dm, 
u a, b, c are roots of unity and #, %, Z in some order equal to 1, 2, 3. 

It seems to be appropriate to name substitutions of this type ‘“‘monomial” 
esbearations and groups containing onlý monomial substitutions , iE monomial 
groupa.” i 
In the following a first kop tovardi a Bas treatment of as ternary 
monomial groups will be made, viz. the investigation of those groups “Q” 
whose substitutions are generated by the following two monomial substitutions : 


SMS) AG a ea 
i S: A= hy, i (1), T: g = a, E , (2) 
B= h, 


` Zg = A) 


* Borchhardt’s Journal, Bd. 84. 
À Atti della Reale Accademia di Napoli, 1880. 
..1F. Klein, Math. Ann., Bd. 12, p. 528; Icosaëder, p. 218 ff. | 
4 A. Witting, Dissertation, Göttingen, 1887, p. 28 ff.; H. Maschke, Math. Ann., "Ba. 88, p 824. 
~ IF. Klein, Math. Aun.,-Bd. 14, p. 144; Bd. 16, p. 265. Klein- -Fricke, Medaltandonen:d; P. 608 ff. 
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where a, &, as are roots of unity. T may also be written in this form : 


A, I, hy and mu, ms, m, being integers. f 

The determinant of substitution § is 1. We impose the same condition 
also on substitution T, viz. Had = 1, or. 
h, h k_, "es 
| M a m, + FaN D . f (4) 
where n is any integer. 


$1. The Invariant Forms of G. 


We may assume % to be prime to my, k, to m,, hy to Ms. Let R be the | 
greatest common ‘divisor of m, and m,, 80 that 


m—=Pk, m=pR, | a (5) 
then p, and p, will be prime to each other and 
Ppk =P | (6) 


the least common multiple of m, and m,.. But equation (4) shows that P is 
divisible also by ms, therefore P ts the period of T. 

It follows from 8 that in every invariant form of G—i. e. a homogeneous 
integral function of 4, Zs, % which remains absolutely unchanged when the three 
variables are operated upon by the substitutions of G—only terms of these three 
types are admissible : 7 

Typel :a+g+m, | 
Type II : 424 +33 +22, 
Type LIL: idg + ade ta, 


. 


We see at once that 2 225 is invariant, or, spoken geometrically, that the triangle 

of reference remains unchanged. Hence every form of type III is reducible to 

a product of some power of z%z, into a form of type I or type II, and if in 
22 oz a 
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type II we admit the value zero for ‘a or 8, we see that forms of fe I may 
also be discarded. So we have the following theorem : : 
` Every invariant form of G is ah integral function of 22% and. of forms 
eb + teh + eed (a and 8 being positive. integers or zero). | 
We now have to find the conditions that 2 +35+ A remains ‘invariant 
with regard to 7. 
If we apply T to #4 +428 + 44 and put this expression equal to the 
transformed expression, we see that the following three equations must be 
satisfied : 


T + T = A, 
aka Bks 2 
Mg my, 2 


(A, Aa, Aq integers). . 
Substituting, now, the value of a taken from (4) into (7), w we obtain 


ak, Pia _ sé. E 
+ ve is | E (8) 
8 Ge tm) =e 


(A and u integers). - 
Adding together these two equations (8) and combining the result with (4), 

. we obtain the third equation (7), which-therefore may be omitted. i 

`- Let now c be the greatest common divisor of k, and A,, so that 


n l sem, y= om, = 8) 


then 4 and u must be divisible by c because k is prime to m and ky to my. 
- Changing the signification of à and u, we have these two equations 


m + baa ESS 
mt D= u 


(à and u integers). 
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The values of a and 8 are now given by (11), (16) and (19), (20) or (25), (23), 


viz. - a = py pyr (At + n), | | 
| … à | ue : (26) 
or a = py pyr (AE + nw), | | 
: ; B = pipyr (ut + n). } | (27) 


Since p prt = pp, = P—see equations (15) and (6)—we may also write 


a= n.pıpr (mod 2) A (28) 

B=nv.p,p,r (mod P), : 
or | -a=nw.p,pyr (mod on (29) 
B= n.pypr (mod P), | | 


where n stands for any positive integer < t, or zero. 
_ We have thus obtained the following final result: 

All invariant forms of G are integral functions of 422 and of forms ge +128 
+ 228, where a and B are to be found by the following process: Find the greatest 
common divisor R of m, and m,, and put m,=p,R, m= p,R, pıpR=P. Divide 
the two numbers Ic, ky by their greatest common divisor and call the. quotients x, 
and x. Denote px, =p and px =q. Let t be the greatest common divisor of R 
RUE aaa Tm 20 +g; put R=rt. Solve the.congruences 


. oq = — p (mod t) and wp= — g (mod), 
_ then a and B are given by formula eae or (29). 


82. M oo w and t. 


In the following we shall always suppose ¿>> I. The case t=1 will be 
treated separately under the head ‘special cases” in §4. 

Let us-multiply the congruence (21) by (24). We may then divide by pq, 
which i is prime to é, and obtain ` | 


=1 (mod 2). (30) 
Multiplying now (21) and (24) by p and q respectively and. adding together, z 


obtain 
| TORE ae à. 


. quadratic congruence 
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or, since Ma g = pq (mod t), see (15), 


| ` v+wz 1 (mod 2). 
But v 7 w are both supposed to be < ż, hence we have 
| v+v=t+l. | | (31) 
Finally we deduce from (21) the two congruences | 
= v¢g=p* (mod å), 
— vg? =pq (mod À, 
and joining the identity gŒ g’ (mod), we obtain by addition 
à ¢(P@—o+ =p + p9 + (modi), | 
or —v+1=0 (modi). (32) 
In a similar manner we find ` D T o 
| - a 10 (modi... 88) 


Thus we have the following resni The two quantities v and w are roots of ‘the 


| otw=tti and vw =1 (mod ét). 


The congruence (34) is not solvable for every integral value oft. But it is 
always solvable for those values of ¢ which occur‘in the present problem. It is — 


> shown in the Theory of Numbers* that the quadratic form p* + pg +q° (p and q 


prime to each other) represents all those and only those numbers N which are 


given by py.pp.py.... or 3p). py- p3 .... Where Pi, Ps, Ps»... are prime 
numbers of the form 3h+1. The number ż, being a divisor of p + pg + q is 


. therefore also of the form N.. The smallest possible values of t are these: 1, 3, — 
- 7,18, 19, 21, 31, 37, 39, 48, 49, 57, 61, 67, 73, 79, 91, 93, 97, etc. 


Let v be some root of the congruence (34), then w = t + 1 — v is also a root 


. of the same congruence, and the relation vw = 1 (mod £) is satisfied too. If ¢ is 
. of the form pt or 3p}, then the congruence (34) has only two roots, and these 
‘roots are to be taken as v and w. The lowest value of ¢ for which (34) has more 


* Dirichlet-Dedekind, Zahlentheorie, 1871, p. 165. 


d —o +10 (mod t); Le (34) oo 


they are omoi by the relations 
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than two roots is 2='91. In.this case we have the four roots 10, 17, 75, 82, 
and here either 10.and 82 or 17 and 75 may be taken as a system v, w. 
Let us examine the case v»=w. In this case we have from (31) 
- _ v=w=#(t+1), 

and from (32), a x Dore . 

| (é+ 1?—2(¢+1) + 4=0 (mod 2), 
or | | “= P+3=0 (mod 4), 
hence t= 8, v=w= 2. | 
The ‘two numbers v and w are therefore always distinct except in the case 
i= 3. E i 

$3. Connection between the Invariant Forms. 


For further investigation of the invariant forms let us put > 
| ppr=>, - (86) 


ty, (86) 
and let us denote for shortness 


ARERR HRR = (Au), 
YERA E YEY +H RU = (yiyi). 


All invariant forms of G are then given as integral functions of Rates and expres- 


sions of the form | | 
rer), (37) 


Furthermore, we shall use the following notations: 
a : : i (38) 
yty ty=E 


Tf in (87) n runs from 1 to ¢— 1, then nv will constitute a complete system 
of residues (mod. #). Let us denote | 


nv», (mod t), Pa 6 (39) 


where v,< t. Then v, will assume all the values from 1 to ¢— 1 in some.order 
when n runs from 1 to¢— 1. Thus we obtain ¢—1 forms, 


GET), ‘(a =1, 2, Sateen) 
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which are contained in ( 37). We = denote these special forms by 
=): | an (40) 

or simply by + when no reference to the value of n is needed. 7 

The same m of forms (40) is also, according to (27), given by 

Vo = (YY), : (a = 1, 2, Brees .t—1), 
where again w, < t is defined by the congruence _ 

0 nu=w, (mod ft). oa ga (41) 
We now propose to show that all the invariant pe given by (37) are expressible 
in terms of A, Hand y,. . 

We know that v will be distinct from w nie t—3, To fix the ideas, let 
‘us in the following always assume v >w. If in a given case w, defined by (24), 


should be greater than v, we have only to interchange v and w or a and 8. We 
prove now the following lemmas : 


1). Ag + Hy + yiyi = (viy) is expressible in terms of A, Hand À. 


From > P&v —1 (modi) 
it follows that | : v, =0— l1, 
and likewise o w, =w— 1. | 
"Hence = (GT) and Y= CP). | (42) 


Multiplying now 4..4\,,_, we find 
dy — 1= (gite rei) + 4 (yz-*y s=) + Aen} ra. 
But v + w — 1 = 6, see (31), hence 


(gigi) = de i “ss Amb, y ra AT our d 4 l (43) 
This deduction fails for ¿= 3. In this case we find directly ard 
(gs) = dr — 34 — AE. 002 (44) 


2). (git"yP) is expressible in terms of (ytyst™), A, E and 4. 
- This follows immediately by performing the multiplication 
(igs Yi t + ys) = At gr) + (Aya) + Gr Ys) 
whence . (yi yp) = — (yt) + Bab, Alan, (46) 
| if n< ta. If, however, n> tp the last term in (45) is to be replaced by 
A ne ` +: ee : 
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3). ating) is be tn terms of wo gr), A, E and À. 
. We find 
(yy Vaiss = (ytt) J EATA) E A YE yi) 
| = (tt) + Ait gi") + AP wa ae me 
or (AT) = Bal, — An (yt sory) + AM (yiye), (46) 
If v, >n, then the factor of A™ in (46) is a function »,, and the factor of 4°, 
being of the type (y), is reducible to (y775*°") and A, E, ¥,, according to 
(46). If however, n > Ys, then the factor of. Ari is a function 4, and the oo 
of A™ a function (yty{t™). 
4). Gas?) à is expressible in terms ofA, ‘Handy. 
From oe eh 
(YTY Yy) = (ir) r A ru) FAN MEN. «3 
we obtain (Hy) = heth — aR = u 
and from (45), putting n= 1; 
(vi ys) = — (agit) + Eh — Apei. 
Combining the last two equations, we have | 


tee: (D. 


This deduction fails again fort=3._ In this case we find 


(7198) = (4+ E) — u. o (48) 


5). (yty,t) is expressible in terms of A, E and we | | 
This theorem has already been proved for n= 1 (see lemma 4). In order 
to prove it for functions (yf tft") (n = 1,2, 3,....¢— 2), we have to dis- 
tinguish two, cases, viz. v + v, = t + Du a V + Va = Pat: In the first case 
| let us form the product : 


(gp) ae = yt yg =H) 4 AY, 


ue (re) = db — A$, | à Bey (49) 
in the latter, (HE) + AU, | 
whence - Gite) = Gua) ha — AP, 


, applying (47), 
or apply | (ypy t = Bld alee 49", (50). 
28 = 


Triangle unchanged. 


he functions (yetryat 
..t— 1, are expressed i 
‘, since B itself is given. 


ction. If A=u, then tl 
ble in terms of - 


= E, 
y= bB, 
y= A’ 


product of differences, 
= (GAY) — (1%): 
tions | 


t+ vw —1 


ey). 
0-8) AV- (yp + Iyi tv- 
os) — Avo (yite -ygi 


le in terms of the symn 


Aty+y=E, (y) 
of G is an integral, 
). ‘ 
E,%, may be called th 
greater than the “ comple 
em. The results of the v 
, can be expressed as int 
n. 








the minimum number of invari: 
action of the forms of the systen 
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- 84. Special “Cases. | 
I t=1. 


The case ¿= 1 covers a great many sole groups G; for instance, all those - 

| where R, the greatest common divisor of m, and m,, is either. 1, or where it 

consists of prime factors of the form 34 + 2, i. e. 2, 5, 11, ete. 
For ¿= 1 the formula (26). are reduced to 


a—=2à and B= ud, 


` where à and u are two integers. All invariant ‘forms are ‘therefore given by 
aa and (2°z4°); they are expressible as integral functions of 


nam = VA, 
AY +y% =H, 
$à | ht tue B, 
and 2 (1 — ¥s)(y2— YAY — Yi) = 
These four forms constitute therefore the complete system of invariante CL the group. | 
-There exists one relation between them, viz. | 
| A’ = 18ABE — 44E! — 4B + BPE 974, . 


I. ¿= 3. 
In this case the reduced system consists of 
| Ce VAE, = (y), W= Vin), 
whieh i is ais the complete system. The relation between its four forms i is this : 
Vit Hh dr (64 + E) + AS +348 +B) =0. 
UL ¢=7. 


The roots of the congruence — 
E u —-o+1=0 (mod 7) 
are v = 5, w= 3. The redugad system consists of 
JA, E and 6 functions Pa = (yy) (n= l, 2, aesa 6). 
T values of n and vp are given in the following table : | 


n =1!12/3141616 
0, =|5|3l1 HE 
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The complete ar: consists of WA, E, atid di, Ve, Ys- We find 


a e the J — 24%}, 
à u bs = db, — Ad, — 34°, 
ne = — 24%. 


There must exist two relations besoen the five forms of the complete system. 

These are ` ; | 
| | — its + AE — A), = 0, D à “T 
DEN Es — bAa + BAM, + ur | 


As an example may serve the group" generated by 


Wy = fy m= YA; 
Say ‘and Fey; 
Bri 
B= Z, . 9=Ya, where y =eT 


We have here m, = m, = 7; hence E= 7, p =p = 1, k= 1, k = 4 and also 
n=1, m= 4; p=4p=1, Q= MP = 4, p+ pq +g = 21, therefore i= 7, 
r=1,3=pPpr=1. The congruence 40= — 1 (mod 7) gives v= 6. . The 
complete system is therefore given by | 


À =.%1%%5 Re 
bs = tite F Aze + a 
aad + ad + ad, > 


W=ad+ qh + nd, | 
E=4 +4 +4.) 


-IV. a — ee 
The roots of the congruence 
a? —a +10 (mod 13) 
are v= 10, w= 4. The reduced system consists òf | ` 
6 — FE a PETE TE . R “ioi 
VA, E, and 12 functions ¥,=(ytys) © (n=1, 2,. res 12). . 

*This group (of order 21) and its invariant forms play an important part in many investiga- 
tions. The group occurs as a subgroup of the Gis. mentioned in the introduction, and also as a 
subgroup of a quaternary Gi (see my paper on this group read at the International Mathematical Con- 
gress, Chicago, 1898), which latter is contained again 88 a „subgroup i in a quaternary group of order a 
(F. Klein, Ueber Gleichungen 6. und 7. Grades, Math. An Bd. 28, p. 517). Klein’s investigations Pe r 
transformation of the 7th order (Math. Ann., Bd. 18, p. 428) are based on the curve Y, = ziz, + ziz, 
+ 232, =0 (see also Haskell, American Journal, Vol. XIII, p. 1). The five invarianta (58) and the two 


syzygies (57) ocour also in a paper by Brioschi, ‘ Usher die Jacobischen Ses. vom $ten 
Grad’’ (Math. Ann., Bd. 15, p. 241). 3 
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| The corresponding values of n and v, are thèse : 


R 


The complete system consists of WA, E, di, da; du ye We find 
hs = is Ay + Ah, | 


n = 12 











ab, = J — 2A, | f 
Jr = dada — As — 3A‘, 
he = Vi — 24%, 


% = M— 3AM, + 34, u 
do = Vs — As — Ai — 2A), y 
Vu = — pahi — A (tay + 43) ga 24, 
Ya = — 3A +34. 
The three elation between the six forms of the complete system are . 
= dis — AY + 5AM, — u — 94°, 
Vi = id — Ai + AN, 
Yu dats = AE As. 


. Vi t= 19. 
| The solutions of the congruence - | 
a—o+1=0 (mod 19) 

are v = 12, w= 8. The reduced system consists of 


WA, E and 18 functions a= ia) (ù =1, 2,.... 18). 


18 











a 








taie tat 


The complete system consists of N A, E, 4, dy, bs) Ve. 








‘Corresponding values of n and +, are 
k 2 13114 15116117 
18/11] 4 [16 9 | 2 [14 


We find : 
ds = db — Aube + Ather 
Yu = di — 24%, 


be = V3 — 8AM, + 3.4’, 
Va = ss — A, — 34°, 
Vo = Wa AN Ah — AM, 
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bo = babs — Alt AN, ’ 
by = Ves — Ah (245 + ds) + Atta, - — en + 44%, 
das = Ve — Ada — Aral — 24%, . 

Via = ds — Ai + AM, | | 
“thy = Yi — 24° pill + Ati — 64%} + 44%, + 9.4%, 

“dis = Pabst, — — AM} + 34% bab, — 34%, — 6.48, | 
hu En + 24%}, + 6.4°, : | 
Aa ds — Abbah — Ab + A (bide — Vids) — 24%), + 2444 + 24%), 
dis = Vt — A Clie + Vids) + A (203 — dus) + A. - 


The three relations between the six forms of the complete system are 

di = = = Ey, — be + 4 Anal? u 34% Bu 344 = 94%, 
| = das AU + 5AM, — 34%, — 9.47, | 

Vo = dde — Ai + Aa. 

85. Order and Subgroups of G. 
Let us consider the three substitutions 
T, STS- = U, and STS = F, 

where S and Tare the two generating substitutions of G given in (1) and (2): 


À = aM z = fn 21 = di . 
d= om} = 7 f= al = 0 Fun | =7, 


Z3 = ags 4 = Ayes . 4 Ags 

and let us find all those substitutions R which are generated by T, U and V. 
- It is obvious that they are all interchangeable. On account of ayasa, = 1 we have 
V= (TU), therefore we may confine ourselves to Zand U. The general form 
of all possible substitutions R generated by Tand U is TU", and since P is 
the period of 7 and of U, the substitutions R are given by this table: 


1 ,? i qè- i, 
U ,TU , TU og, z 
m ‚Tr , TU PAUE. (59) 


U- TU bd Pe aL. pe TIER 


i Now it may happen that some power: of T will be equal to some power of U.- 
The condition for 7*= U“ is: 


a} =a}, a3 = af, a = af | (60) 
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or, see (3), | | Mey pl 


m o m M 
Aka ul 
m m Ay 
ds uly _ 

= My ` m As; 


where à, 4, A, are three integers. But these three equations coincide exactly 
with the equations (7) which have already been solved in §1. The solutions of 
` our a (60) are, therefore, see (26): A=a, u = — n or in full length : 
A= pips (lt +n), 
u5 — PıPar (mt + nv). 
The smallest power à satisfying the equation T*= U* is therefore ` 
a= ppr =ð, | = 
and the corresponding power u = à (t — v); but v + w— 1 = ¢, hence t—v 


=w= l1. .We have, therefore, 
| 7? — Gee D, 


and likewise : Ted, 


The consequence is that only the substitutions of the first s_ı 1 rows of table : 
(59) will be all distinct from each other, while the remaining substitutions will be . 
equal to some substitutions of the first $ — 1 rows. We have’ then altogether `. 
>. P distinct substitutions R. But every substitution of @ can be thrown into 
the form À, RS or RS, because SRS? is again one of the substitutions R, say À’, 
so that SR= HS. G contains, therefore, 33. P substitutions. Thus we have the - 
repunte The order of G is SSP = 39t = 3p pirt. © 
If ¢= 1, we have 3 = P, and the order of G = 3P#; in this case the P? substi- — 
tutions of table (59) are all distinct. If $= 1, we have t = P and the order of | 
G& = 3P so that the distinct substitutions R will be given by the ars row. of 
table (59). 
In every case the substitutions Æ form a. self- -conjugate pre H within G 
of order SP = 39%. But there exists another self-conjugate subgroup H' of order t. 
This i is formed by the ¢ pomer of T?,-for thiére is 000077 
! NS U? = Te, 
and ooo RTR =D. 
Evidently H’ is contained in H. If 3=1, H! coincides with H, and ift=1, 
H' is reduced to unity. 
UNIVERSITY OF CHICAGO, December 24, 1894. 


| On Irrational Covariants of certain Binary Forms. 


_ By E. Srunr. 


In the following pages we intend to study the most important irrational 
covariants of binary cubics and quartics and of some other special binary forms. 

The subject was entered upon by the great originator of the theory of inva- 
riants, Cayley, and it has been brought to perfection in some respects, through the 
application of refined methods, by Clebsch and others. There are, however, 
quite a number of details which make further investigations desirable, especially 
when we consider the intimate connection of the subject with some parts of the 
modern theory of functions. | For reasons of this kind it was almost inevitable 
to the author to work the whole subject over again. Presenting, in a carefully 
chosen systém of notation, the result of this rather laborious task to the mathe- 
matical world, I hope that it will be useful to those who have to deal with the 
numerous applications of the binary quantics of the lowest orders. 

Instead of summarizing our new results in detail, we prefer to signalize 
the points in which our way of looking at the matter differs from the usual one. 

As to algebraical equations, Cayley’s principal point of view seems to 
have been-to derive solutions of the equations of the lowest degrees from the 
theory of invariants. He wrote an equation f= 0, say of the third degree, 
homogeneously, and based the solution upon the identical relation among the 
covariants of the cubic form J. Thus the introduction of irrational covariants, 
representing the linear factors of f, was to him chiefly an intermediate step in 
. thé investigation of the solution of a =0, that is to say; of the vanishing points of 
the quantic f. 

While sharing the general views as to the beauty and importance of Cayley’s 
discovery, we venture to profess a different opinion concerning the source of 
this importance. The idea of solving the equation f= 0 by means of the theory 

y ; | 
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of invariants is, as we are inclined to think, open to some criticism,* even if we 
do not mind the fact that this solution had been known long before anybody . 
thought of invariants. On the other hand, the linear factors of f ‘are roots of a 
certain equation F=0, containing the variables of f as parameters in their 
coefficients. . This equation is, of course, not furnished by the ordinary, treatment 
of the equation f= 0; and even in the theory of invariants it has not yet 
received much attention. It seems to us, however, to. be the main feature of 
the theory; we shall therefore NE to point out distinctly its very special 
properties. a 

We have here a problem in -which the théory of equetions and the theory of 
invariants are superposed, or rather we have two different problems : 

1st. To decide whether or not algebraic equations F= 0 exist, the coeffi- | 
cients of which belong to the system of rational invariants and covariants of a 
given system of quantics f, ,,-..., and the roots of which represent divisors 
of a form f occurring in this system; and, if possible, to determine these equa- 
_. tions, especially the “simplest” ones (according to properly chosen definitions 
of ‘simplicity ”). ; 

2d. To solve these equations. a | 

The reader will notice:that the first question does not always admit of an 
affirmative answer, and that also several equally simple solutions may exist, 
differing by factors of proportionality, and not reducible to one. another by 
rational substitutions. + .In the actual treatment of special cases it will. not be - 
- necessary to keep separated the two steps, or to urge the definition of the 





* Namely, the covariants do not seem to act any necessary part in the solution of a given equation | 
actually Cayley’s form of the solution does not present itself readily in Galois’ theory. 

To show the difference of the standpoints in a simple example, we may compare Cayley’s solution 
of a quadratio equation, which inyolves a variable parameter p (or rather a pair of homogeneous 
parameters pı Pa) with the ordinary solution, which is free from this complication: The parameter 
is accounted for by the fàct, that in the system of covariants of a binary quadratic form f no equation 
F= 0 exists, the roots of which would be linear factors of f; whereas such an equation can be formed 
in the simultaneous system of the quadratic form f and a linear form p. The parameter would be 
utterly superfluous if merely the solution of the equation f= 0 were in ‘question. 

t An interesting example is furnished by the combinant of the eighth order in the theory of a 
binary quartic. We are to decompose this form in no less than four different manners into-a pair of. 
biquadratic factors, each representing four equianharmonic points. The irrational coyariants defining 
these factors have very different properties. The geometrical interpretation of a quantio by the mere 
group of its vanishing points fails entirely to give an account of such occurrences. 


` 


x 
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la ” solution of the first question; this definition is. farnished opel 
by the investigation itself. 

The said equations F= 0 contain variable parameters in their coefficients. 
Now, in all cases dealt with in this paper they enjoy a remarkable Property 
they have resolvents containing a smaller number of parameters. . 

Since very little is known as to equations with ‘parameters in general, we 
“may claim some interest for our developments, however special ey may 
appear, from the mere standpoint of the theory. of equations. - l 

_ Our notation is the so-called symbolical.one, which is by far the host con- 
` venient notation at least for special researches of this character. The reader is sup- 
posed to be familiar with the methods applied in the standard work of Clebsch, 
“Theorie der binären Formen” (Leipzig, 1872), especially with the properties 
of the rätional covariants of binary cubics and quartics contained in Chapter IV. 
‘Instead of Clebsch, also: Gordan’s “ Vorlesungen über Invariantentheorie ” 
(herausgegeben von Kerschensteiner, II, Leipzig, 1887) may be consulted. 

It must. be mentioned that we differ slightly from both authors in the nota- 
tion of binary variables. We denote a binary quantic by (ax)* = (at, — 2)”, 
instead of writing a? = (am, + ax). Thus we avoid the introduction of the 
so-called principle of contragredience, which has no genuine right of. existenċe 
in the binary domain. 


: LTRE Cusio. 


In the theory ofa binary cubic we introduce, for certain reasons which will 
appear later on, a system of notation slightly different from that used by Clebsch. 
Thus denoting the forms 
f , A, Q, R 
óf Clebsch hr mt 
u P, 26, q 2r, 


we have the following for whieh constitute what is called the complete 
system of p: 


` 


ae ER S ibe 
ee > & 
(qe) = 2 (pò pa} (Ba = — TA TES 

= 2 (80) = 4 (29) - 


Ut ll 


-P 
ô 
q 
r= 
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These forms. are connected by the syzygy 7 

| rp +48 += o, | -O 
viz. 48 = gA rpg NE : (3) . 


Consequently we are able to drones — À into its linear factors (ox) and (vx), .. 
defining these forms by means of the equations 


ae ivre, (any Een ate. aed a 
| (o)le) = — ò = — (da). | 
These forms are irrational covariants of f; they are roots of the sextic equation 
Eni | pq —P=0.. | (5) 

Now, from the equations | 

(0x)? + (ra) =q, ns 

(oz) — (rz) = VE (ex)(7%) = — (de) 

| we wena (or) =rV— 7, (or)? =—r, that is to say, 

E (Wen. | E (6). 


` The linear forms (ox), (zx) thus defined evidently give rise to an unlimited 
number of irrational covariants.of the cubic p contained in the form A (ox) 
+ u (tx). Among these forms we find certain linear forms proportional to 
linear factors of p, and others proportional to those of g, or, as we may say 
briefly, we find among our irrational covariants the linear factors of p and g. 
Let V—3 — 3 be an arbitrary but definite value of the square ‘root of — 3, 


and denote by &, &, & the cubic roots of unity, derived from 1, = =, + 2 
DER N ee ; a nos . . 
d ru De or by any cyclical permutation, finally by &,&, es their conju- 


gate values 1, de, arranged in the corresponding order. Then the equations * 
(7) (22) = &.(oz) — a. (72), 


(or). (xx) = & (ox) — e. (T2), | (NM. 
(or). (vz) = E. (0x) — e (T2), . 
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will define certain irrational covariants of the degree — 1, fulfilling the condi- 


= o= (Aa) + (ux) + Ga) Br) 
38 =r {(uz)(v2) + (v2)(A2) + (Ax)(ux)} 
= — Ge) + =: CE se 
pr. Qa)(ua)(oa) =. (a) 00) 
VS gr ru) sur (11) 
T Fee), | (12) 
Hencé the forms (ax), (ux), (vx) are the roots of the cubic equation | 
| ET 3.2: —p= 0.* (13) 
Their immediate expressions by means of radioals are given by the imal | 
any REN ey rar BEZ, er 





NH) ms 


In the same way the decomposition of the cubic covariant q is connected 
with three irrational covariants (4/x), (Wæ), (v'x) of the degree FI i; 
We may first introduce the notation 


(0) = cog (a= te) (ab) 
These forme are roots of the sextic equation 
o y= rp. y #0. : 2 (5b) 
Further, we define three linear forms (4x), (wx), (vx) by means of the formulæ 
(oT). (A'x) = & (o’x) — s (rx), etc. (7b) - 


- * This equation js evidently the simplest one among all those by which linear forms, proportional to 
„the linear factors of p, can be defined. It has the lowest order possible, namely, three, and the degrees 
of the coefficients do not surpass four. By these properties it is defined, if we do not mind substitutions 
of the form w= p", where p is a rational number. But it is even the simplest equation with respect to 
the numerical coefficients. 
The linear factors of p used by Cayley and Olebsch are. roots of an equation of the sizth degree. 
Similar remarks hold in other cases. : 
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or = (X2) = & (oz) + s (T2), ete, (Te) 
- or finally, < —V—3. (Nx) = (or).{(ux) — (vx)}, ‘ (7d) 


etc., with cyclical er ofA,u,v 
Then we have 


O= (la) +a) +(e), | o 





H= Gi + (#2) (Aa) + (Ale) (War) | 
44 Wa) + (ue) + (ref =. (9b) 
q = Aar)(wx)(vx) = 45 (AR), : : (10b) 
BV 3.p = (ua) — (vajhi WR) — (Win) Aa) — (ula). (11b) 
= = = BV Tr = (uy!) = AS suis .. (12b) 


Hence the forms (A'x), (ula), (vx) are the roots of the ibe equation 
oo Z — a+ 36. A (18b) 


Te Their expressions in terms of radicals are given by the formulæ 


= ey a+pY—r RR: 
2 Aug = ` (14b) - 
N) i. V(H)= 
These formulæ put the reciprocity between thé forms p and q into evidence: 
Our formule are interchanged amöng each other when we replace ` 


p, 8, Qs T, (ox), (ox), (Ax), (A), eto, 
| F i 2,4, — (2) (02), (a), — (a), to 





*V =T has to be replaced by — 7= .—. Itisthislaw of reoiprooity by wur the previously: men- 


tioned change of notation is suggested. We should not have obtained 80 simple ere coefflcients 
in our formule if we had operated with the forms 4 and E of Clebsoh instead of ourdendr. Itis 
"worth noticing that the very same change of notation presents itself still from a quite different point 
of view. We have avoided the common divisor 2 which appears in the ernten of A ang R in terms 
of coefficients of the Sune: (See Clebsch, Bin&re Formen, p. 114.) 
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We recognize in this law of reciprocity the expression of a linear trans- . 
formation of the binary domain, transforming the vanishing points of p into 
those of g and vice versa. 

The equations (5), (5b), (13), (13b) contain a variable parameter (x1: x) in 
their coefficients. But they are very special equations of this character. The 
` root is in all cases an integral function of the parameter x,:æ; in other terms, 
the Riemann surfaces belonging to the algebraic functions defined by these 
equations break up into separated leaves. Secondly, these equations have a 
_ quadratic resolvent (4? + r= 0) which is. entirely: free from the parameter 
(x: %). 

The irrational covariants defined iy (5) and (5b) represent in either case 
the linear factors of 5; but whereas by the solution of (5) à itself is decomposed 
into two linear factors, the other equation (5b) decomposes the product r.ô. 

In the same way by the solution of (13) not p itself is decomposed into- 
three linear factors, but the product 7p. - The decomposition of p itself into a 
product of three irrational linear covariants would evidently depend upon the 
solution of an equation of the ninth degree, since the new radical 7r has to be 
introduced. But if the cubic is considered as the cubic covariant of another cubic, ` 
which is supposed to be rationally known, then it can be decomposed by the 
solution of a cubic equation, as is shown by the formula (13b). If we should 
extend our considerations to the theory of a binary guintic, we should reach, in 
the case of the so-called canonizant, another simplification. The vanishing points 
of this cubic can be represented by irrational covariants of the quintic, which 
depend upon the roots of a.cubic equation whose coefficients are mere invariants 
(viz. free from the parameter (æ : 2;)). 

Our formule contain, of course, also the decomposition of the sextic 
&,rp + e.g, wherein s*: denotes an arbitrary ratio, into its linear factors. 

We have 


erp + bg E= (tg +e — rpt. g— s N —r.p) — (15) 
Hence, denoting the two factors of this expression by p, and p,, we have 
= qts. MZT Pie 
= (f — s’).r.4, | 


= (¢— #).r/ —r.(e. gHiv—r ei 
= a), 


(16) 
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The last equation enables us to define - ; 
. V= n= (ê — 8). ry =r, . (16b) . 


whence | (018) = & M ($ — ee +2). ~ —r.(ox), 


| (x) = & (8 — Ae — à) Nr. r. (x), (a) 
(om). (m2) = (F ren). A u 


From these equations we derive the expressions of (4x), etc. . Replacing (Ar). 


by (Az) = (P — #).r.(Ax), and denoting the two cube roots i in (17) by Rand, 
we find 


Cia) Wr. (EBan) aR EB) teRtaBod} 09 


etc. ; in) and (v,x) are obtained by means of a cyclical eee of &, E, Es, 
whereas (A,x) is obtained by interchange of e, and z,. | 
The quantities (Aix), (Asx), etc., are the roots of the sextic A 


{P+ 3(P—#)3.5—(P—A).t.g}h+(C—e).Arpi=o0. (1) 


It is a remarkable property of this equation that when the roots of (13) are 
known, its solution is effected by extraction of radicals depending merely upon ` 
the parameters 8, t. Solving it directly by means of Cardano’s formula, we find 


ENE net Er 
Vezet JET 


This is easily seen to be in accordance with (17) and (18), the roots having the 
values — R, R, (ox), (tæ) respectively. 
‘* Another remarkable ‘property is shown by the formule is namely, the . _ 
sum of the coefficients. of (Ax), (ux), (vx), in (18) is zero; and the different roots : 
of (19) are obtained when we exchange these coefficients in all manners possible. 
We do not insist upon the evident geometrical interpretation of this fact; but 
we find worth noticing the special form our result assumes when we write the 
parametors occurring in (15) in a peculiar manner. 
Denote a set of three quantities, the sum of which is zero, by 4, &, &, aia 
write, as is done i in Weierstrass’s theory of elliptic functions, i 


aatan +a =—tat+a+a)=—tg, 
565 = $ Je, 


(a — ales — a)l — a) = IN Haw 6. | 


' (20) 
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‘ Supposing now 











pee aRt, 
that is to say, i 
Gat) = NL ja (a) + a (ut) Ha (02)}, etes (18b) 

we have | | | 

P— P= 9, t= ng gr — 3v3. 2, 

Di f Js . 93 

and the equation (19) is transformed into 

{a + 89.02 4.4 G.g}*— Wr. pP = 0. (19b) 


By its solution the sextic | 

16G.¢ — 279}. rp= 
=—g.rp— 644.8 = i (16b) 
= gf + 108.8 E 


is decomposed into its linear factors. The square root »/G can of course be 
avoided by introducing “G.z instead of x. 


IL.—THE QUARTIO AND THE OCTAHEDRON. 


We shall now make an investigation of certain irrational covariants of a 
binary quartic f and its sextic covariant ¢, the so-called.octahedron, which we 
may consider also, as is well known, as an independent sextic F, satisfying the 
condition (F, F),=0.* 

Before -doing 80, we put cts the forms of the complete system of F, 
and certain relations among these quantics, to be used in our calculations. All 
these relations can be found among, or easily be derived from, the formule 
developed in the above-mentioned treatise of Clebsch ($40-51, $111), to which we 
refer for the proofs. As far as the theory of the sextic ¢ is concerned, the reader 
may consult also Klein’s “ Icosahedron” (Leipzig, 1884, I, §5, 10, 12) and the 
literature quoted there. 


* Gordan-Kerschensterner, Binäre Formen, #19. Here and further on we use Gordan’s abbreviation 
(%, x). for the bilinear covariant (ab)(ar)r —« (bo)m—x of two binary forms ÿ — (ax) and x (bæ)m. 
25 i 
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me Rational Covariants. 


‘Dealing with the rational covariants of a binary quartic A we shall use a 
system of notation which has already been employed by Brioschi and H. Weber, 
and which is, for more than one reason, more convenient than the usual system 
_ of notation as employed by: Clebsch and most.of his followers. Thus denonng 


the forms 
fa H, T, t, j 


of Clebsch respectively by 

J; 2h, t, 295: 69s, 
we have the following forms, constituting the complete system of rational cova- 
riants of f: 


= (ax) = (a) = ne (ae — am) = os, 
= = (ha) = (Wa)= ... . = (ad) (ar) (da), r 
t = (e)? = (a =... = D(a (a (1) | 


= = baal)’, ga = 4 (ah) = 4 (aa) (aa) (da) 

These forms are connected by a single syzygy, namely, l | 
PAW GAP + Qi = 0. i (2) 

This most important formula is the clue to the whole theory of irrational 
covariants. A 

By the side of the fundamental invariants ai covariants we are to consider . 
certain combinetions of the above forms. First, of course, the digeriminant 
which is at. the same time an invariant (quasi-discriminant) of ¢: 


gz EEEN a . 


~ 16 16 


. Further, we introduce a en sign for a certain covariant of the fourth 
order and fourth ve, f — 
= (px)! = 4 (295. — 39 7) (4) 
It has, among others, nee important properties: it is the ‘one form of the 
pensil at + AA that is conjugate to. f: | | 

Ho. | (5) 
It is ie one form of the pencil xf tah whose Hessian is proportional to the 


Hessian ony | 
+, = —4@.h. | (6) 
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_ It is a bilinear covariant of f and ¢: 


(i, A= area:  (. 


“It is connected with f, A and ¢ by the identity - 
(t7 hj = 37-9. BE (8) ` 


There is, finally, a perfect reciprocity between f and Tr 


Let us consider now the forms of the complete system of the sextic ¢, which 
may, when treated as an independent form satisfying the-relation (4, = 0, 
also be denoted by the sign 7’. 

The forms in question are 


T=t= (tx), 
= 4(7, Th = peepee! (9) 
= 2(7, 9), = — (BEER, _ 


| = (T, T) = de (E= HG. 
They, too, are connected by a syzygy : g - 
RT + AD + = 0% u (10) 


The expressions of ® and Pin terms of fand A are 
en Er Tr 0 y (11) 
i= oF s 9s eon 9:93 g 95 br AS 
P= 2ga ee + HD np + (4 Ep. (12) 


Er 


` To these identities we may add the formula x. 
9. + + 4G. =0, . (48) 


containing another important property of the form ®. 


. 82. The Irrational Invariants e,, ep, €,- 
‘Denoting by ta and Ga the covariant ¢ and the invariant G, derived from 


the form xf+Ah instead of off and: SR a Homogeneous: ‘cubic function Q(x, A) 


by the formula 
40 = 4d — gar — gat, AS) 








* See Clebsch, Bindre Formen, 3111. Our considletations in 35 contain also a proof of this impor- 
tant ‘identity. zu : 
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we find, following Cayley and Clebsch, that 
ta =O.t, =D. . (15) 


This shows first that £ and G are so-called combinants of the pencil xf + Ah; 
second, that this pencil- contains three forms of. vanishing discriminant, which 
are, on account of the identical vanishing of ta, moreover, perfect squares. | 

' These forms are given by the expressions ` 


Ataf, Bag, hte, 
if we understand e,, e,, €, to be the roots of the cubic equation ` | 
O= 48 — ge—gs. a (16) 


The cubic resolvent of this equation, the roots of which are the differences 
Cy — ©) Cp — €, QQ — Cy, 1S ~ 


ETES TE EENT: M (17) - 
The sign of the quantity 4/ G may, once for all, be explained by the formula 
| VE=(a—e)e—a)a—e). : (18) 


Ex, €, €, are irrational covariants of f of the degree one, but they are a combi- 
nants of the. pencil xf + Ah. = 
Comparing (2) with (16), we notice (with Cayley) that 


zitate. (19) 
Hence we may decompose < into a product of three quadratic forms lm, A, 
denoting preliminarily by.’ or (7x) the square root 
V—h—af, (ete). | 


These forms 7, m’, n! are irrational covariants of f, but they are not covariants 
oft; that i is to say, they are not combinants of the pencil xf +24. There are, 
es certain quadratic forms l, m, n, proportional to 0, m’, w, which enjoy these 
_ important properties. - 

In order to find them, we put /=n.l, m=r,.m, n= r, n, and try to 
determine the multipliers r so as to make the invariants of the forms 7, m, n 
numerical and equal to each other. The forms thus obtained will be combinants. 
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We have evidently 


i En (mt, = mn nh, 3 
and (mn, nh = $ (e, —¢,).t= (e, —6,).Tm'n! 
s TaT, (M, N) = Ta (ea — é,)-0. | 


- Hence, choosing | 
= —WVe, EN ET Cus m= Va, Ne, — e, 7 r =v; — e, Ne, —e,, 


we obtain a system of three forms J, m, n, which are covariants of ¢ as well as 
of f. Their degree, in both cases, is zero. 

These forms are the true central point in the theory of the most important 
irrational covariants of fand ¢; we therefore enter upon a more careful study of 
them. | Lu 


83. The Quadratic Forms l, m, n. 
The quadratic forms (4x), (mx), (nx)* found in-§2 fulfil, as a simple calcula- 
tion will show, the following system of conditions : Ss à 
. (m, n) = (mn)(me) (nse) = — (lar), | 
(n, dı = (nl)(na)(lc) = — (mz), (20) 


. & m), = (Im) (læ)(mz) = — oe 
ee = 1 er 
_ 4 (mn)(nd)(Im) (21) 
(mn) = (nt) = (Im)! = = 
from which we may derive the further formule > : 

| P+ m+n=0, © . (22) 

(m, A), =— mnl, (m, n°) =$P, en 

(mÿ, n)s =0 y: (m?, n*), = —f, . (23) : 


(U, Ph =4P , ©, P, =, ete. 


By the side of these forms 7, m, n containing the variables zı, xs, we may 
consider their polars’ (4x)({y), etc., containing two sets of variables x,y. First. 


we notice that : 
(lap. y} = (ay). (la)(Iy) + (ev) es (24) 


Further we may establish the following theorem, which ht a. very impor- 
tant property of the forms J, m, n: 
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| “Denoting by 8,2, Y, Z any four panes: (sets of binary variables), the quadri- 
hear forms ` 

a= ye) 

X= (le). , 

% = (ms) (mz) .(my)(mz), 

a= (ns)(nz).(ny){n2) , 


and the corresponding forms D., 3,, derived from &, by cyclical permutation of £, Y, Z 
are connected by the linear equations 


(25) 


. 0 — : - Zu 
Tt Do + Bo LtD Ho 4+%+3, 4494 3, 
Z + Ds + Be £,— 9, + 31, -Za + Do — 83, — À, +9, + 3), (26) 
Z + M + 8, — +9 +8, K— Ds + 3;, %+%9,—3, 
HN B+ DB, —H+9 +3, Lo D + 3. 


a 


| The first of these is the elementary identity 
= (x)(y2) + (ey)(e2) + (s2)(ay) = 0 ; 
at the others we arrive by properly chosen processes of polaneeton with respect | 
tothe quadratic forms !, m, n.* 
Another no less important property of the forms l, m, nis: 
The products (mz)(my).(nz) (ny), (nx)(ny).(2e)(ly), Ge). (many) as well 
as the product on (mx)(my).(nx)(ny) are polars, that is to say, the application 


Ca 
of the operator a” ay, to these forms produces ZeTO, 


Defining the “ composition” or “symbolical multiplication” of two bilinear 
forms 8—(ax)(8y) and 8 =(a/x)(@'y) by the formula. ss’ = (awx)(a’B)(6'y) 
(preferable, in some respects, to the definition se = (ax)(8a’)(8/y)), the mani- 
foldness of all binary bilinear forms constitutes what is termed a system of 
complex numbers. Choosing as fundamental units the forms 


lo = (xy) » 4 = (læ)(ly) , 
a= (ma)(my), 1 = (næ)(ny), 
we ohan a well- known system of formulæ: The law of composition of” our bilinear 


forms is identical with the multiplication rule of quaternions. f 
‘The equations „= 0 represent a group of four commutative naar trana- 








* Compare the author’s paper, Am. Journal, Vol. XVI (p. 156), No. 12-14. 
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formations of the binary domain, which interchange, as we shall see in $12 more 
in detail, tbe vanishing points of each form of the pencil af + ah among each 
“other. 


This explains de symmetry among the four bilinear forms (xy), (læ) (ly), 


(mzx)(my) , (nx)(ny), which appears in the first theorem of this section, and which 
we shall meet again in some other theorems: 


§4. ee. a the Forme $ h; >, t in Terms of 1, m,n. 


The forms. P, m’, nè belong, . according to their definition, to. the pencil | 
»f-+Ah. We find them connected with the forms fand A by the identities : 


| D Ton ME en 
= ar Fg feas eea}, 


etc., or, in a different arrangement of the formulæ, and with a slight generali- 
zation, 


(la) (Uy)? +. (ma). (my? + (na). (ny) = 2 (au) (28) 


A (tæ). (y) + en (mæ). (my)? +e, . (næ). (w= (ax) (ay), 


A (a)? (ly)? + 8. (ma)*. (my) + £. (næ). (ny) = | (a0) 
= (ax) CT (aly? = (hay) + bg: (ey) / 


To these formule we add the analogous expressions: 
Zee) CNE — gig GE) | 
Sears Keane. 
= — 8{ Aæ) (hy) — bo. (zy) t. 


Instead of the expression of ¢, too, we may write down at once the expres-. 
sions of some of its polars, to be used in our calculations, 


| * Compare Cayley, Math. Annalen, t. XV, p. 288; Stephanos, ib. Vol. XXII, p. 288, and the author's . 
paper, Berichte der Königl. Sächs. Gesellschaft der Wissenschaften, 1889, p. 177, §10. 5 
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. (31) 
OC (n2)?P op Cady) | 
| 4 (y) Bir We 
Ise). ( DE (nx)° way 3 taryt(iy)® | 
D d ot s a ta p= SE + oe 


Combining an with the well known identity er 
2 (ay) (ta) (ty) = (aa). (hy) — (ay (he) : (83) 

we have finally ot oo die 

(ay) (Ca) ty) «(me my) {nz)(ny) = (cal yey) he), oe 


The invariants ¢ ex, €, €, being known, the forms P, m?, n? are ati deter- ` 
. mined by the formulæ (27), whereas the forms l,m, n themselves are certain 
square roots of P, m’, n°. ` 

There are, under the said condition, altogether four systems of values of 
l, m, n satisfying the relations established in §3, our formulæ permitting no more 
than a simultaneous change of sign to two of the quantities 7, m, n. 


§5. The Quadratio Forme 1, m, n considered as Covarianis of the Sextio T. 


The forms 7, m, n are, as we have stated already, combinants of the pencil 
xf + àh, or covariants of the sextic ¿ = T. We have, according to (31), 


T=A4G.Pmin = $ {+ mt + nt}, | (35) 
D=#(T, D, 246. {ent + FP + Pi} = N | (36) = 
=— $G. {6H mnt, DUT u 
P= 2(7, P= AGG. {mt — nt} {n° — P} P mt}, (87) 
. R=A(T, Th = rG. | | - (9) 
„Consequently the biquadratic forms P, m’; n? are the roots of the cubic equation — 
RSR +48. X A =O. (38) 


_ The solution of this equation in terms of radicals is facilitated by the 
existence of a quadratic resolvent without parameter. On account of the iden- 
 tity (10) we find | 


= /REP4O/—R RPV R` 
ia 2. ii 2 e . (39) 


RAF) (~) =, V—R= IN EN G. 
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We have evidently still a third theorem of this kind, namely: 
If the points £, n, X form a polar-group of p, the biquadratic covariants >, 4, X 
of the corresponding Forms (ax)‘, (bæ), (cx)* are connected by the 2 


(PEA = 0, 


(and vice versa, Of course W and y mean, with respect to (bx)* and (cx)! what Ÿ 
means with respect to (ax)‘.) Supposing that £, n, ¢ coincide with one another, 


and paying attention to the identity — 27g; (p) = 32G", we fall back on our 
former results. 


Finally we mention the theorem : | 

The point n, corresponding to the Hessian h of fit 18 the linear parar of the point 
E, corr ing to f itself, with respect to the otibic p. : 
“ Namely, we obtain the equation 


De | 
which determines the Bu points of A ‚by eliminating n from the equations 
(PEN) AE) GT) + (ue) (un) + (ve Pon) = 


and (a EA (vy). = 0. 
The equation (55) determines the binary quartic corresponding to a given 


point & The inverse problem, to find the point when the quartic is known, 
is solved in 8 similar way by means of the. equation 


O= (AE).P+ (UE). + be (55b) 


which is, in a certain sense, reciprocal to the first one.. In order to find the 
point Ẹ corresponding to f we have simply to express that the quartic on the 
right is conjugate to J. 

The results derived here from the consideration of the form (55) can digs be 
obtained otherwise without difficulty. But the method is interesting in itself. 
We have here a very simple, say degenerate, example of an unlimited 
number of principles of transference, the study of which leads to results of some 
importance. The central point in these theories is always a form containing 
variables of two different domains, the variables of which are submitted to inde- 
pendent linear transformations. In our special case it does not seem necessary 


iS 
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* to establish the complete system of invariants and covariants of the form (55); - 
we may signalize, however, the essential importance of the question. 


§9. Connection between Cubic and Octahedron. 


The one-to-four correspondence between the binary domain (£) of the cubic 
. p and the binary domain (x) of the quartic f, the object of the research contained 
in §8, can be looked at from still a different standpoint, opening a new view of. 
the theory of the octahedron. 

We arrive at it by establishing the following theorem: 

The one- -to-four correspondence between E and x defined by the equation: 


(AP + (WE) mt + (En = 0 (55), 
is identical with the one determined by means ‘of the proportion | _ 
(AE): (UE) 208) = Bes (67) 


Namely,-comparing the formula (8), p. 172, and (22), p. 180, and paying regard 
to the circumstance that when the ratios of À, m?, n? are known, four different sets . 
of values are still left for the-ratios of 1, m, n, we see that (57) actually defines 
a one-to-four correspondence between £ and x, the ‘point x being pere ENS deter-. 
mined by the ratios of J, m,n. — | 

Writing now in (57) for a moment y instead of ¢, and eliminating À, me, n? 
from a (58) and (57), we obtain 


0 = (NE (Pm) + (willen) + WE) =— 3 En), (58) 


that is to say, the point y coincides with £, and (55) and (57) Rte the same 
transformation. 

It follows from this that we are able to put (Ag), etc., nal to p. P, ete., » P 
denoting a factor of proportionality. This factor we assume, for certain reasons 

as : VE 

Nr 
now these values of (AË), ‘ete., in the formule of the theory of the cubic, we 
- obtain immediately the following theorem : 

The system of rational and irrational covariants of the oe p is ER 
into the system of rational and irrational covariants of the seatic T- by means of the 








of homogeneity and party of convenience, a to 3, Substituting - 
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following substitutions, which are consistent with each other, and represent a one-to-four 
Rep between the binary domains of (E) and (x): — 


bad cj | ne l (59) | 
PC , 2 (CEE , | (60) 
N ((DEVN—R.&, Vr (ab) N ZRY, 
Nr.) VEE, CEA , à 
N—r.(uf) 28 — Bm, (WE) = M j (61)* : 
M—r. (vé) EW—Rn, (VE) aN 


‚This beautiful result is not surprising. The theory of the irrational covariants 
| of the cubic is based upon the | Byzygy 


rp? + 48° eg g=0 . (Nr. 2, p. 171), 
whereas the theory of the covariants of the octahedron is derived from the 
` 8y2ygy | | | 


` 


RT + 4HP 0 (Nr. 10, p. 178). 


From the close resemblance between these formulæ follows, that in both 
theories we had to perform, step by step, the same operations; and so we cannot | 
wonder at the fact that finally the results can be transformed into each other by 
a simple principle of transference. We have not thought it convenient, however, 
- to choose this remark as our starting point, for by doing so we should have lost 
the connection with the results developed in $8, which i is an essential feature of 
our theory. S ; - 

Our principlé of fann appears in two different forms, a iial (69) 
and an irrational one (60) and (61). In (60) and (61) we may exchange 7’, m? 
and n’.ad libitum; so we see that the formule (59), without the supplementary 
formule (60) and (61), represent-a transformation 6 to 24, which is decomposed 
into six different transformations by un of the irrational covariants 
P, m’, n°. 

Finally, we mention that the involutory linear transformation, which 
exchanges the vanishing points of p with the corresponding vanishing points ` 








* The aspect of these formula is somewhat simplified by the supposition Y —r = /—R, which is _ 
` legitimate, since no relation between r and R follows from (59)-(61). But thus we should only disguise 
the irrationality, and destroy the ET of our formulæ with respeot to m of p and T. 
27 . 
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of q, has its equivalent in an involutory fotir-to-four transformation of the binary 
domain (x) which transforms the vanishing points of T. into those of ®, and 
SENDER the irrational covariants of 7’ among each other. 


§10. The Linear Fades (nz) of the Quartic. 


Tt is easy to determine a set of four linear forms whose vanishing points are 
identical with those of the quartic f. Namely the squares of the said forms can 
be expressed linearly in terms of the quadratic forms Z, m, n, which are linearly 
independent; their discriminants vanish ; finally, the fourth powers of the linear 
forms in question are conjugate to f. By these properties the squares of u 
said forms are defined, save factors not depending on a (a, : ay). 

We find it convenient to choose these factors in two different manners, 
adapted to different purposes, and accordingly to introduce two different sets of 
notations (p,x), (ræ) for what we may term “ linear factors of f.” 

Thus we write ; 

AE. (p)? = — Bian = = Me, — e.l +e — em + Ve, —e,.n, 
NAT (pa) = — 2 (rx) = We, — e, I — Ve, —em-Ne—e.n, 3 
VG@.(p,0) = — 2 (r,a) = — Ve, — 6.14 Ve, — a.m — Ve, eN, 
V G. (9,0)? = — 2 (7,2) = — Ve,—¢,.l— Ve, —a.m+ Ve, — ein. 





(62) 


Here the square roots of the quantities e, — ê, etc. may be chosen arbitrarily, 
whereas 4 G means the product of the said square roots: | 


VG= Ve, — e, Me, — 6M e — ey. (68) 


The quantities (r,x), as defined herewith, are evidently roots of an equation 
of the degree 32 in the original domain of rationality of f, whereas the quanti- 
ties (px) satisfy an equation of the 8" degree only, which is the lowest degree - 
possible for linear irrational covariants proportional to the linear factors of f.. 

In order to establish this equation, we investigate the values of the sym- 
metric functions | 
| Ye) = 0 
> (re) (ra) Se 


E Ge) ea) (re) = 4 Fg 
A. 


| (64) 
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_ Of course the last of these equations is, strictly speaking, not a consequence of 
the equations (62), which furnish only the value of -the product II (r,z)*. But 
being.able to extract the square root, we may, as we have actually done, ‚choose 
one of the two values of TI (r æ) at random. 
From (64) follows: 
The squares of the linear forma (px) are the roots Of the biquadratic equation 


Gy tet GPU + tty + ‘= (65) 


which defines the forms (px) and (rx) as irrational covariants of the degrees 
— sand} respectively. 

The solution of this equation depends, as we have geen, upon the solution 
of the cubic equation No. 16, which is free from the parameter (a,:a,), and upon 
two subsequent operations which are independent of each other: First, upon 
the extraction of the square root of two of the quantities 7’, m’, n? (see No. 81), 
which contain the parameter, but are combinants of the pencil xf + AA; secondly, 
upon the extraction of the three square roots Ve, —e,, etc., which are again free 
from the parameter.* i F | 


The formulæ (62)-(65) contain not only the decomposition of 4f or TG into 


linear factors by means of invariant processes, but they solve also the corres- 
ponding problem for all the forms of the pencil xf + AA: l, m, n being combinants, 
we have in our formule simply to replace G by Ga and ¢,—e, etc. by 
(e, — 6,)(x — e,) etc. In special cases these expressions may of course be sim- 
plified ; for instance, when the linear factors of 7, ®, © are in question. 

The decomposition of ® into linear factors depends upon the solution of the 


equation 

EAST + Bota + FP = 05 (656) 
the linear factors are defined by | 

Vs. (a = VG. Va. I+we,. sm + We, .n}, etc. (62b) 


We are further enabled to decompose the forms of the 24 degree contained 
in the pencil (RT, 6°, $°) venice are most conveniently written in the special 


shape 
4g? Tiag T — 169° 








*It would be desirable to derive this result from the direct solution of (65) in terms of radicals. 
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. into their linear factors. We have first to split up such a form into its six con- 
jugate biquadratic factors; the solution of this problem is derived from the ` 
formule on p. 193 by means of our principle of transference ;.secondly, we havé ` 
to apply the formule (62)-(65).* 


$11. The Irrational Invariants (rr,). 
Let us now operate in the domain of rationality defined by tlie quantities 
| = Ve,—e,, Me — 0, Na —e,;l,m,n. 


Here the covariants (rx)? are fully determined; besides we know the value of 
the product (ryx)(rix)(r,æ)(r,x). Hence we have altoseiher RR different sets of 
values of the linear covariants (ræ). 

Passing, by proper changes of sign, from one of these sets to the others, we 
notice that the simultaneous invariants (r,r,) assume only four different sets of 
values, This leads to an important remark: The: simultaneous invariants (ri) 
belong to the domain of the quantities Ve, —e,, Vase. Ve — e. 

Indeed, let us calculate the simultaneous invariants and covariants of the 
quadratic forms (r,x)', defined by (62). 

_ First, the Jacobians of any two of these forms Will be found by means of 
the formule (26): 


elle) = Vee, — e, je, ye en Y 
— 2(r,7,) (r, (ra) = Ve, = We —e,.m + Ne, —e.n}. 


Comparing the product of these two expressions with the equation 


u A(ra\(ra)(ra)(ra) =f (No. 64), 
we have . 
on (rra). (rar) = — (e. —e,), etc. : (66a) 
Moreover we find, by means of (21), | ue 
GP = (nr) = (ea —6,), ete, (66b) 


ren) = Va, ee) NE 


(r,ra)(raro)(ror,) = — CE . (ror (rar (rro) — —/ G. (666) 











* Compare Klein’s Icosahedron. The standpoint of this work is, however, not quite identical with 
ours. Klein operates throughout with epecial systers of coordinates, whereas in our considerations the 
coordinates remain perfectly general. 
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Of course the last of these equations is, strictly speaking, not a consequence of 
the equations (62), which furnish-only the value of the product TI (ræ}. But 
being.able to extract the square root, we may, as we have actually done, choose 
one of the two values of TI (rx) at random. š 

From (64) follows : 

The squares of the linear forms (2) are the roots af the biquadratic equation 


Gye + 6@. + 4t.y HPE, ; (65) 


which defines the forms (pz) and (rx) as ‘irrational covariants of the degrees 
— } and 4 respectively. i . 

The solution of this equation depends, as we have seen, upon the solution 
of the cubic equation No. 16, which is free from the parameter (x, :2,), and upon 
two subsequent operations which are independent of each other: First, upon 
the extraction of the square root of two of the quantities P, m’, n° (see No. 31), 
which contain the parameter, but are combinants of the pencil xf+ AA; secondly, 
upon the extraction of the three square roots Nu etc., which are again free 
from the parameter.* i 


The formulæ (62)-(65) contain not. only ths decomposition of $f or into 


linear factors by means of invariant processes, but they solve also the corres- 
ponding problem for ali the forms of the pencil xf + ah: l; m, n being combinants, 
we have in our formulæ simply to.replace @ by Ga and e,—e, etc. by 
(e. —e,)(x — Ae,) etc. In special cases these expressions may of course be sim- 
plified ; for instance, when the linear factors of T, D, ¥ are in question. 
The decomposition of & into linear factors depends upon the solution of the 


equation Pay 
BY AG GEL + pty + LP 0) (65b) 

the linear factors are defined by 
Mgs. (pla = VE. Ive,. Gia Im + Ve, nt, ete. > (62b) 


We are further enabled to decompose the forms of the 24% degree contained 
in the pencil (RT, >, 4) nich are most, conveniently written in the special 
shape 





Pig. r= HT 


* It would be desirable to derive this result from the direct solution of (65) in terms of radicals, 
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- into their linear factors. We have first to split up such a form into its six con- 
jugate biquadratic factors; the solution of this problem is derived from the 
formule on p. 193 by means of our principle of transference; secondly, we have . 
to ‚apply the formulæ (62)-(65).* | 


$11. The Irrational Invariants (vr). 
Let us now operate in the domain of rationality defined by the quantities 
| | Ve, ea Me, — 6,3 i, m,n. 


Bos the covariants (rx) a are fally determined ; = we know the Satis of 

the product (ryx)(rix)(r,æ)(r,x). Hence we have ditopether agh different sets of 

values of the linear covariants (ræ). 

-~ Passing, by proper changes of sign, from one of these sets to the others we 

notice that the simultaneous invariants (rjr,) assume only four different sets of 

values, This leads to an important remark: The simultaneous invariants (rir.) 
belong to the domain of the quantities Ve, —e,, Ne, —e, =, NEE, 

| Indeed, let us calculate the simultaneous invariants and covariants of the 

quadratic forms (rx), defined by (62). 

. First, the Jacobians of any two of these forms will be found -by means of 

the formule (26): 


-— 2 (rirnan) = 8, =a, — €, Ve, me Ne, — ent, 
— 2(r,7,) (ry) (1,0) = Ve, — 8. {Ve —e,.m + Ve, —e.n}. 





Comparing the product of these two expressions with the equation 
AG) ES: (No. 64), 


we have i 
(rora).(r,r,) = —(e, —6), ete. . j (66a) 
Moreover we find, by means of (21), M | 
(rots) = (nr) (ee), ete, (666) 


ee N. (ee VE 
(r,r)(raro)(ror,) = — MN G, R (rra) (Tar (rro) = N G.. 








* Compare Klein’s Icosahedron. The standpoint of this work is, however, not quite identical with 
ours. Klein operates throughout with special By prams of coordinates, whereas in our considerations the 
coordinates remain perfectly general. 
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By these equations actually four systems of values are left to the simultaneous . 
invariants (rr,), which differ from one another by changes of sign, and corres- . 
pond exactly to the available changes of sign in the forms (ræ). 
Now we may choose one of the four sets of values at random, assuming for 
instance - 
E (ur) = — (ron) = Ve, — ers | | 
(en) = — (rr) = Ve, — e, - (87). 
(ar) = — (r0r,) = Ve, — ew | 


Hereby, of course, also the ambiguity of the quantities (ræ) is lessened, only a 
simultaneous change of sign being left to the whole set. 

Thus in the domain of the quantities 1, m, n, Ve, — e; Ne — G, Me, —e,, 
the linear forms (r,x) can be defined as a two-valued set of four quantities. 

This theorem, which seems to have been overlooked hitherto, becomes 
important when the connection of the theory of the quartic with the theory of 
elliptic functions is in question. The simplicity of the formulæ by means of 
which we shall express this connection in a spbsequent paper, is partly due to 
the circumstance that we are able to replace the comparatively complicated 
formule (66) by the simpler formule (67). Here, as-well as in the case of the 
last equation (64), where we had a first choice among two possibilities, we have 
made our assumptions so as to make the formula expressing the said connection 
as simple as possible. 

From.the formulæ (67) we ‘derive the well-known expressions for the double- 
ratios (anharmonic ratios) of the four points To, Tr, Tas Ts! 

_ For,) (PT e, — €) j 
ee AA, eto. (68) 





The quantities ¢, e,, €, are already known at the same time with the products 


h = e. ENE): A = —.(r, IE etc., 0 denoting an arbitrary parameter: 
2 Ch, b= = Be," i (69) 
$12. Further Properties of the eee Forms (re). 


` There is a linear identity among any three binary linear forms, the coeffi- 
cients of which are the simultaneous invariants of these forms. We may write 


*Compare F. Klein, Math. Annalen, v. 27, p. 459, No: 64 The numerical coefficient + in Klein’s 
formula is erroneous. The true Value i is —}. 
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_ down the peculiar shape the identities among the forms (r,x) assume on. account 
.of the relations (67): 


(7.7). (rx) + (rn). Ga) + Or Sense, | 
(an) Arg) + (nr). (ré a) — (rn) (r2) = 0, i (70) 
— (ne) + (nr) Aree) + (rar) (re) =0, 
(rm) (ne) — (rat) (re) + (rara) (rx) = 0. 
These formulæ are special cases of the following set of four identities, containing 
two sets of variables æ (x : æ) and 4 A: Ys): A 


(rary) + (Ary) + (re 2)(r,y) + (al) = =0, 

ee) — +) N) (71) 

(ræ (ray) — (rex) (y) + (remy) — (mary) =0, > 

Cary) — (roa) + RN: 
These remarkable equations are algebraic consequences of the equations (70) ; 
‘the first among them can also be derived from the first equation in (64), while 
the others immediately follow. from the equations (67). (If, in the last formula 
(64), we should prefer to write — ‘f instead of f, or if we should-replace the solu- 
tion (87) of the equations (66) by another of the four possible solutions, the equa- 
- tions (70) and (71) would, of course, be changed into a different but similar. 
set of equations.) 

Worth noticing are further the expressions of the se (JG), etc., in 

terms of the linear forms (r,æ)(r,y) : 


— (rar) + (rx) (ny) — _(r HT ) + oe ra) | 





ur). | (nr, 
Gt) = Gale) te) (my) — (rs ea) + te (72) 
rele) (r el) — = er a. 


To these formulæ we may add the following expressions of the products 
-(mx)(my).(nx)(ny) (which we. have already recognized as polars (p. 181)) . 
_ together with the expressions of the products (=y).(x)(ly), eto.: 

(rats) (rar). (mæ)(my) .(nee)(ny) = (rare). (ray) ry) — (ra)(re). LT): (73) 
ed RR N 
The formulæ (72) put the well-known fact into evidence that the vanishing 


PU 
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points of the form (lx? are harmonically Be by the vanishing points To Tr 
‘and r,, 7, off. The same thing is expressed by the formule | 


GG) =0, G)Gn)=0, (TA) 
or by the formulæ | 
(lr)(læ) = — (na), (r,)(x) = — (7,2), (75) . 
= (re), (lz) = (rs), | 
4. ((ra)(ne), (rx a} = (7,7) (nos). (la). (76) 


Finally, among the expressions of covariants of f in. terms of the forms 
(ræ), the following expression of the covariant & is worth noticing: 


= Ga + (na) Ga) + (ra (17) 


It shows immediately that @ is conjugate tof. 

In all these developments, the linear forms (ræ) are considered as irrational 
covariants of a given quartic f. But we may just as well choose a set of four 
given linear forms as: starting point. Adapting these forms to the relations (67) 

we obtain the same theorems, as ses before, arranged in the opposite order. 
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On the Connection between Binary Quartics and 
Elliptic Functions. 


By E. Srupr. 


The object of the following research is an application of the a devel 
oped in the preceding paper to elliptic functions. 

The binary quartic has played an important part in elliptic functions from 
the very beginnings of this theory, and the subject was early considered 
from the standpoint of the modern theory of invariants. A prominent result 
was Hermite’s famous transformation ;* a pair of important formule has been 
communicated by Weierstrass in his lectures;+ some no less important results 
were added by F. Klein,f who at the same time applied similar methods to 
hyperelliptic functions, and originated in this way a series of investigations 
- of quite a new character; finally, we have to mention a dissertation of 
Burkhardt,§ who extended his considerations to some irrational covariants. 

Our starting point is different from those of the authors mentioned, and in 
some respects more elementary. We compare the relations among the rational 
and irrational covariants of a quartic with the-identities among the four @-func- 
tions. Simple as this idea may be, nevertheless a new light is thrown by it upon 
the familiar formule, and at the same time a number of new results can be 
derived, which make the theory in question in a certain sense complete. 

The method applied being so elementary, we need not dwell upon the 
details of the proofs; but we may Jay some stress upon the fact that all our 


* Crelle’s Journal, v. 52. See also Clebsch, Binäre Formen, 362, and Weber, Elliptische Func- 
tionen, I, 24. 

+ Biermann, Problema mechanica (Diss., Berlin, 1865). 

- { Hyperelliptische Sigmafunctionen, Math. Ann., vol. 27, 219, p. 454. 

8 Beziehungen zwischen der Rennes und der Theorie der algebraischen Integrale und _ 
ihrer Umkehrungen, München, 1887. 
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results are obtained by means of actual calculations, referring to the general case : 
of a binary quartic (not merely to a canonical form), and that no use whatever 
is made of-what is called the method of indeterminate coefficients. Neither do 
we take results from one theory and apply them to the other. Such proceedings 
are excellent means of investigation when new fields are opened, but in a more 
advanced state of science they are hardly satisfactory. The interest of the con- 
nection between quartics and elliptic functions is, besides, not lessened by the 
fact that either theory permits the deduction of its theorems by means of its own. 

The ©-functions used in this research are not quite identical with Weier- 
strass” ©-functions. We refer to the author’s paper, “On the Addition Theorems : 
of Jacobi and Weierstrass” (Am. Journ., Vol. XVI, p. 156), the results of which 
are supposed to be known to the reader.* 

The preceding paper is simply quoted as “ Quartic.” 


$1. The Four @-Functions and the Linear Forms (7,2). 


In order to compare the theory of binary quartics with the theory of elliptic 
a we identify the irrational invariants Ve, — e,, etc., with the quanti- 
ties Ve, — e,, etc., belonging to the latter theory. Then of course our rational 
invariants gs, gs, G coincide with the quantities g}, gs, @ of Weierstrass. Now 
comparing the linear relations among the forms (ræ) (Quartic No. 70) with the 
identities among the squares of the functions ©,u, we see that we are enabled to 
explain a set of square roots by the formule 


VW (r,r,) r,) 0, (0)= = 6, , ete., . (1) 
VISG= 7S GS (0) =O! (2) 

(ier @ = ©, (0) O, (0) ©, (0) = 0,0,9,), and 
A (r) )æ Ou, Y (na) = Ou, (3) 


v (r æ) > 9,u, ~ (ra) = O,u- 


Considering u as a aa we have established a one-to-two correspon- 





* I use this opportunity to correct a misprint: On p. 156 writen (2 i) and R (= r) instead of R (=) 


and R (2). 
TI must not be overlooked that after the establishment of equations of the form (8), the binary 
variables z, and z,, belonging to a definite system of coordinates, are no longer independent quantities, 


although the ratio z,:2, continues to be arbitrary. Namely, when the coefficients of the forms (rv) are 
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dence between the values of u, sittiated within the parallelogram of periods, and 
the points « of the binary domain. When w varies throughout the parallelogram, 
the point æ varies through the binary domain, obtaining each situation twice ; 
vice versa, to every point belong two values + u. . Points of exception are only 
the points L= To; Vas Tp, 7,, to which correspond only single values of u, namely, 
half periods. And if u varies throughout the plane representing the complex 
values of u, the forms (ræ) defining the corresponding point of the binary 
domain are reproduced, excepting an exponential factor, common to all of them. 
Proceeding from u to w = u + %,, (r,x) is changed into (r) = ea, E, (ræ). 

. In the same way the square roots X (ræ) are reproduced with an exponential 
_ factor common to all of them, when we surpass the boundaries of the double 
parallelogram of periods. Passing from u to w =u + 4a,, /(r,x) is changed 
into v (ra) = eran, GES rm), (rg), as.we could partly have anticipated by con- 
sidering the two-leaved Riemann surface defined by the branchpoints 7, Ta, Tu, T,. 

"Now we may operate principally upon the surface just mentioned, intro- ` 
_ ducing the new irrationality Wf by the formula i 


Vf= MaN Ca) Mra) Va). (8) 


Considering f and its covariants as functions of u, we draw Since the 
conclusions: `, 
1). f and all rational covariants of f, and certain Sas covariants 
besides, are one-valued functions of the argument u, which are reproduced with an 
exponential factor, when u is augmented by a period. 
2). All qüotients of such covariants, the degree of which in x is zero te 
all absolute covariants of f), are elliptic functions of u. . 
Of course the formulæ. (3), the basis of our further considerations, cannot 
claim any novelty, as far as their general form is concerned.* We may call 
. attention, however, to the circumstance that we have made special suppositions 
in the definition of the linear forms (rx) on the one side and in the definition of 


known, the periods 2 and 36’ can be determined as funotions of-these coefficients. Substituting, then, 
a definite value of win the functions Oxu, not only the ratio of œ, and #, is determined, but also the 
absolute values of these quantities. Starting therefore from given values of =, and ©, , we have to add ` 
a factor of proportionality, say p(s). It does not seem necessary, however, to carry this factor visibly 
through the whole investigation ; we may unite it with the variables z, and ©, and denote the products 
pz, and p2, again by ©, and #,.—See the footnotes in 82 and 26. 

* Compare Weber, Elliptische Functionen und algebraische Zahlen (Braunschweig, 1898), 486. 
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our @-functions on the other. It is entirely due to the exact parallelism in the 
two definitions that we are enabled to derive from these formulæ simple conse- 
quences; an apparently slight change of notation would imply considerable 
algebraical complications. 


§2. The Elliptic Functions pu, p'u. 


We now proceed to establish the expressions of the elliptic functions 
pu, p'u in terms of covariants of f. Considering the distribution of the argu-. 
ment u on the Riemann surface defined by Vf, we cannot expect to find the 
values of these functions in the domain of 4/.f and the rational covariants off; 
whereas, as we shall see; the contrary halds in the case of the functions of the 
double argument p (2u), p' (2u). | 

Expressing p(u), etc., in terms of the Somnenonss we find, after a short 
calculation, 

(r I: (rc) + (nr Jr, r,) (ræ) + (rar, (r,r). (7,2) 
3 (rox). | | 


— (tro) (x) _ (aro) (ax Fass 
WG.) Ara)? i 


























| (5) 
-— (rr T a) (r0) + (rr Arat). (r) — (rs r sen (ræ) 
5 3( x) 
— (tr) (tæ) _ (ar)? (am)? — 
~ WG.(na) 7 = OCG = Pe): 
i VJ (7,2) (r (re V(r) _ V2 (tr) (te) | 
ET Ve ben ngs) Vo re) Via) 
Vf (arla) NT. 
“VO Ga Gey =O (6) 
ii R Ne) ra) rx) Nm) _ 
: 2( Nr irs *)- V4 pa re) (ræ) N (rye) VW (ry) (r2) 
=. ana jure). 
A pa Po). 
3 (mtl)? _ (arjan) , 
samd way A w 
3 (tr,)* (tx) yo (anas) y A 
Elna) pow G. on =p" (uto), 


etc. 
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To facilitate the understanding of the significance of these formule. we call 
.to mind the following. relations among the elliptie functions on the right side 
of (5), (6) and (7): 


p (uo) = ae) Le, 


pu —e, 
p (u+ o) = — (e — er a). ey 5 
p'u.p (ut a,).9 (u + ARI (u + o,) = 16G, 


LL: 1% Le ee . 1 = 
pu to)? FUEL) Puta) , 


pu dés o 


§3. The ©-Funations of the Double Argument. 


Pise to the double argument, we obtain a very much simpler set of 


formule: eo 2 : a, 
Vfa—®.0.(20),* | . (8) 


l= — @,., (2u), 
m e— 0, ‘8, (2u), e 7 : : (9) i 


| n = —6,.@, (2u); 
. consequently we have + en È PRE a 
: " tœ 20".0; (2u) ©, (2%) ©, (2), „oz (40) 





WIZ— 28.0 (4u), 5 48 el) 
and ať n $ ep (2u), = ag 
Ea gyja Cu) o © : (88) 
2 PRE = cao (2) a + ig 
BD ann oa 
From (8) and (8) follows: = 
| oe ee 


These formule are able to replace the formula (8) in most respects.. They are Independent of the 
above puree concerning the ae of the binary variables. : 


x r 
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The formulæ (12) and. (13) are immediately evident; the higher differential 
quotients of p(2u) are easily obtained by means of Gordan’s series (Clebsch, 
Binäre Formen, $8 ; Gordan’s Vorlesungen, v. II, $7), see §6, No. 47.. 
The corresponding SUR of Get a): etc., contain, of course, the 
irrationality e: | 
—+ a E A (12b) 
~ft EI up (Qu oa). - (18b) 


RCE CE Sr 


The formula (12) is de to Hermite; it contains the ado of the 
_ quartic f. to Weierstrass’ canonical form (Quartic No. 14, 19) by rational opera- 
tions. It shows that such sets of eight values of was + u, Lu+o,, but a,, 
© + u +a, correspond to the vanishing points of the forms xf + Ah; the values of 
u, corresponding to a given form of our penos are therefore the roots of the trans- ` 
cendental at 
, p (2u) = > € 


“Especially to the vanishing points of f itself (A = 0) correspond, as we have 
seen already, the demi-periods; whereas the ponte quarters of a perten the 
roots of the equation 


(P (2u) — Xp ( = Ä 


correspond to the vanishing points of the sextic £ (No. 10, 13). The vanishing | 
‘points of 6 —4(4, t) are the roots of the equation 


0=#9.P" (Qu). [p (2u + o) + p (20+ 0,) + p (2% + 0,)] = 
= 49, [g.p (2u)? + 395-9 (2u) +] = 


= [ 2gs. p.(2u) + 3gs + +495 v0 [2gp (2) Have] 


(Quartic No. 18, 48), and the vanishing points ¢ of y— (t, (t, i)a) are the roots 
of the equation 


0= 2. TEs a -p (au) + I (ay) — (8 — #) = 


= [ee (2u) —# zer a -p (2u) — By 228 || 26,.p (2u) —# + 2 | 
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© (Quartic No. 37, 43). Finally we may consider the ‘group of eight points defined 
by the equations pw—0, p (u + œ) = 0, etc. It corresponds to the one form of 
` our pencil, the linear factors of which are proportional to the linear-forms 
appearing in the numerator of.the equations (5). This is the quartic 


«OF — - 1895. 


as.we see by means of the expression of p(2u) in terms of pu, or er by direct 
calculation, starting from the formula (5). 

The formule (13)-(15), and the expressions of ee to be derived 
from (8) and (9), have been communicated by Burkhardt in his dissertation. 
But he fails to give the formule (8)-(11); and his formülæ as well as his 
` demonstrations contain a number of, as it seems to me, superfluous complica- 
tions. Some of his results have been found independently by Harkness and. 
Morley (A Treatise on the Theory of Functions, New York, 1893, §208).. 


§4. Formule with Two Arguments u, v. 


The results contained in $3 are capable of an important- generalization. 
Writing in No. (3) y and v instead of œ and u, and considering the ©-functions of 
u and v at the same time, we obtain immediately the DEE remarkable set 
of formule : 

as =e (u + 5e (u— v), 
(æ)(ly) =— ©, (u +) ©, (u — v), 


(ma)(my) = — ©, (u + 0), (u—v), = 
(na) (ny) = — 6, (u + v)9, (u— v). 

Hence we derive | | 

(ty) 28.9, (u +v) O, (u — v) © „(u+v) ð i —v) O, (u+v) O, (u — a): an | 


2 (xy).(éx) (ty) = — 9.9 (2u + w) © (2u — 2v), 
and 


Moy) = Woah 73). 
ay 


= 0,9, ur) Swen). Te EDGE (18) 


— Lire) Ve). ry 





a/ 7) VJ (ra) 





= O(utv) a= 
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- (yy VE = (la)? V{ay) p (u En MEET, = (19) 
oe eye + Me —e Ne e. P 


(y ; Ne, —e, Ne — e, MEE E 
eer Ea NO cpu) E (20) 


— (as Va = (ano VO plus). 7 (21) 
= | | 


_ Including in the “system of f” the irrationality ~f, we draw the conclu- 
sion : 

All covariants of the quartic f containing the two sets of variables x and y in 
the degree zero, are rational functions of p (u + v), plu), p' (u + v), #(u—v), 
and vice versa. 

Namely, the said covariants are | quotient of the integral covariants 
(ay), Vs, Nf,, and of the polars of the forms f, A, ¢ containing x and y. But 
multiplying such a polar with a properly chosen power of (xy), we obtain an 
integral function of (ax), (ax)(ay), (ax) (ay), (ax)(ay), (ay)*.. N ow considering 
the formula (12), (13), (20), (21), and paying attention to the. circumstance that 

p (2u), p' (Au); p (2), p' (2v) are rational functions of p (u + v), etc.,* we obtain 
the above theorem. The inverse statement is immediately evident. 

There are, among the absolute covariants in question, a number of quite 
interesting expressions. We mention the Rene a 


x — fp (u + v)p (u — o) bagel, = (23) 


(ax)(ay) (ha) ay)? — (ay) (a2). 1) (ha) _ (ee) (ay) a 


= Eyy où ap (utor os) (23) 





: | | (zy) - 
CAN ad cl A EAC 20) we = "(hy ACHT (uv) 4 (wv), (24) 
xy 
Go "(teh (az Br ats N! upp (ue 0) 9! (u 9), (25) 





aaa) ten. GNU) _ 


De oad! Gia)! + (au) (ia)! — TTC aday} — tgs (eut (26) 
Le Bfp (+o) p (u— o). [p (u + v) + p (u—0)] + 49, | 


.*See Schwarz, Formeln und Lehrsätze zum Gebrauche der elliptischen - Functionen (Göttingen, 
1882), Art. 12. 
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(ha). (y) gu. (cy) (ax) May)? _ -fë r- ea 
3 (xy i . 
= fp (u +v)p(u— v) + "i , 


(y) Ua). (az) — (tæ) (ty). (ay} _ 
{xy 


= by. fT 8 ey Cay Hg) a } er 
(eyf. l— 69 (ay). (ha) (hy)? + 9 ge-(ary)*. (ax) (ay) 
tp! (u+ 0) plu — v) +ga. (u +0) 9 (u— o) 
—-$9sle (eto) +9(u—2)} +, a 
(ty) (tæ) ent vw. — (ax) {ay} o (t0) ys Pe 2 : 
ye (ay (9) 
Bee = 5 





R” 


(27) 





Generally, whenever a power of (xy) is the sole denominator, the absolute covariant 

is an integral function of p(u + v), p(u—v), P (u+v), p (u—v). In other 

‘ respects the properties of a given absolute Rn! are determined by the dis- 
tribution of the radicals 4/f,, /f,. 

The éxpressions on the left in (20) and (21) were first re into con- 
nection with the elliptic functions p and g' by Wejerstrass ;* and his formule have 
been reproduced, with some additional remarks, by F. Klein and others.f a 

These authors, however, do not seem to have grasped the full- content of - 
_ our formule (20) and (21). Namely, instead of considering a pair of arguments 
ute and u — v, the authors quoted use only one, our u — v (which they denote 
by —w). Thus they consider what we may term the general distribution of the 
argument u upon the Riemann surface defined by Vf, (u having the value zero at 
an arbitrary point—our point v—of the surface), but they do not show the rela- 
_ tion between this general distribution and the ordinary distribution (where u 
vanishes at a branchpoint of the surface), consisting in the coexistence of the 
formule (20), (21) with the formule (3), (8), ete. We venture to consider it- 
-as an essential improvement that our theory puts the connection between the ` 
two distributions into evidence, and thus attributes to all the formulæ a more 
exact meaning. 








* Biermann, 1. o. - tE Klein, Math. Ann., v. 27, 312, 18, p. 454-461. 
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§5. Addition Theorems. 


The preceding results permit us, of course, to pursue the parallelism between 
certain parts of the theory of elliptic functions and the theory of the binary quartic 
as far as we like. Especially the addition-theorems are easily brought now into 
a projective form. Take, for instance, three arguments u, v, w, connected b 


the relation - | 
u + v + w=0 mod, 


and denote the corresponding points by æ, y, z; then the relations hold 


| = (y2). (ty) (t2). (ay) (aa). (ex) = 0, 
ae 5 | | Qp = Qo = Qy, 


where Q. os (y). (ar). (az)! — (12). (ay) (ay): : 
| į (yz). (ty) (2). (ay) ~ (az) 





and when especially o 
we | u +v+w=0 mod 26, 


we have E (y2)- (rey) (2). (ax) = 0, 
se Se). Ga) Vee) Vn). Ve) Vs = 0, 
md By = Ba = Bey, , 
where oe (ne. ay] — Gay.” CA 





(y2). (ray )(ro2) 


As to the addition-theorems of the ©-functions, we evidently have in 
Quartic, 83, No. 26, a correlate to the sixteen addition-theorems of Weierstrass, 
- belonging to our first’ family (I). (See Am. Journal, Vol. XVI, pp. 160, 161.) 
In the same way the nine families of the second type (II) have simple correlates, 
whereas to the six families of the third type (III) corresponds no equally simple 
result. We do not insist upon the general case, but we may point out the alge- 
braic transformation corresponding to the transformation 

u = ee Dh ; = u+ v, . | 
i (30) 


— Ÿ € 
v=, v = u—v. 


29 


. etc. 
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- Denoting the binary variables corresponding to u, and v by means of our 
formulæ (3) by £ and » (whereas x and y correspond to u and v), we find 











(ay) = — N (rE) (rn), >} 
(te) ty) = — VEE VE, ms 
(ma)(my) = —~ (r£) (run), : 
2 paa) = VE Va), | 
Var}. (ay) = — V G. (En), > . 
à (la). (ly) = —We, sé e,.(LE)(Un), | (3 2) 
(ma). (my) = — Ve, —6.(mE)(mn), | 
_ naf. (ny? =— Ve, —e,.(nE)(nn), 
2 (aa) (hy) = — VE (aban) + VEF. nF, | os 
2 (ke). (ay)* = — VG. { (a) (an) — 7 (ak). lan), 
CNN Gg = art (ab Man) EFI (aay 
(ty). (az). (aa) = VG. G .{(an} (a). (ak) + (a£) (an). ~ (an), 
À (la) (hy)! = — VE NE m + p: (En) } (a) 
(ha). (hy)* + ve gs. (ax)! (ay) = — VG. (RE) (An), 
(x). (ty) = WẸ. V G. (EF (En), o ai PA (36) 
` Putting v, = 0, that is to say, a ne 
Metz À 5 | (37) 


we obtain the following special -formulæ, expressing the duplication of the argu- 

ment: | i - 

N (ar) = — VUN (TE), 
Bee NE. . | 
(m= Va — 0 NE); . as (38) 
En vd | 














(ha) = — -yg (rE) = VG. VATU FEKTE, . CF Ha GE 69 
(ia) = WON ENGEN CENTE = NENNEN, (40) 
_ (a). Var) = WG. V G.V (ak), ete. | ` (41) 








The transformations derived here from the theory of elliptic functions offer 
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themselves naturally from the mere algebraic: standpoint too. We are led to 
the formule (31) by a comparison of the identity . | | 


(ay? + (aan + [mz)(my)]’ + [ea 0 
with the identity — 
(ro) (ro) + (7,6) (rxn) + CT uN) + (Alen) = = 0 


(See Quartic No. 24, 28, 71.) 
‘Finally, we mention a curious relation referring to four a the 
sum of which is a period. Supposing 


tat t+ ty tn mod 25, (42) 
and denoting the x corresponding to the value : u, of u by x,, we have 


(20) (01) (125) « V (a0) Ca} = (cept) (pt (2) NV (ax) 


(cs) (29) a) (aa) (ar) Va = 0: G 


N amely, under the said condition the determinant of the four functions © occur- 
ring in (8) and (9). vanishes; developing this determinant, we obtain the theorem. 
Replacing the condition (42) by the ampler condition 


Uy + thy + Uy + Uy = 0 mod i, no. (44) 
and denoting, for sake of shortness, the polar (tx,)’(tx,)’ by te, we have further 
(cot) (ser) (art) tas -ton -ha on: (ate) 

— (230) (em) (28s) Tan -tos -ts bn la)“ 
+ (ao) (7425) S50) « ton - Lag. Fog ap - (ax) 

 — (212) (0) (oer) «bas -bzo -tor ss + (as) = 0. 


The last addition-theorem is obtained by developing the ae deter- 


minant 
LATE 


The two addition-theorems (43) and (46) are transformed into each other by 
means of the transformation defined by (37)-(41). u from these formule, 
or directly from (17) and (16), follows 


(e) (ta) VENT (EE), (48) 


(45) 


# 
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. æ, @ and £, Ẹ corresponding to one another by means of (37)-(41). . By their 
substitution (45) and (44) are reduced to (43) and (42). 


Specializing our formule by means of the supposition t= 0, we obtain 
again the addition-theorems communicated on p. 226. | 


$6. The Elementary Integrals. 


. When in the formula (46) x and x are brought close together by means of ` 
the supposition w = u + du, we obtain, paying regard to (16) and (8), | 


he Des HT 
IAT tyra bdu | (47) 


Benlace Höre a and g by x+ dæ and E+dE, we. obtain immediately the fol- 
lowing expression of the integral of the first kind w: 


[Wal Dans | k a 


The path of integration, of course, has to be chosen so that when z passes 
from 7, to æ, u varies from 0 to u, and not merely to a congruent value u + 25. 





* Herewith the factor of proportionality, mentioned in the footnote on p. 217, is determined. . 
Replacing the formula (8) in which, as we have said already, only u, but not #, can be considered 
as an independent argument by ` j 
- A pE). Ta) cu Ox (u) («=0,4,4,%), 


and considering here the binary variables as independent quantities, we have defined in this way a 
_ homogeneous function p (+) of the degree —1. Instead of (8) we obtain now 


p2(@). Wf, ce — 0.6 (Au), 


whereas (48) does not change its form. 


Consequently we have ; 
IL 8.9 CA TY 


Adding this factor to every pair of binary variables we transform all our formulæ into identities. The 
binary variables may now be considered as independent quantities. But only their ratio continues to 
- enter into our formule ; henoe when u is given, the formulæ fail to determine the binary variables 
completely, as the simpler formulm used in the text actually do. 
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In a similar way the elementary integrals of the second and third kind are 


calculated. We find 


1 Pi) (m, Ca A A 
ON Gade SF (ra) fa AAC 














_ Ov . Olu _,. *= 0,4, u,v; 
San au tete (=o! ns =) (a) 
” (zde) (ha) _ (zdz) (tro) (t) — nop (200) =2 (20) — 
CF att wed Tr ew | —2 f dwp (200)=%(20) —L (2u) (60) 
aye [af aka) e, | cn) | 
and further, | x ae 
sea. (ax) (ay) | af ‘X (u + v) + Š (uy — v) — + (61) 
a Vi Bat) md), 





ff Gio) (rer (ooo) Batti Coy) 
Et (LT a RS 


Integrating once more, this time with respect to the parameter v, we obtain 


= L SE (dx) wen. kaota Mi 
E LT à 


En) Ola) Ou Fa) OG re) 


the corresponding formula (62b) may be omitted. Further we have 


= (ade) = fF (uy +) Lv) Puy — 
; MAS a =|_ (an toto (u lie Be os 
EN 7 ba (us + v) FAN (us Eg v) PU — p (v-+@,) © 
Viv f roro Heo a (530) 


Integrating once more with respect to the parameter, we obtain 


Cf te - 1 (eu) x “Pace ttes) 


= sata) Pr ie) pm tu) — plan m) 5d 
P(t F va) Plan) pn Fu) rl) | A (64) 
= Ig PHP Pty — HP _ jg Olata) (mu) Olato) © (mn) 

Pty — PV, PUg— PL) Cu oe) OCH) © (up +0) O (u — u) 
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and similarly 
a F: 7 (ey) _y, (lty) (e 

n CG) (er) (ly) y) (54b) 


lg O, (u + %) um. ©, (uy + v2) O one 
O, (uy + v) ©: u — va) 9, (ty + v) ©, (s — 01) ` 
'. Hence comparing (51) and (53), we. obtain 


SE CIEN IMB (uit) Emo), (69 


and a similar equation is obtained by comparison of (51b) and (53b); ; and com- 
. paring 02 and (54), we have 


(ade) u (ax) (ay) = VAN Vi 
N a en um 


e(uwtr)9 (u + 1) 
gi serons =) O( =m)’ 
We denote the double integral on the left, adopting the lower sign, by Q HA ; 

1 
and write (56) thus: f 








(56) 


o [22] aig Leu) (mu) 
AY © (uy — ù) Ou — 2)’ (56) 
o [BH] =g Aut) Oem + 
Ayı O (u + vs) O (us + 2)’ 

the. goplacsment of y by y indicating that the system of values y, 4/ J i is replaced 
by the conjugate system of values y, — a. fy. 


An easy specialisation of our formule furnishes now expressions of the func- 
tions ču, etc, themselves in terms-of covariant integrals: We have simply to’. 
introduce conjugate limits in the above formule. - Thus we obtain 





el Ka ou u ad 5; mis B (57) 
8(&)= : [A an & (2u), >) = 
B@= SRA ae (8b) 





= DE 


a Da § (u— v), 
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etc. The mutual relations of the functions Z, (x) and Z oe y) satel here 
‚are evident. As to B(x), we notice that Z (æ, y) remains finite and definite. 
when y coincides with g. 2(%,2)= um Z (z, y) represents, however, an 


‘infinity of different TET functions of x, ,, corresponding to the different suppo: 

sitions v= u + 25.. One of them is our 3 (x) ; ; it corresponds to the simplest 
assumption v= u, that is to say, to the supposition that in the integrals con- 
tained in (59) not only the limits, but also the paths of integration | are brought 
- close together. 


À similar remark holds with Dee to the function Q [2%] defined in 
No. (56). We denote the function of 2, æ, which results when v, coincides 
with u, and v, with w, by 22) . "Then we have + 
oly © (2u) (20). 
eQ J= (u +v) ’ 
on the other hand, according to (8) and (16), 


zy) LO(u+»)@(u— +) 
Von“ O.O (21) © (2) | 





consequently 
i (ay) a) OU) un), 2: 
VIEL Ze (0) 
AT: yee. A?) wut) = 6 (u. + v); 2er 


further, denoting the products 4 (79a) ng) and v (r Ga) (ræ) by V Ja and ee Les 
on account of (18), 


VN tit NIN t, 490 RTE = G,(u—v), 
Va 
Vs VE NH: i — NY; RO 2.6049 = 6, (u+ v). 


y 





(60b) 





The greater part of the preceding results is not new. Especially the formule | 
(56), (60) and (60b) have been studied by F. Klein: and A. Burkhardt (Math. 
Annalen, v. 27, 32), after Klein, paying regard mainly to what we have called 


the be distribution. of the argument, had introduced the first formule `. 
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in (60) and (60b) as definitions of the 6-functions. There aré, however, some 
difficulties connected with these expressions which seem to make further inves- - 
tigations desirable, notwithstanding the valuable researches of Burkhardt. The 


function Q (%) is not so easy to deal with as one might wish on account of its 


central position. in the theory, apparently for the reason of its definition as 
the limit of a double integral. We have not been able to get rid of these 
complications without introducing others. Only one expression, of 6 (2u), may 
therefore be mentioned, which is remarkable for the part the covariant 


D Sos No. 36) plays in it: 
| = Zr by 
6 (2u) ae YA. U, "an (61) 


T is the sextio covariant, = t. 


| 87. Additional Remarks concerning. ihe Transformation of some Integrals. 


` The results hitherto developed establish the connection between two 
series of analytical expressions: The homogeneous functions on the left side 
of our formule refer to the general case of the binary quartic, the functions on 
‘the right to Weierstrass’ canonical form, and to the special shape the theory of 
elliptic functions assumes when this form is made the basis of the calculations. 
It is easy, of course, to specialize our considerations in such a way that any given 
canonical form of the quartic appears on the left. Thus we might investigate . 
the connection among different shapes of the theory, based upon the considera- 
` tion of a binary quartic, without losing the general points of view furnished by 
the theory of invariants. ` It is not our intention to dwell upon these details; we 
may call attention, however, to a certain canonical form of the quartic which 
has not yet been considered by previous authors, as far as we know. 

_ Its properties are, in a certain respect, opposite to those of Weierstrass’ 
canonical form, and it seems to offer some advantage when not.only the argu- 
ment u, but also the periods a, o’ are considered as variables. In this case in 
Weierstrass’ canonical form three of the vanishing points of ‚the quartic undergo 
a change of situation, whereas the last one, the point infinity, alone rests fixed. 
But we might just as well keep three points in fixed positions and permit the 
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last one alone to vary. The fixed points may be any three arbitrarily chosen 
, points of the binary domain; for instance, the three cube roots of unity, or the 
points 0, 1, »(‘Riemann’s canonical form,” see Klein’s Modulfunctionen, I; 
p. 25). Instead of specializing the fixed points in this way, we prefer to con- 
sider them as the vanishing points of a given but entirely arbitrary cubic, and to 
‘identify the corresponding linear factors with the irrational: covariants (Az), (ux), 
(va) Of this cubic. Thus the canonical form in question is characterized by the fact 
that the sum of three linear factors of the quartic vanishes identically. 

‘We have two different modes of transforming a given’ quartic into this 
canonical form which can evidently be reached only through irrational opers- 
tions. The first consists simply in replacing the products (r,r,).(rix), (r,r1).(r,x), 
(rra) (r), by (Ax), (ua), (vx) respectively; it is a linear transformation. 
The second way is shown by the theory of the octahedron, developed in 
“ Quartic,” §8. We shall confine ourselves.to the second case, considering the 
transformation of the elliptic integral of the first kind. 

Writing the formulæ (59)-(61) on p. 192 once more, with a second pair of 
corresponding variables #, y (instead of £, x), we find, after a short calculation, 


M — r. (én) = 4V — R. (ay) (ee) (ty); _ (62) 


consequently, when » and y nearly coincide with and x, | | 
VER), (6) 


On the other hand, denoting the sum a. QE) +e, (u) + 4, GE) by 3(p&), we have 
NT. (pt) =V = R. (ax). (64) 


Combining the last pair of formulæ and choosing 7, as the lower limit of the 

integral referring to the variable +, we obtain the transformation in question: _ 

fi (dE) ads) 

LA af ER. (65) 

The interest of the formula consists mairily i in the decomposition of the aisée 

radical into a cubic and a linear ses the first of which is entirely independent of 
the quartic f. 

The equality (65) is another expression of the one-to-four sorresponidence 
between £ and x established by the formule (59)-(61) on p.192. Consequently 
the two corresponding periods of integrals in (65) must be equal, and the invariants 

. 80. à . 
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- of f must be equal to the corresponding invariants of the quartic 4p.(p£). This 
is actually the case, as a simple calculation shows. Thus we see that our principle 
of transference, by which the covariants of a cubic are transformed into the covariants . 
of the octahedron, represents a peculiar interpretation of the a of the argu- - 
ment in the theory of elliptic functions. > 

Although it does not exactly belong to. our present. topic, we may mention — 
that the same principle of transference furnishes still some “other: remarkable 
transformations of integrals. 

We have, for instance, on account of (63): 


Va [ce a BS (eda). g: 


By means of these formule the integrals on the right are recognized as elliptic 


. integrals, belonging to the equianharmonic case (the case in which complex mul- - 


tiplication by a cube root of unity takes place). ‘The reduction of the first 
integral is.known; it is due to Brioschi (Sulla equazione dell’ ottaedro, Trans. 
della R. Acc. dei Lincei, ser. III, v. III, p. 233). 

Another transformation worth mentioning is the following one : 


oS ER xa (— B) f (eda). Fe 
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Semi-Combinants as Concomitants of Afjiliants. 


By Henry S. Waite. 


INTRODUCTION. 


The theory of invariants received its natural extension and completion in > 
that of seminvariants. So from the study of combinants it would be expected 
- that Sylvester should have advanced to the investigation of semi-combinants. 

Since, however, a combinant differs from other invariants only in being invariant 
with respect to two or more independent systems of linear transformations, such 
an extension promised little novelty of method. I allude to this possibility only 
in order to propose a larger use for the term semi-combinant. In Sylvester’s 
original formulation (1853)-combinants are defined as ‘‘ concomitants to systems 
of functions remaining invariable, not only when combinations of the variables 
are substituted for the variables, but also when combinations of the functions 
. are substituted for the functions.”* These have their place in the discussion of a 
system of forms or quantics, all of which have the same order in the variables. 
Where, however, a system of forms of unequal orders is to be discussed, there 
too arise concomitants which belong to the “system in its corporate capacity.” 
But linear combination of the forms with constant multipliers is not possible, 
since homogeneity in the variables must be preserved. Accordingly the “system 
in its corporate capacity” will comprise compound forms, each form being modi- : 
fied by the addition of each form of lower order than itself, multiplied by an 
arbitrary form of suitable order. The coefficients of each such arbitrary form 
constitute the constants of an independent transformation. An invariant of one 
. such transformation I propose to call a semi-combinant of the two forms con- 
cerned; an invariant of all such transformations, a semi-combinant of the entire 
system. 


* Cambridge and Dublin Math. Jour., Vol. VIII, p. 62. 


soa 
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For example, let the groundforms be two binary forms of orders m and m- 
respectively, fm and ®,, where m >n. Borrowing Sylvester’s terminology, let 
us call the compound form | | à 

| B= + Ran: Pa 
the conjunctive* of the system. The arbitrary constants are then the m—# +1 
coefficients of the arbitrary form R,_,. Then every concomitant of the con- 
junctive.#, and the lower form @, will be a semi-combinant of f, and @,, if it 
is independent of the arbitrary constants in R,_,. 

. It is possible that the arbitrary form R„_, can be equated to such a covariant 
as to make conjunctive J itself a semi-combinant. If this be done I call the 
particular value of the conjunctive a semi-combinant groundform. Having defined 
‘the term, we must inquire whether semi-combinant groundforms exist, and if 
so, how many there are that are linearly independent. I shall prove that if such _ 
a groundform exists it must satisfy identically a definite equation of condition 
found by elimination from a set of linear equations, and invariant in structure ; 
an invariant equation, of which the well-known condition that a curve shall be 
apolar to a conic is a special example. Reversing now the order of things, I 
consider all groundforms that are included in the conjunctive of the system, and 
those of them that satisfy invariant equations of suitable order, linear in their ` 
‘coefficients, I designate as affliant groundforms. I show that not only is every 
` semi-combinant groundform an affiliant, but also every affiliant groundform is a 
semi-combinant. A given characteristic equation resolves into linear equations 
which determine the corresponding affiliant groundform, thus establishing directly . ` 
the existence of semi-combinant groundforms. That their number is limited I 
show from the nature of the characteristic equations on the ‘one hand; on the 
other hand, from the necessary structure of those groundforms as covariants. 
. Both methods give the same upper „limit, probably much too high, to their 
number. So much constitutes the main purpose of this paper. 

Incidentally it will be. noticed that apolarity is,in the binary domain and 
for quadric forms in any number of variables, a special case of the affiliant 
relation. Indeed the well-known connection between the theory of apolarity 
and the theory of combinantet finds its analogue i in the relation of affiliants to 








* Cambridge and Dublin Math. Jour., Vol. VILL, pp. 258, 259. 2 

tSee for example B. Igel: Ueber ‘einige Anwendungen des Prinoipes der Apolarität, Wiener 
Berichte XON, pp. 1158-1194. Full references are given by F. Meyer in Jahresbericht; der Deutschen 
Mathematiker-Vereinigung, Bd. I, p. 254 seq. | 


. 
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semi-combinants. The range of possible applications of this general theory is 
as wide as could be wished, since the simultaneous system may include any 
number whatever of groundforms in any number of variables, of any orders, alike 
or different. That nearest at hand is probably the -application to curves of - 
‘double curvature. Toward this I offer elementary suggestions; and similarly 
with regard to the fundamental question concerning a. reduced form-system of 
semi-combinants. Finally, I point out in what. way the. introduction of semi- 
- combinants may be useful in the discovery of normal forms, in special cases, for 
Abelian integrals, and suggest the extension of the eo. to connexes and other . 
mixed formas, 


ST Const Curve apolar to a Conio determined as a Semi- Combinant. 
To Rosanes-and Reye is due principally the theory of mutually apolar ' 
curves or surfaces. Rosanes called such curves conjugirt in relation to each 
other. Lindemann later used the still less distinctive appellation vereinigt 
liegend ; but the term apolar, proposed by Reye, seems to be in use at present to 
the exclusion of both the others. Its meaning may be. defined briefly in ‘alge- 
braic language as follows. If a locus of order n and a locus of oe k be given 


by the equations 
f at =0 and = = 0, 


lass loi are -mutually apolar when the covariant of order n— k (or contrava- 
riant of class k—n) linear in the coefficients of both equsione is identically 


- zero; i. e. when 
. aœ kgn—k= 0 ifnÈk, 


o ` ar ur. if kzn, 


for all values of the yae (æ) or oe Penah as each locus has both order | 
and class, Reye disclosed an important theorem when he proved that the apolar . 
relation -is reciprocable; or, in other words, that if two loci are apolar, their 
polar reciprocals also are apolar.* . ud 

The study. of apolarity received fresh pois when Lindemann} found it 
available in the discussion of binary quantics by the aid. of rational ‘curves. A 





` *Th. Buge: Ueber algebraische Flächen, die zu 1 einander apolar sind, Journal für r. u. a Mathe- 
matik, Bd. 79, pp. 159-175. — 
tF. Lindemann: Sur une représentation “métrique des covarlants as formes binaires, Bull, 
8. M. F., t. Y, pp. 118-198. _ ; 
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binary form of even order -2n is transformed readily into a ternary quantic of 
order n, and thus its zeros (roots of the corresponding equation), which are ordi- 
narily represented by 2n points on a line, come to be represented. by the 2n 


points where 4 conic is met by a curve of order n. The equations of transforma- 


tion determine the equation of the conic, the transformed quantic. equated to 


zero determines the intersecting n°. Lindemann. showed that this n° is always - 


apolar to the conic. Now if the conic were given arbitrarily, and the 2n points 
-upon it, the problem of finding the corresponding binary 2n' would require the 
- discovery of a curve of n™ order intersecting the conic in the given points, and 
‘apolar to the conic. While through the 2n points there pass not only one but 
an infinity of curves’of order n, only one of them is, in general, apolar to the 
conic, Lindemann’s theorem may be- ‘stated thus: 
_ Every complete intersection-system of points.on a conic .dajermines one, and oit: 
one, curve apolar to the conic, meeting the conic in those points and in no others. 
Representing the conic and any curve which meets it in the given pou plete 
intersection-eystem by the equations 


ae a0 and of =0, | 

`- Lindemann determined the apolar n° through the intersection-sÿstem as a 
rational ‘covariant of these two curves.* Its equation is.necessarily of the form 

A = marta a0, | u) 


where x is some quantio of order n— 2, % a constant,’ That A® isa cova- 


riant is obvious, assuming that it is uniquely determinate, From the invariant 
character of its equation. of condition, viz. 


(abAŸ4;= 320. x RC) 


Instead of reproducing Lindemann 8 derivation of this covariant As, I will give a 
more rapid derivation by the aid of its šemi-combinant property. 


There is but one quantic A} satisfying the equation of apolarity ; for, substi- E 


tuting the form (1) 3 in equation (2) we have 
ae) = 1) 7% (aba)? a3? + (n— 2)(n — 3) (abri) rë 
. 4 2(n— jenega Ca + (dba = 0, 


*F. Lindemann: Sur une représentation gõométrique des covariants des formes binaires, gme note, 


` Bull SMF. t. VI, p. 195-208. ` 
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or after reduction of the-third term, 


m (R=) n (aba)? ag- + CDS) (menge 


a 


n (= 0. (3) 





On an this identical equation into its constituents, thé latter would be 
linear.in x, and the coefficients of x?—*. -Hence they are solved by a single 
system of values, or else by an indefinite number.. Obviously equation (3) gives 
a recurrent method for determining the quantic ®-*? with its first term 


3n (n — N (aba)ar-3 | 
2(n—1 My. abe - perfectly determinate. Accordingly, there is one, and 


only one, apolar quantic 43. 

This covariant 4: must be a semi-combinant of až and ai. As it is unique, 
and its determining equation (2) is independent of the quantic až, it can depend 
only upon the given intersection-system, and that remains unchanged when the 
curve at = 0 is replaced by aye curve of the system 

% + us a = 0, 
where u;~* denotes a rere of shine n — 2 with independently variable coeffi- 
cients. The covariant A® remains unaltered therefore by the substitution of 
at + ut—? ai for a*; that is, the covariant A? is.a semi-combinant. 

As this semi-combinant is linear in the coefficients of a, tts terms can contain 
symbolic factors of only the following types : 


a, (abc), (aba), ag~” =, 7 S 


This is readily seen by the aid of ordinary theorems on ternary quadrics. I may 
therefore write the covariant as follows, using undetermined coefficients A), M, As, 
` ete., and denoting by A the domiga (er: by af the factor (aab)?: 


Al = MA. + An. AL agar. ah + gh’ .ahaar—*.a3bi+ etc. (4) 
= 1 be n+2 
2 








The number of constants Ax is , as n is odd or even. To 


determine their values, Lindemann applied the equation of apolarity, (2). I will 
employ the condition that renders. A} a semi-combinant. Substituting in (4) for 


~ 
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ar tho conjunctive at + u*-%a, the increment of A" must vanish identically. 

From the first term of (4) comes the increment 

| | Au a. 

From the second, 
2 r—1 —2 oe gr —3 (ns) 4,3 ; 

n(n am AAN | anus + a(n a) asisas + — a Fa) b | 


which reduces to 


2 . à Ta 1 „Auta + CZD) ari uuta 2 


` n(n — 1) 


Similarly the third term gives.the reduced increment, 


| r | a =) ar 18. Be b 
nai)" 
| = (n—1 | Es BIRD) ann a 


These suffice to show the ie of the ee We find on calleping terms and 
equating to zero, 


Hence . la — 3a(n—1) 


3?.n (n— 1)(n— 2)(n — 3). 
Bü. + 3.7 (2n —1)(2n — 3) on 


R Introducing additional factors i in both terms of these étions, we obtain them in 
the form | 

_— __3n.n(n— 1) _ 3 P,P 85 P1.nP3 
LE mGa ij MT Er. 


nn One nt 
wer 214 Le 


dos 


- From the general equation of condition we obtain thus the value of A, in 
terms of Ay: . 
=x Ss, _. 1 \* 3* „Pi nPar 2 $ 
n Sh. , n= TE as (5) 
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Here for abbreviation „P, denotes the product 
„P= n(n—1)(n— 2)....(n—k+1). | 


` The value of A, is arbitrary; we may assume = 1. Omitting needless factors, 
the value of r may be taken less by unity than the number of possible terms 





st ne 
~ 2 2: 
Inserting these values of 4,....24....,andr, in formula (4), we have the 
covariant and semi-combinant A BEER in terms of fundamental covariants 


of af and a. : 
| + The expression for Ay, obtained by its EI property, agrees with that 
derived by Lindemann from its apolarity to ad. The foregoing discussion is a proof. 
of Lindemann’s theorgn, since the semi-combinant property y is in this case involved in 
the property of apolarity. 

À precisely similar. determination of a semi-combinant n! can be found _ 
when we interpret the forms a? and a? as ternary, or quaternary, or m-ary. In 
each case the form obtained is identical with that given by the conditions. of 
apolarity. The reason for this will (RER in SS7 and 8 below. 


82. The DIR Equations satisfied by Semi-Combinants. 


“The: name P E has been proposed above for certain invariants of. 
a simultaneous system. Invariants (including, of course, covariants, etc.) are 
defined readily by differential equations which form a “complete system,” and 
ordinary invariants thus come to be treated by Lie’s method as invariants of a 
“group” ofinfinitesimal transformations. The same can be shown to be true of 
semi-combinants. In verification of this statement I need consider only two 
binary quantics as an example; it will appear that the discussion could be 
extended without difficulty to any number of quantics in any number of variables. 

Denote by fm and @, binary quantics of orders m and n respectively, and let 
m>n. To indicate with precision the several coefficients, let the terms of the 
two quantics be written withont-numerical factors, i 


Fn =>, (a, aid), 


t+k=m . 


Pn = >, (a, tit). 


itk=on 
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Then the four operatig discussed in the theory of linear transformations are | 


. these: 
= Zien?) HEC) | | | | 
We Same 2) +2). | 
ae 1) 41, so) PA 1) 441, 6 ee) 


Q= Eh +1) ler 1); _ 


has 


` (6) 


These are here written as applied to invariants only; the variables neglected 
-may be included, of course, by adjoining a linear quantic to the two under con- 
sideration. Of these four operators, the first two acting on an invariant repro- 
duce it with a numerical factor, the third and fourth yield identically zero. 

The additional operations entering into the theory of semi-combinants are 
educed from the definition. A semi-combinant of fẹ and 9, is an invariant: 
which is unchanged when the coefficients of fm are increased by the correspond- 
ing coefficients of u,_,®,; U. denoting an arbitrary quantic of order (m — n). 
Giving to u,_, successively the (m—n + 1) linearly independent values A4", 
Ja, AP", we shall obtain (m—n + 1) ‘independent sets of ares 


ments to be applied to the coefficients of fn, and shall find as many equations of >` 


condition for a semi-combinant. 
‚ To the coefficients 
An, 05 Anli eee + A, ml 1 Fm 3 


accrue the increments 


(1) Adin, 0 Are 0: fe LS 

(2) O, Ado see. 
(men), DO var 
(m—n +1) Oy O° pen. Aann Alon 


Corresponding to these elementary sets of increments, construct the (m— +1). 
elementary differential operators : 
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Sn—no = Un, a + On—1,1 Rien +. se + ai x TR : 
ES ee / 
| ay aa) 
San- 1 = Shai =i me) yo - - (7) 


Das 3 — Cr 3, k—3 5) , 


man = DC a) .. 


The sets of increments tabulated above define each a substitution of functions of 
an arbitrary-A for the coefficients aw, and these substitutions must not alter the 
value of a semi-combinant F. Equating to zero the corresponding increments 
of F, there result the equations of condition : ; 


(=, ol), Saarna(F)=0, | nei 
Do, m—n (F) = 0. . (8) r 


Referring to the definitions (7); it is apparent upon inspection that any two 
operators S are commutative, for the action of either upon the other is nil. 
Since then for all suffices 1, k, Zu 


Nager Sn Sn et, 


the (m—n + 1) differential equations (8) form a comnlete system, and the corres- 
ponding operations S define a group* The four operations W,, Wz, O,, O; define 
a second group, as is well khown. There remains to be examined then only the 
` effect of permuting an operator of the first group and one of the second; finding 
this always expressible as a single operator of the first group, we shall conclude 
that all these operators together define a group comprehending the others as 
sub-groups. We find by easy reckoning the following facts: 
: Sun, o Wı — W, Sa—n, 0 = (m—n) Sia cn a" 
Sm—n—1, ıWı -Wı Dee, ‚=(m—n— 1) aal 1 


- 


Sane’ rW — W: Da Tar r= (m N r) PSP r) 





*8. Lie: Theorie der Transformationsgruppen, Erster Abschn., p. 107, Batz 4. 
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and similarly for Wz, | | 
Sm—n-r; #5 — W, Daniar r=r. Das re 


The results of permuting operators O with operators S are-as follows: 


Sm—n, o O1— Or Sm—n, 0 | = (m —n) Sei 
Im-n-1, 10, — 0, De i= (an = 1) Da casa a ; 


f Š, m—n—1 O — O, Dyr, men Œl K, mn | | 


So, mn Oi — Oi So, mn = 0. 

San, 0 Oz me O; Pe 0 = 0, 3 . 

Sm—n—1, 1 0; — O; Sa—n—1,1 = L Sanh 0: en: = 
S: | | | | 

St, m—n on 0; S, m—n—1 ` = (m—n—1) So, m—n— 2) 

Sp, m— 20 — Os S>, mn = (m — n) Si, m— n—1" 


The completeness of the system of equations (6) and (8), thus verified, 
might have been inferred from the observation -that all the operators involved 
are linear, of the general type known as polar operators, and comprised in an 
aggregate given by integral indices with definite limits. The above exact 
‚expression of the laws of the system shows, however, that as generators of the 
group,. after the operations (6), any oe one of the Sy might have been 
selected. In other words, r : 

The manifoldness of semi-combinants of two binary quantics is but one unit less 
than that of ordinary invariants. 

Beside the extension, now evident, of this theorem to two quantics in any 
number of; variables, there is another not remote. We may consider simulta- _ 
. neous invariants of more than two quantics ; e. g. of three binary quantics 


Sas Pas Vo | (m>n>p), 


and deine as semi-combinants of the system (in that order) such invariants as 
are unaltered when these quantics are replaced by the three following: 


fm + Un an T Va: m—» EPI Pn + Wty Vp ` 


in which U, V, W denote quantics of the proper orders. with arbitrary coeffi- 
cients. Here we can state the theorem : 
The manifoldness of setarcoinbingnis of three binary quantico uhosi sequence. 
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must be stated whenever two have the same order in the variables —is less by three units - 
than that of their simultaneous invariants. Only three independent conditions beside 
those of ordinary invariants are needed to define them complete: 


§3. Sond Combines Groundforms defined, with Examples. 


The ternary quantic of order n apolar to a quadric, which is discussed in §1, 
is a seini-combinant of a given n! and quadric. It is a linear combination of 
covariant multiples of the n'° and the quadric, ‘The covariants are all linear in the 
coefficients of then’. We shall characterize this apolar n° ag a semi-combinant 
groundform, and make the following definition : 

If two quantics have orders m and n respectively (m > a then any semi-com- 
binant aggregate of covariants of order m containing severally one or the other quantic 
as factors, and linear in the coefficients of the ms, shall be called a semi-combinant 
groundform of the two quantics. ; 

Denote two quantics by a” and az,(m>n). The only covariant linear in 
the coefficients of ay, of order m, containing af as a factor is ag multiplied by 
some invariant of af. Since other terms of the aggregate are to contain a factor 
a”, the other factor of each must be a covariant of order (m—n), linear in the 
coefficients of a”. Since such covariants are to be mentioned often, I denote 
them uniformly by thé initial letter of “linear ”—namely; by Z®_, or simply L". 
The general type of a semi-combinant groundform i ts then 


A® = Dat + (agli + gl! +... aL) a, (9) 


where k denotes the number of linéarly independent covariants L, I some invariant of 
the quantic ag. That such semi-combinant groundforms exist I will show by a 
few examples, 

For a ternary ml and 2° the apolar m! of Lindemann is, as has been - 
shown (§1), the only semi-combinant groundform. For it was found to be com- 
pletely determined by the conditions employed, barring a factor which was an 
_ arbitrary power of the discriminant of the quadric. 

For a binary m! and 2° the only semi-combinant groundform i is that (conju- 
gate) apolar to the quadric, as I have shown elsewhere.* The same considera- 
tions are valid for any number of variables if one of the forms is a quadric. 





* Reduction of the resultant of a binary quadric and ni? by virtue of its semi-combinant property. 
Bulletin of the American Mathematical Society, Oct. 1894, pp: 11-15. ` | 
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When a “reduced system” of invariants of two quantics is known, the ` 
determination of a semi-combinant groundform is. usually easy, since only cova- 
riants Z#)_, enter into the problem, and the condition for a semi-combinant is. 
applies by a single substitution. As first example, consider the binary quartic 
az and cubic a$ =b} = ete. Following Gordan’s method we find four linearly 
independent covariants of order 1, linear in the coefficients of at; four . cova- 
| manta L: 

Be (aa) dy; l 
= LF = (ab) (ac)(ba)(ca)} a 
LI = (aa)? (be)? (ba) cx, 
IE = a de 
_ and one invariant of the cubic, 


T= (ab) (ed }(ac)(bd). 


‘The degrees of these concomitants in the. coefficients of a} are respectively 
1, 3, 3,5; 4. Referring to formula (9) we see that homogeneity admits only the 

“covariants ZA and IL", of degree 3 in those coefficients. There aré to be deter- 
mined A, and A, in the expression | 


Al = Lai + (ALT + ML) A. 


In this expression substitute for a, the conjunctive as + U,-€, and require the _ 
terms involving parameters u to disappear identically. 


0 = Idu, + (Elu — $45 Lug) È, a 
-8 + 523 — 825 = 0. aoe (10) 
Of this equation there are two linearly independent solutions; as the simplest, | 
we adopt these : 


1) a= — $, Ag = 0; 
2) Ag = + 0, As = $. 
There are thus seen to be two linearly independent SEDE OU pant groundforms 
42 and a simple infinity. of combinations Ag+m. 


pee cn 


na EE: Be de. = oe (12) 
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As a second example, let it be required to find all semi-combinant ground- 
forms in the simultaneous system of a ternary quartic and cubic, denoted by of 
and aj respectively. For the ternary cubic a complete reduced system is given 
by Gordan.* Our cavariants L are to be of order 1, and contain symbols « to 
the degree 4. The symbolic expression of an L may contain either a, and three 
a’s in determinant-factors; or an a,, with four a’s in determinant-factors. There 
correspond to these, in Gordan’s tables, mixed concomitants (Zwischenformen) 
either of class 3, order 0, or of class 4, order 1. Of the former we find two, of 
the latter three. Their degrees in the coefficients of a? are respectively 3, 5, 5, 
. 7,8. There are two invariants, of degrees 4 and 6. With the aid of these there 
„can be formed homogeneous expressions involving the first four covariants L, but 
none containing that of degree 8. 

The symbolic expressions are 


1) of the invariants, 
> = (abe)(abd)(aed) (bed), 
= (abc)(abd)(ace)(bef )(def }"; 
2) ofthe four covariants Z, 
T: = (abc)(aba)(aca)(bca) a,, . 
LP se (abe) (abd) (ace) (boa)(dea.)* Os, 
L= = (abe)(aba)(aca)(bed) (dea) eg, 
LN = (abe)(abd)(ace) (bef )(dea} (fga) ga- 


Instead of determining the most general semi-combinant groundform and singling 
out four independent ones by particular values given to the parameters, I will 
for simplicity’s sake determine the particular ones, and of them compound the 
most general. 


The four shall be these : 


S.F=S.0,+ AL" . 

T.F, = Ta +, 1" a 
T. F= Tat + 23 L.a 
S.F, = S04 + AL a. 


Applying the condition that each of these forms F shall vanish identically for 


* Ueber ternäre Formen dritten Grades, Math. Ann. I, pp. 101-102. 
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ait = a’.u,, I find, after somewhat laborious .reduction of the Posing symbolic 
products,* the values of the constants 

WS 2, h=, a=b U=. à 
80 that the simple semi-combinants Fy... F, have the expressions 


I 


F=a— 2.4, 
Bad a.a, % | 
| oe | (13) 
Fy = a, — 67: Aes a i 
a DF 
F= af sg FT: a3. 2 . 


. The oi general semi-combinant ondes is the linear sömbinaken of these 
four, with arbitrary multipliers, 


FER + LR +R + ULB, 


From these examples it is sufficiently clear what method must be followed. 
in obtaining all semi-combinant groundforms of the system of two given quantics. 
The covariants L must first be enumerated. While not every L will give neces: 
. sarily an independent semi-combinant, yet none. gives ı more than one; and we 

may formulate the following conclusion : 

The number of linearly independent semi-combinant groundforms of two quan- 
tics of different order does not exceed the number of linearly independent covariants 
L, linear in the coefficients of the higher quantic, and of order equal to the difference | 
in orders of the given quantics. ; 

. Thus a superior limit is established, which will be confirmed later, when ` 
also i it will appear why this number falls often below that limit: 


$4. Reduced. Torin: -system of Semi- Combinants derivable from that of General 
- Covariants. 


Any covariant of a system of two quantics az, a3, which is also a semi-com- . 
binant of we system, is unaltered when in its explicit formula the coefficients of 


* The jac useful reduction- hote are given by Olebsch and Gordan, Ueber oubische ternäre ~ 
Formen, Math. Ann. 6, pp. 448-9 and an ; 


Ware: Semi- Oombinants as Concomitants of Afiliants. . 249. 


af are replaced by those’ of am mt urat. -This is indeed the definition of a 
semi-combinant, due, giving the arbitrary parameters in u?" special 
values, so that ag + us "az becomes a semi-combinant proud iors As, we may 
notice in particular that 

` AU semi-combinant invariants- and covariants are unaltered by the substitution 


az ~ AS, 


A} denoting any semi-combinant groundform. 
Assume that in every system such semi-combinant groundforms exist, Sup- 
| pose. the aggregate of .covariants of the system subjected to the above substi- 


tution, 
~ A, 


Every covariant will be transformed into a semi-combinant, for it becomes a 
covariant of a semi-combinant. Suppose further all identical equations to be 
explicitly given, which express covariants in terms of the finite number of cova- 
riants constituting a reduced form-system. These syzygies being du CG to 
the same substitution, 

ag ~ AS, 


will become syzygies between semi-combinants, reducible covariants becoming 
reducible semi-combinants, and the reduced form-system of ordinary covariants | 
yielding by transformation a set of semi-combinants in terms of which all other 
semi-combinants are expressed as rational entire functions. Hence the theorem: 

The reduced form-system of semi-combinants cannot contain more irreducible 
concomitants than that of ordinary covariants. 

That it must contain fewer will appear, subsequently (see 56); for at least 
‘one covariant of the reduced system will vanish identically. - 

This transformation gives all the semi-combinants of a system, and a part of 
their relations inter se, as soon as all covariants of the system, their syzygies, and 
a single semi-combinant groundform are known. The discovery of the latter is . 
therefore the essential step in proceeding from a theory of ordinary invariants, 
- such as already exists in greater or less completeness, to à correspondingly com- 
plete theory of the subgroup, semi-combinants. Particular examples like those 
of $3 do not suffice. We must address ourselves to the general question, how to 

find semi-combinant groundforms in the system of two or more given quantics. 
32 F , z š 
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86. Affiliated Forms defined and determined as Covariants in a given System. 


‚A class of concomitants, that are certainly semi-combinant groundforms of 
two given quantics ag and az, (m>n), are those satisfying identically linear 
_ differential equations, invariant per se, having as coefficients functions of the 

- coefficients of the quantic aÿ;-provided such solutions are completely determi- 
` nate. (Otherwise not the particular solution, but the aggregate.of all solutions, 
would be semi-combinant.) The defining equations must equal in number the 
arbitrary parameters in the conjunctive a” + u—"a®. They may comprise that 
number of invariants, each equated to zero, or any part of the number may be 
represented by a covariant equated identically to zero—an-invariantive set: of 
differential equations. The solutions will be rational covariants if the defining 
equations are all linear; were any of higher degree the solutions would still be 
semi-combinants, but irrational. I intend here to examine solutions of sets of 
equations found by requiring a covariant of order m — n to vanish identically. I 
shall speak of these equations in the aggregate as a characteristic equation, and 
call their solution an affiliated form or. affliant. of the system of a” and a’. 

` An affiliated ia or affiliant of the system of a” and az is any covariant of the 
type AP = af + lp "az, which satisfies a characteristic equation obtained by equa- 
- ting identically to zero.a bat of order m — n, linear in the coefficients of A™. 

If: the quantic of lower order be a quadric, there is of course only one 
affiliated form,* that one, namely, which is apolar or conjugate to the quadric. 
Two examples of this simple case will make the above definition” more intelli- 
gible. 


First example : System of binary cubic and quadric. 


` Required the values of Z, and Z which render dd + l. = 43 an affiliated, 
form. There are two covariants of A® and a}, which can give aan of defini- . 
tion ‚F but the identical vanishing of either one involves the vanishing of the 


_. other. The one of lowest degree is this: 


(aAŸA,=0, - | E | (14) 
3 (aa)*as + (ab) 4 + 2(ab)(al) be =0, | | 


or expanding, 





* For the condition of apolarity involves every other.covariant condition’ of the proscribed order; 
+ Named p and g by Gordan- -Kerschensteiner, p. 828, 
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and reducing, K 
3 (aa)a, + 2 (abf L= 0. | 
Since the only term involving the parameters h, & contains the factor L, it 
is only. necessary to solve for this linear form 





a ; 
: =. Ge, (15) 
hence the required affiliated form is | | 
3 
Amat (ue en 


Second example: System of binary quartic and quadric. 

Of the six quadratic covariants of a quartic and a quadric, two are linear in 
the coefficients of the quartic, those named‘) and U by Clebsch (Binäre Formen, 
pp. 213, 214). If) become identically zero, so also will P. ‘The two give thus 
only one characteristic equation for an affiliated form: A‘ = at + 2.a%, namely, 

| _ (aAŸA=0, (18) 
ie. 6 (aa) as + (ab? + 4 (ab)(al) bz. ls + (a B =0; | 
or, after reducing one term, 

6 (aa) a3 + 3 ve (aly B=0. 
This is equivalent to three equations for parameters, and these are linearly inde- 
pendent, for otherwise we find that a multiple of the ‘discriminant of the quadric. 
must vanish. 

Instead of solving dies three equations, compounding the resultant determi- 
nant-quotients with proper multipliers into the form @, and reducing its expres- 
sion to covariant form, I find it more convenient to solve by a convergent series. 
The equation for À is, calling (ab) = A 


g=- —9 Ga) Os — 4 a (ef. $ 


By repeated éd of this expression. for 2 in the second member—in 
itself—we have + 


E = — ae CORN er ete, 
pote 4 CRETE ttha) 


"o a +3. COQUE (17) 
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Therefore the affiliated nd of the system is 
AL= = af eas a (aa) ae Pat Ga (ba)? de. (178) 


These examples exhibit one mode of finding the affiliated form when its char- 
acteristic equation is given. Such a solution must be a semi-combinant ground- 
form, for it is a covariant by virtue of the covariant defining equation; it is of 
- the type a+ e-na); and as it is uniquely determined from. the conditions, it 

must be unaltered by the substitution 


an~ at + ur "ag 


for that affects jade its type nor its characteristic equation. 

This last remark may be stated more clearly by employing a functional 
notation for covariants, and by this means an important property of the covariant 
- 19" or L may be developed. Designate bya and a the quantics a7 and a®; by 
U any arbitrary quantic uy—*; by G(a) and L(a) two covariants, of order 
m—n, of a” and a®, linear in hé coefficients of the former, such that L(a) 
satisfies the characteristic equation 


G (a+ aL(a))= 0. P (18). 

On account of the linear structure of these covariants we have | 
G(a+aL(a))= G (a) + G(a. L( («)), - | (19) 

L(a+a.U) = L(a) + L(aU). - 


"If for ar we substitute as + ut—*az, we have from the identical equation oe 
G(a+aU+al(a+aU))=0; | 
and therefore, since L is uniquely determined by (18), the identity 
a+al(a)=(a+aU0) +aL(a+aU), ` (20) 
showing that the affiliant a + aL (æ) is unaltered by the substitution ag ~a 
+ u%—"a’; or, in other words, every affiliant is a semi-combinant groundform of 
the system. 
Equation (20) expanded by (19) i is this : 
a +aL(a)=a+aU + aL (a) + al (a. U), 
or; on dropping like terms, 
aU +aL(aU)=0, 
and without the factor a, ‘ 
: L(aU)=—U. . (21) 
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Remembering that L is determined as the quotient of an integral rational 
simultaneous covariant of a and a by an invariant of a alone, we may set 
K(a,a)., - oe. 

Ila) ' 





- L(a)= 


whereby equation (21) becomes | 
K(a, aU) + U.1(a)=0. | -: (21a) 


This may be regarded as a defining equation for K (a, a), in accordance with 
- which it is to be derived, linear in the coefficients of a, from a suitable given. 
invariant /(a). The solution of this: problem would lead directly to the formation 
of a semi-combinant groundform. - de 

In a given system, how many affiliants can occur? Certainly not more than 
the number of independent characteristic equations; that is, than the number of 
independent covariants G, @', G",.... of order m — n, linear in the coefficients : 
of the higher quantic. Hence, as was seen above in the closing theorem of $3, 
the number-of independent affiliants has for an upper limit the limit of the number 
of semi-combinant groundforms in- the same system. | 

Further, there is an obvious reason why not all linearly independent cova- 
riants G, G’, @", etc., need furnish different affiliants when they are employed : 
in ant cdot It may happen that one or more of the remaining 
G’s can be represented as a simultaneous covariant ofthe first and of ap. In. 
that case, of course, the solution of G=0 would satisfy G/=0 and the rest - 
belonging to the system of Ganda. This case always occurs if the characteristic 
equation has a determinate solution whose covariant L is not a mere multiple 
of G. | 

If we suppose, as in (18), 

G(a+aL(a))=0, 
then we have, according to (21), _ | 
CU — U, and L (aL (à) N= — L(a). 


Therefore the solution L of the equation. oo 
. L(a + aL, (a))=0 
is L itself. For we have nr > 

L(a+aL(a))=L(a) + L(aL(a))=L(x)—L(a)=0, (22) 
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and this we will adopt as the normal form of the WEGEN equation of an 
_affihant. 

Here, of course, L(a) may be radically different from G (a), or it may differ 
only by a factor. In either case, L(a) must be a covariant of G (a); for by 
virtue of (18) and (22), if L (A)=0, it follows that G(4)=0, and conversely. 

We can name not only a superior limit, but probably also one inferior limit 
to this number of independent affiliants. This number is not less than the number 
of irreducible invariants of the lower quantic.a2, diminished by the number of syzy- 
gies of the first kind. From such invariants there can-be derived covariants G (a) 
by an Aronhold process, which shall replace coefficients of a% by those of the 
polar, ažap ~". The latter will be independent save as derivatives of the syzy- 
gies shall indicate relations, Such covariants @ will not vanish simultaneously 
except by virtue of special invariant properties of the lower quantic.’ There is 
. lacking. a proof that each such G has Corronpondidg to it a determinate solution 

L of the equation 

; G(a+aL(a))=0. 


` As I have no complete proof of this, it may be left for the present to be investi- 
gated in each separate case discussed.* 

A question of some interest may be mentioned here. Suppose two affiliants 
determined by characteristic equations, and the latter put into normal form (vid. 
(22) » so that we may write . 

L (a + al, (a))=0, 
l | L(a + aL, (a))=0. 

If now these equations be combined linearly, how will the solution depend 

upon the solutions Z, and L of the separate equations? If, namely, — 


Gy (a+ aly (a) = Gal + -L(a + als(a))=0, . (2) 
what relation subsists between L, L, L? | 
Expanding (23) by (19), and using (21), we find 
Age Ly (a) + Ay Ly (a) — Aq. Dy (a) — As. Dy (a) = 0, | 
a) = Meda (a) +2. L (a) | 
en ma ner 





*The most obvious. point of attack for this problem is offered by equation (21a). 
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The same considerations show that for any ‘number of equations, G; (a + Le. = 0 
with determinate solutions Li, 


EL; («4 + amio, o (24a) 
EL 
| ZX 

The linear aggregate of characteristic equations is projectively related to the 
aggregate of corresponding solutions, and is perspectively related to BER Vf the 


characteristic equations are in normal form. 
For the solution of (24a) is identically 


ZA. a E aS Ay Ls ( a) - 
Eh 


and thisis < X2, (a + aL 0), 7 


A 





Loosely stated, this would show that the solution of X, L= 0 is 


wherein every term of the numerator (a + al,(a)) ia the solution of the corres- 
ponding characteristic, equation | ; 
This shows how a given equation may ie its solo indeterminate. If in 
(24a) we assume 3%, = 0, the solution would become 


Za + ada, L (a) =a -X2 L (a). 
Since this is necessarily a semi-combinant, the solution of characteristic equation 
SAL, (a+a U) =0 
is indeterminate. It is namely the quantic a? multiplied by an arbitrary quantic 
U of order. m—n; for we have by (21) | 
| Za L, (aU) = —3a;.0S USA = 0. 


Equations of this sort may be regarded as forming a singular system ; ‘for defining 
the quantic až, which is indeed a semi-combinant by virtue of being a covariant 
and unaltered by the substitution . 


a art um =. at, 


Every linear combination of normal characteristic equations’ has a determinate 
solution except when the combination SA L;=0 is one of the singular system having 
-24,=0. Of any singular characteristic equation the solution is indeterminate, 
being the quantic of lower order multiplied by an arbitrary function. 
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86. Every -Semi-Combinant Groundform is an Affiliant. Production of its 
Characteristic Equation. . 


The inquiry for a single semi-combinant groundform in the Sen of two 
quantics a”, at (or a and a) resulted in the finding of a whole class of such 
groundforms, the affiliants of 85. Every affiliant is a semi-combinant ground- 
form, and as such suffices for the determination of all covariants that share its 
semi-combinant property. It is now to be shown that, conversely, every semi- 
combinant groundform is an affiliant. . 

Let the rational covariant of a” and da: 


ADSot + ET, | 


| (25) 
or for brevity | A =a T a. L(a), 


| be a nan, i. e. let it be unaltered by the substitution 
am ~ ar + utta}. 


Then’ the Nn equations involved. in the identity or ‘definition (25) may be 
regarded a8 equations of the first degree “in: coefficients. of a, by whose aid those 
coefficients are to be expressed as rational linear functions of coefficients of A. 
But the quantic ais by hypothesis not determinate when A is known; on the ` 
contrary, it contains implicitly the Na parameters of u2—*.. Therefore all 
determinants of a matrix having N, rows.and (N„— Na-n) columns—linear in 
coefficients of A, but- not usually so in those of a—must vanish. These 
several zero-determinants ‘can be multiplied with suitable power -products of 
- variables (a, £p, %3,-++.2,), 80 that their sum equated to zero will constitute 
the covariant characteristic equation described in. $5, by virtue of which the 
_quantic A is an affiliant. This process of. proof is, however, unnecessarily : 
. expanded, and can be compressed into the following symbolic form, a repro- 
duction of (22). - 
Since A is a semi-combinant, 


a + a. + aL(a +a0)=a tab (a); 
therefore -> aU+aL(aU)ÿ=0, . 
l : UE 


U 7 denoting an n arbitrary quantic U= Fe ” This property of the covariant L Me 
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depends only upon the order m—m of the quantic U: Hence for U we may 
write L itself: | 

| L (aL (0))=— L(a), 
or: La) + L(ab( (a) )=L(a+ab(a))=0, 
and this is exactly the characteristic equation of an affiliant in its normal form 


(vid. (22)). This theorem may be formulated as follows: 
If a semi-combinant Ba be written in symbols of two quantics a and a 


=a+a.L(a), 
. where L(a) is is a rafina covariant, linear in the oies of a, then this semi-com- | 
binant groundform is an affiliant of a, satisfying the een 

L(4)=0. 
As L is always fractional, it remains only to multiply it by a suitable invariant 
of a to make it an entire covariant of A and a. 


$7. Further Examples of Afiliants. 


In accordance with the foregoing, we can write immediately the character- 
. istic equations of the semi-combinants calculated in §3. Of the binary quartic 
and cubic, the semi-combinant Aj satisfies the defining equation, (see (11)) 


(ab)*(ac)(bA) (cA A, = =0. 
This.is obviously derived from the discriminant of the cubic 
nn (ab)(ac)(bd)(cd)". 
The other semi-combinant groundform A} (vid. (12)) has for its equation 
| (aÀ)(c)(64) =. 
This can be ne by equating to zero > its transvectant with the Hessian of 
the cubic: (def d,e, -This gives 
(aA)*(be)(6A)(od)(de)? = 0. 
‘One reduction brings this into the form 
(aA) 4. (be)(cd) (de)? = 0, 
+. (aA) A,=0, 


if the cubic af has no square factor, This is evidently a derivative of the iden- 
. 88 . 
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tically vanishing invariant (ab). Just as the two linear covariants Liy and Li.) 
are found to give characteristic equations having the same solution 4’ (= 4%), 


(A) =0, I" (A) =0, 


€ 


go the solution A(= 44, formula (11)) of-Z’(A)=0-satisfies the fourth, the 
only remaining independent linear covariant equation LY(A)=0. For D" is 
the transvectant of Z” with the Hessian of the cubic. 

In the second example, the system of the ternary quartic and cubic, the 
characteristic equations of F,, F3, F,, F, can be written down directly from the 
symbolic expressions of Z*, LA, L", L7. Our special interest will be directed 
toward the fifth linear covariant LY (a) of degree 8 in the coefficients of the cubic. 
By reason of its degree alone it was found impossible to have a ‘corresponding 
semi-combinant groundform, since there is no invariant of degree 9. But if we 
use this covariant in a characteristic equation for an affiliant, must it not disclose . 
a corresponding semi-combinant? Making trial, I learn that LY (a) is itself a 
semi-combinant, and hence cannot determine an affliant. The proof is condensed 
by the use of Gordan’s notation and reductions as follows: 


L (a) = aa? (ste), l (26) 
where u? and u? are fundamental contravariants, | 


u = FE agua . 


26 
ui a,b,u, (abu). ( e) 


To prove LY (a) a semi-combinant we must show that | Bu 
LY (a+ Ua) =L (a); i. e. LY (Ua)=0. 


Since U and a denote u, and a}, we have 
2L* (Ua) = uara? (stæ) + af a,u, (stæ) 
= 48. (tix) u + $ T.(xss) ut 0, 
both parts vanishing identically. 


- When the two fundamental quantics are of orders differing by one, and the 
lower order is even, one affiliant can be found very simply, whatever the number 





* Gordan, Ueber ternäre Formen dritten Grades, Math. Ann. I, p. 104, Tafel IV, 2. 
tIbidem, p. 108, Tafel XII, 5. Cf. Math. Ann. VI, p. 467. A 
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of variables in the two quantics. Assuming two quaternary. quantics of orders 
2n and 2n + 1, 

atl and a}, 
I mean the affiliant anti] git At. 


which satisfies the characteristic equation ve 
7 (27.1.0. OT (27) 
Expanding this equation, A | 


0 = (abca)** ay a oe mi > i 1 (abode + in on | (abed) Katah d, 


ige n+ 2 

= (aden) rag + PE (bed; 
An +2 | (abca)"as 

° n+2 (abcd}" ’ 


| m+1— m+ 4 + 2 (abea) "a, | | _ 
4 "R n+2 (aber = 





.L=— 








For quantics in r variables, the same equation will give 


Qn +1) (ab... A = 
APH = opt race ae am. | 63) 


Two binary quantics, the lower of odd- ee a# +1 the other of order higher 
` by unity, a3" +, have an. affiliant determined almost as simply as the shove: Set 
Ain td = gint® 4 7, ain+1, and take as characteristic equation 


(a47 AE 0. | (29) 


This is, when expanded, 





(aay ++ +1 (a Dan b,=0. 


ea + os 


mrt 


Since the second bre contains the ‘vanishing invariant (ab) +, the equation 
becomes 


(anpii +t +5 (a b)**(al) by =0. 





For convenience, denote by p, the left-hand member of this-equation, and by A} 
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the covariant cad. “és P.=0, we may int to zero its. transvectant, 


OE (ph) ku = (cd) (aa) + a0) de + FEES (abym(od)"(al)(Bd) oe 


= (d) "(aa)" (a0) dy + ZE (Bed ae) 0A) Le, 


` =p 4+1) (a+ (aa) be 
d n +1 ` (ab) (od)™*(ac)(bd) ' | 
— ant q 4(n+1) (ab "(ea)" (aa) b, | 
ATE = at t3 1 +1, | l 
Oe te On + 1 ' (ab)*(cd)**(ac)(bd) : Be FR (30) 
Whatever the number of variables, if the orders of the two Hit differ 
only by unity, the discriminant of the lower quantic furnishes by evectation a ` 
characteristic equation whose solution can be obtained immediately as in (27) 
and (28). Thus there is proved in general the existence of an afiliant when the given 
forms are of order n and n+1. Where the difference in orders is two or more, 
the existence of affiliants is yet to be confirmed. 
As showing RAA processes capable of extension, consider a binary 
quartic and sextic, af and aj. Let it be required to determine the affiliant 
o A’ = af + Bat 
from the equation l (aA) A= 0,. 
or Z from the reduced equation 
| (aaja + 4 (ab) ++ (a B=0. 
Transposing, this gives . 
p —— 3 (sa 











ape _ 4 (CPE à 
| (dt 7 (af de 
The scheme for solving this equation without leaving the domain of rational 
covariants is now to substitute the value of 2, given in this second member, into 
the second term.of that second member, then to repeat. the process ad infinitum. 
This is admissible if the resulting series shall be found to converge. For the 
convenient execution of this plan I will designate by P the operation which from 
any quadric u derives (ua)*a3. Then for the second term of the second member 


of (31) I have 
x __ 6 (laf (ab) bs _ 
5 (abi ý ); 
J where i= (ab) 
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Calling the first term F, 7 : 
Pass 7 (aay až, 
equation (31) gives the series | | 
g= F4rP(P) HPPP) +PP (F) à. o’ | 
H(t PH PP PRE. oo) (FP). (32) 


The problem | is reduced to the summation of the infinite series of operations 
upon a quadric F, 


OP) = +rP +P P+. we )(P). i (38) 
There i is a reduction-formula given by Clebsch* which i is, when adapted for | 
even RHONE of the operator P: (f = (ab)*(bc)*(ca)*), 
RP T pig £ pa, 
Applying t this in the series C after the third term, I have. | 


ots +a ra) = (++ +$)- “+ PAU 


Since P* can be reduced, 


Bez: 2 


el 


‚this gives the sum, i 
: 40% 15% P— 30% 
40° + 37 a + TE 67° 40% + 37” 


= 


Subatiating this in (33) and (32), together an the value of F, there results 


Pa aor ap 1 +47P — 6iP*} ((aa)* 03), 
or ga fo es (er. a+ 9 (ba)* 88 — 6i. (ba) are). (85) 


This u the determination of the alt | 
5 A= à$ + h.a g u » 
À somewhat simpler affiliant exists, a linear ‚combination of the one just ` 
found with that whose characteristic as is derived from the invariant j,- 


(bP (a AP (64) AS 


* Clebsch, Binäre Formen, p.. 21%, (2). 
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The simplest affiliant should be used in discussing the. reduced form-system 
of semi-combinants. - For that purpose, however, the simplest would probably be 
not that whose symbolic expression is of simplest type, but that whose characteristic 
equation is of simplest type. 

This last example gives a form of solution which, if ranean in any par- 
ticular case, is certainly more elegant than the separation of the characteristic 
equation. into its constituent parts, the determination of the auxiliary quantic 
i=—* from these parts as a determinant quotient, and the reduction of this quo- 
tient to simpler; covariants. The longer process, however, gives occasion to : 
investigate directly whether the solution is determinate. For any one case such 
an investigation can be made to depend upon a canonical form of the quantic of 
lower order, if a canonical form is known. An interesting alternative is offered 
by the series O(F), formula (33). In general, P would be replaced by some 
covariant process which preserves (as P does) the order of the operand in the 
variables and its degree in the coefficients, say by the process II. The general- 
ized problem would be to find under what conditions the series 


(+71 + PIE +... in inf) (FP) 


represents a uniformly convergent series, where r denotes some invariant factor. 

* Only one such series fully treated has met my eye, that referred to above 
in Clebsch’s treatment of the system of a binary. quartic and quadric. By the 
aid of his results it is possible to find affiliants of any order n to the binary 
quartic af, which shall satisfy the equation 


. (aAÿ 4 74=0, 
or the equation (ab}(aA)(bA)457{=0. 
I should mention, of course, the system of a quadric and an n°, where the sum- 


mation of a geometric series is sufficient for calculating an affiliant or apolar 
quantic. . = 


§8. Applicability to Normal-form Problem, with a Special Theorem. 


- In geometric research, two quantics equated to zero denote two algebraic 
loci. The relative positions of these two loci may be investigated projectively, 
‘when the aggregate of all simultaneous covariants must be discussed. If, how- 
ever, not the two loci but their intersection is to be investigated projectively, 
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then the sub-group, their semi-combinants, is alone to be discussed. For the - 
intersection of two loci, _ = 
: | as = 0, a = 0, (m>n), 
is equally the intersection of the loci 
as + um "ay n= 0, az =0; 


that is, of the lower-order locus with the conjunctive of the two. Projective ` 
covariants of the intersection-locus are therefore covariants of the conjunctive . 
and of the lower-order locus, independent of. the arbitrary coefficients of u®—*; 
that is to say, they are semi-combinants of ag and at. Ordinarily speaking, an 
intersection-locus is a geometric form when the two quantics contain at least 
three variables. Thus semi-combinants of two ternary quantics belong peculiarly 
to the complete system of points in which two algebraic curves intersect. More 
interesting is the consideration that projective properties of such twisted curves 
as are complete intersections of two algebraic surfaces (“elementary curves”) 
will be represented by relations among. semi-combinants of the intersecting 
surfaces (i. e. of their associated quantics).* For point-systems in three dimen- 
sions, or for curves in more than three dimensions, systems of at least three 
quantics and their semi-combinants will enter the discussion. If, further, the 
orders of two intersécting loci be equal, then not semi-combinants but complete 
combinants (doubly semi-combinants) of these two quantics must be considered. 
, A special problem arises in the theory of Abelian integrals on “ elementary ” 
twisted cur i. e: on the-non-singular intersection-curve of two algebraic 
—surfaces, usually of: unequal order. Normal-forms for integrals of the different 
species are to be fixed by algebraic considerations. For the reasons above 
specified, a normal-form ought obviously to be a semi-combinant of the two 
surfaces. For this as well as for other applications, the following theorem is 
valuable : | 
‘Theorem: If a covariant of two quantics of unlike order, F (az, az) or F(a, a) 
has been found which changes only by HDI of a z and -ag when subjected to the 
substitution 


cata +", 


A 


* Semi-combinants of the two surfaces would be, for example, the tact-invariant, the equation of the 
developable having the intersection-curve for its edge of regression, and the ee of the locus of 
triple-secants of the intersection-curve. ` 
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then a semi-combinant of a and a can be derived EM F(a, a) by the addition à of | 
covariant multiples of a” and a, 


F' (a, a) = F' (a + Ua, a) = F(a, PERTE TE 


where M and N denote covariants. 

In proof of this I assume, what is not yet fully notes that there 
exists an affiliant groundform À = a +.L.a. . In use, this must be tested until it 
shall be generally proven. Substituting À for a gives a semi-combinant 


F' (a, a) = F(A, a) = F(a +a.L, a). 
But by hypothesis _ | | 


Fatal, a)= F(a, a) + multiples of a and a, 
(say) = F(a, a)+ M.a + N.a; 


that is to say, the semi-combinant F' (a, a) differs from F(a, a) by covariant mul- — 

tiples of a and a, q. e. d. 

| For precision in any proposed application the assumption spoken of must be 
verified for that case; then the domain of rationality of the covariants F, M 

and N must be specified and the theorem restated. 


~ $9. Afitiante and Semi-combinants à in a System of more than two Quantics, and in 
„Systems of Mixed Forms. l 


Aa a system of more than two independent quantics of different: orders in a 


given number of variables, those invariant concomitants are semi-combiñänts of 


the system which are semi-combinants of every pair ọf quantics taken separately. 
These must all be obtainable as concomitants of a derived system of ground- 
quantics, where each of the given quantics, except the lowest, has been replaced 
by an affiliant of all quantics of lower order: If, for example, three quantics: 
Sis fas Ja axe. the groundforms. of the Lo (>m >n), then these are to be 
replaced by 

a Sfar 

Fo, = fa + fa L M, Ch á f 
P= fi + Fol) + febr, n (Pi); 


F, being an affiliant of fx; F, a simultaneous affiliant of f, and Fa- Then it is 
evident, as in the case of semi-combinants of two quantics, that 
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| Every simultaneous covariant of the three quantics fa, F., F, is a semi-com- 
binant of the quanties Jas Jas Sr; and conversely, that every semi-combinant of the 
latter set te a simultaneous covariant of the former set. 

The proof that semi-combinant groundforms are affiliants of the several 
quantics of lower order, and the discussion of the complete system of differential 
equations satisfied by semi-combinants, appear more interesting even than the 
corresponding parts of the foregoing, where the number of quantics has A 
limited to two. 

So far, forms in a äingle get of variables have been treated. In addition to 
these, the theory of algebraic forms must deal with those containing two or more - 
independent, or cogredient, or contragredient sets of variables ; first of all, if we 
follow Clebsch, those containing two sets of the same number of variables, mutually 
contragredient. Such mixed forms he calls connexes, and speaks of -them by the 
use of two indices, as (m4, my), denoting respectively the order in the one set and 
the order in the other set of variables. Without going into details, I. may offer 
here the outline statement that, Rae À l 

If two connexes have the indices (m,, m,).of the one not less than, and at least | 
one of them greater than the corresponding indices (ni, na), respectively, of the other ; 
then there exists in the aggregate of their simultaneous covariants a subgroup, their 
semi-combinants ; and their semi-combinant groundforms and affiliants can be found 
by a method exactly ee to that here given for quantics in a single set of 
variables. 


aS Iu. November 80, 1894. 
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simplification of Gauss’s third Proof that every 
| Algebraic Equation has a Root. i 


Br Maxme Béourr. 


| While Gauss’s first and second proofs of the fundamental theorem of algebra 
have found many commentators, some of whom have even succeeded in essen- - 
tially simplifying them, Gauss’s third proof (Ges. Werke, p. 59 and p. 107), which . 
- was evidently considered by the author himself as not the least worthy of notice, | 
is seldom referred to and, as far as I am aware, no attempt has been made to 
simplify it. This last fact is doubtless due to the very simplicity of the original 
proof which. precludes any very great simplification, while its apparent failure 
to excite the interest of mathematicians may probably be in part explained by 
the fact that it appears at first sight to consist of nothing more than a skillful 
manipulation of formule. I have shown on another occasion* that Gauss’s 
proof amounts practically to the application of a familiar theorem in the theory 
of the potential to the real part of the function zf’ (z)/ f (z), where. f (2) = 0 is the 





equation for which we’wish to prove the existence of a root. The simplified 
proof which follows is really equivalent to. the application of the same method 
to the function 1//(z). I have, however, followed as closely as possible the form 
of Gauss’s proof. 

We will write the equation for which we wish to prove the existence of a 
root in the form 


ag tat. it 18 +10, 


and we will suppose that the coefficients a), &,....4a_1 are real. Let us 





. *In á note recently sent to the Bulletin of the American Mathematical Society. 
f Both the proof here given and Gauss’s proof could- easily be extended so as to cover the case of 
complex coefficients. j . 
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write g==r(cos@+ising). Then the first member of the équation may be 
written £+ ut where . 


t = agr” cos np.+ ayr" =! cos (n — lo+....+4,_ yr coso + 1, 
u = ag” sin nd + av"! sin (n—1)® +.,..+ a, _ırsind. 


We have to prove that for some pair of values of r and $, ¢ and u both vanish. 
Let us consider the double integral 


= (uf — À d— Mu 2, =. 
el Fee ru) dr dp = fl “pe y. dr.. dẹ 


. U = ami” cos no + a (n — 1) TEE 1) +... . + anır 0089, 
W = amr” sin nd + a (n — 1})7"—1 sin (n — 1) + eree anir Bin @. 





-in which _ 


The function y which stands above under the signs of integration is evidently 
single-valued and continuous for all values of r and @ except such as make 
?-+u?=0, i.e. such as make ¢ and u vanish together, since the factor r which 
appears in the denominator occurs also in each term of the numerator. If, then, 
there were no values of r and ® for which ¢ and u vanish together, we could, in ` 
computing the value of Q, perform the two integrations in either order. 
We have the following indefinite integral formule, as is seen by direct 
differentiation : 
$ ET , 
fie = gt Jr = r(Ê +) 
If we take this last integral between the limits ¢ = 0 and @ = 2m, we evidently 
get the value zero, since the indefinite integral vanishes at both limits. Thus 
by integrating first with regard to @ and then with regard to r, we get 


Q= 0. 


Let us now integrate first with regard to r and then with regard to $. We get, 
by using the first indefinite integral given above, | | 


o= Cle 


where 7 and U are the values of t and u when r= R. We will now take R, 
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oh has so far been entirely undetermined, Her ha the largest af the 
following positive quantities : 


ae BL, AE 


"Tt is easily seen that for every value of @ at least one of the following inequali- 
ties will hold: | 


x 


HE IUl>n, 


viz. the first when [cos av, the second when db no|>/74. To prove | 
‘this let us indicate by ep, €h, np quantities numerically less than 1 except that 
Im|<1. Then we can write, when jee mp leva 
Venlal m— Yerla], p= JS 8n 
aa) & | E Tale’ 
- | i 7 
ia [ee La + eles, ee Jalen] 


R= 


NBn MBN 
= ta pee + le] = mea no 
[aol En HE+ 2/2 arr 


In the same way it can be proved that when | sin mlz, | Ul>n. 

| This being the case, 
T a 23's Pk m— T 

BED PHU 


will certainly be negative for all values of , and: its integral from. = 0 för 

= 2n will be negative. Our hypothesis that there is no, pair, of values of 

r and ® for which ¢ and u both vanish thus leads us to the contradiction that Q 

has the value zero when computed in one way and à negative value when com- 

puted in another way. Our original equation must, therefore have a root. 
-HARVARD UNIVERSITY, March, 1895. | 





. * |a] means the absolute (numerical) value of a. We might easily have found smaller upper limits 
for R had there been an object in doing so. 


Note sur les lignes cycloidales. 


PAR RENÉ DE SAUSSURE. | 


Les formules générales relatives aux roulettes ont été données sous diverses 
formes, correspondant à divers systèmes de coordonnées. Il y a certains cas où 
l'on arrive à des équations très-simples en se servant simultanément des coor- 
données cartésiennes et des coordonnées intrinsèques. 

Une courbe dont l'équation intrinsèque est p = (c) roule sur .une droite ; 
un point m du plan entraîné dans le mouvement décrit la trajectoire y = f(x), 
laxe des» étant la droite sur laquelle roule la courbe. Le problème consiste, 
étant donnée l’une des courbes & ou f, à-trouver l’autre. 





- Lorsque la courbe @ tourne d’un angle da =, le point m vient en p, le 


da: 

point n en n’, et l’ordonnée mn en n'p. Langlo mn'p = da = Le g 
Si Von décrit Parc de cercle pm’ en prenant n' comme centre, on aura 

mn = np = nm! et par suite nn’ = mm = dy. D'autre part langle nan! = da. 


mai dy 


= = 2 Egalant les trois valeurs trouvées pour da, on a finalement: 
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équations qui résolvent le problème. Ces équations permettent de plus, étant 
donnée la courbe f de trouver la courbe ® sans efsoiner de quadratis; car en 
les résolvant on obtient : 


dy 
ee 


— do s 
P =Y T 5 
et il n’y a qu’à éliminer + entre -ces deux équations. Supposons par exemple que | 
la courbe f soit une conique dont un des axes coïncide avec laxe des x. Son 


équation peut ‘se mettre sous la forme: = a +b; d’où Von tire : 27 = at, 


et par suite: | 
o=(a+1)e, 
pat Ds | 
' Eliminant x et y, on trouve pour équation de la courbe roulante: p= | 
ao +b(a+1}.. Lorsque la conique est une ellipse, (a< 0), cette équation | 
représente une épicycloïde ; d’ailleurs dans ce cas b doit être positif. Liorsque la 
` conique est une hyperbole, (a > 0), l'équation précédente représente une famille 
intéressante de courbes, dont la forme varie suivant que b est négatif ou positif 
` (c'est-à-dire suivant l’axe de l'hyperbole qui est pris comme base du roulement). 
Ces courbes ne semblent pas avoir été jusqu'ici considérées comme appartenant à 
la famille des “lignes eycloidales”; or chaque fois que la recherche d’un lieu 
- conduit à une ligne cycloidale, les courbes précédentes satisfont aussi au problème, 
ce qui montre qu’elles ont les mêmes propriétés. -C’est ainsi que Mr.-Paisenx les _ 
a rericontrées en cherchant les courbes qui sont semblables à leur développée 
m”, Mr. Laisant et Mr. Cesaro en parlent aussi conjointement avec les lignes 
cycloidales, à propos d’autres propriétés, mais je crois sans les considérer comme 
des lignes cycloïdales. Or, elles peuvent être engendrées par le roulement d’un 
cercle sur un autre cercle, elles rentrent par conséquent dans la définition ordi- 
. naire des lignes cycloïdales. Cette génération, à peu près évidente, mérite 
pourtant d’être prise en considération et il serait désirable de donner à ces 
courbes des noms appropriés à leur nature. On. pourrait par exemple appeler 
“paracycloide” toute ligne cycloidale pour laquelle a > 0 et b< 0 et “ hyper- 
cycloide” celle pour laquelle a>0et5>0. Ainsi l'hyperbole est engendrée. 
par le roulement d’une paracycloide sur son axe principal ou par celui d’une 
hypereycloïde sur son axe conjugué. i 


fee 
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Comme Y’&quation intrinsèque des lignes -cycloidales engendrées par un point 
d’un cercle de rayon r roulant sur un cercle fixe de rayon R est: 


r—R) 
Pepe + tet ap 


‘on voit que lorsque R et r sont réels la courbe est une épicycloïde. Si l’on pose 
Ts = + qi (R étant toujours réel), l'équation précédente ne contient pas 
d’imaginaires et de plus a =D, b< 0; la paracycloïde est donc engendrée par le 


roulement d’un cercle imaginaire de rayon i +gi (q étant une constante 


| arbitraire) sur un cercle réel de rayon R.* Si l’on pose r = a — gi on retrouve 


la même paracycloïde; celle-ci est donc susceptible d’une double. génér ge 
comme les épicycloides (car r 4+7 = R). La forme de la courbe est an 
celle d'une développante de cercle; elle a un point de rebroussemez 
_ spond au sommet de l'hyperbole. : Lorsqu’elle roule sur une 4 
décrit l’byperbole est toujours le centre du cercle R: 













pour asymptotes les deux spirales logarithmiques p = 4 
aux asymptotes de l’hyperbole (ces asymptoteg 
épicycloïdes); enfin la normale de la paraoy 
cercle Æ, le centre instantané des deux cerc} 
5=0, Vhyperbole se réduit aux droites ; 
ən spirales logarithmiques p = +Wac 
nie o ' 


gu 
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double génération (car r +7 = Ri). La courbe a toujours la forme de spirale, 
mais le point de rebroussement a disparu. - Elle admet les mêmes asymptotes 
que la paracycloïde. Enfin la ieee de pen est une paraoyoloide 
et réciproquement. . 

Si la conique. donnée est une parabole pa : Qpd, on trouvera par la même 


oo | ‘| méthode que la courbe roulante est une déreloppante de cercle p’ = 2po, c'est-à- . 


dire encore une ligne cycloïdale. Ainsi toute conique peut être considérée 
comme engendrée par le roulement sur l’un quelconque de ses axes d’une ligne 
eycloidale; le point décrivant la conique est toujours le centre du cercle R. 

Il peut être utile de remarquer que les quantités p eto sont les coordonnées 
_ cartésiennes du centre de courbure de la courbe roulante, correspondant au point `` 
de contact, puisque o est égale à l’abcisse de ce point de contact. Donc les 
tions données plus haut qui font dépendre x, y dep et o, permettent de’ 
irectement le lieu de ces centres de courbure lorsque la courbe f est’ `` 
iproquement: Pour les coniques on ai trouvé que.o et p sont pro- `` 
et y, le lieu des centres de courbure est donc une conique 






Note on Lines of Curvature. 


By THomas Harpy TAIAWERRO, 





In a note in the Comptes Rendus for March 25th, 1895, Professor Craig has 
given a condition for the determination: of surfaces having lines of curvature 
corresponding to a system of conjugate lines on a given surface. 

Suppose the surface to be represented by the equations 


æ = /f\(p; pr); 
y= Ja (ps pi): 
2z = fs (p, pi); 


| where p, pı are the parameters of a system of conjugate lines ; then in the note 
referred to it is shown how surfaces can be found whose oota ate are given by 
| X=%,(2),. Y=h (y) Zeh), | 
on which'the original conjugate lines are lines of curvature. 
The condition to be satisfied is of course 
| OX OX , av ƏY, ge u | a): 
am | 
' The first difficulty in the problem is in finding an initial surface whose coordi- 
nates are given explicitly as functions of the parameters of a system of conjugate 
lines. Certain methods are known for this, especially the. elegant method of 
Koenigs (Darboux, Vol. I, page 22) but all are vn difficult of appicpon. in 
any particular case, 7 
I have ventured i in the following brief note to give a simple anpliostion of 
the problem to the case of tetrahedral surfaces where m =n, and also to give 


two examples. The tetrahedral surfaces are given by the len GRR 
Vol. I, page 142): 


y = uB (p — b)"(pı — 5)", 


` æ= AA mm 
z = vC(p—c)™(p,—e)",. | 


(2) 


35` 
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where p, pı are the parameters of a system of MINES? lines; m, n, A B, o 
any real constants; and A, u, v either 1 or 2. 
. The left-hand members of s all satisfy the equation: nr 
n #8 __ 28 oo 
— =0, ~~ : 3 





since p, p are the parameters of a system of conjugate lines, but as = + y +2 
does not satisfy equation (3), p, p, are not the parameters of the lines of curva- 
ture. It is readily seen that the condition to-be satisfied in order that p, pı 
‘should be the parameters of the lines of curvature is 


224° (p— a} p — a)" -1 4 WB? (p — b)™—}(p, —bj-1 | 
PA por Apr aa Om 4) 


I. — Térahedral Surfaces, when m=n. 


= When m= n, the expressions for the cartesian sornas a, Ya of. the 
tetrahedral surfaces in terms of the parameters P pı of a ae of conjugate 
lines become 
z = 4 (p— a)" — a)", 1 | - 
y = uB (p — b)" (p — b)”, à . +  :. 6) 
nu di Di ge + à | 
The equation of condition (4) becomes 
2? A? (p en amp — a} —1 + L?B? (p— b” "(pa an Dir 1 
= +O (pop, — ot 0. (6). 
The equation of the tetrahedral surface on eliminating p> fr is readily seen 
to be of the form — 


“(yA r Go)" = + W 
where. > ' ; + 1: F 
| | | ee 


zum 


Sag 
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- On adopting the convention” 


a>b>e, 

-it is seen that a, ß, y are real, positive quantities fulfilling the condition 
FB Sy. 
I say that writing - - 

| X=he™, Yohy™ Z= GOF 


where %,, % are arbitrary constants, & (2) can be s0 derned by means of 
` Craig’s formula that on the derived surface p: pi will be ‘the parameters of the 
lines of curvature, and furthermore that the derived surface will be a quadric © 
surface depending on A, B, O, à, u, v, ln, k for its form. 
Since equation (1) consists of a single equation between three quantities, 
two of them may bé assumed and the third determined. i 
Let — a NT = | 
ho=her, Why", hh) =d (e), (8) 


where ® (z) is to be determined. . 
Substituting these values (8) in equation QE the His equation is 
dérived : 


ne + + (uB)’/" 78 oe m2 03 (p — 2 cj a= 0, 
er db = = ns 0 AA)" E (uB) iiitr — e)” n 7 im —1 +? 


rn | Dr - | Ay 
“ d= L GATE + (AB) pe] O — 0) — oh ie, 





. = ig m Um ` | 
= op oe RAR + BIN oo | LL. K | 
The derived surface has for its cartesian coordinates x, Y, z the, following 
expressions : 
X= hy (AA) (p— a) (pu — a}, ee 
Y= k,(uB)™ (p — b) (p — b} } . (10) 
Fa RGAN EH UBIN — o io 


x 


+ 


eis | = TARA FERRo : Nets. on Lines of Curvature. 


f 


Equations (1) Ku (3) are satisfied, and the Pr. of the décived surface on 
which p, pı are the parameters of the lines of curvature is 


re en D cgay) (11) 
“Baa Ê RUBI Y BAY + BU) | 


Equation (11) is the equation of a quadric surface depending on A, B, O, 
A, u, v, kı, k for its form. 


H.—Ezamples. 
. l. m=n—=t, A=v= t, et Pe 
Equations (5) become 


y = iB (p — b} (pı —8), 
(a= Olp — o} (mo). 


A (p— a) (p — a}, 


Equation (7) becomes | | 
| ae tO ST k 


` which is > equation of an ellipsoid. 


The equation of condition (6) that p, py should be lines of eurvature on the 


| original surface reduces in the case of the ellipsoid to 
SEIEN e 2 A B+ O?=0. 
- Equation (8) becomes | ee TT 
| d (æ) = hx, d(y)=hy, Ye = D (2), | 

Aiz . 


o= AE- A E ET 


` The derived surface has for its cartesian coordinates x, Y, Z ha ‘following 
expressions : 


Y = ik, B (p — b) (pı — b}, 
Z=+ BB KA) (p— o} (ei = 
The equation of the derived surface becomes 


Z? 
at etre Ba 


Je k, A (p—a)*(p, — a}, 


‘which is a quadric surface. : 


7. TALIAFERRO: Note on Lines of. Curvature. l 277 


Making certain suppositions on 4,, 4, the following surfaces are derived: 





my Gop ET D ET ee 
k=l ki, as +8 typ i Si Se ou a 
kh =i, k=1, -aZ H Hapa an hyperboloid of one sheet; - 
kh = 1, mi, a = + ya B A 2 =]1,an byparbaloid of twösheete. 
Writing the equation of condition (1) for the- case of the ner, it 
becomes 
(any 3 ds a (WH; 3 — 
@)4 “Geer Paty, RES 
On writing i 


dy, _ = -dh Myo 
‘ equation (12) is satisfied and the values of 44, +s, a are l 
h (æy=B0r, h(9=V304y, (= AB > (13) 


. The expressions for the cartesian coordinates X, Y, Z of the derived sur- 
face on which p, p, are the parameters of the lines of curvature are 


; a= D (p. — a} (p — à}, 
an... F= VD DGD} (14): 
TB Dopad), : 
| D= ABC. | 
"The equation of the derived surface is represented by 
X op Y” BP a = 
ase tegap hy rt sae E e 


which is an ellipsoid. 

On writing A=1,ua=v=i, the initial equation becomes an hyperboloid 
of one sheet, and for A= u = 1, v =i, the initial-equation is that of an hyper- 
boloid of two sheets. In both cases there can be derived, as in case of Se pepid; 
-quadric surfaces depending on fy, ig, A, B, © for their form. 
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2 m=n=2, Ash =y=l. 
Equations (5) become 


y = B (p — bF (p.— b}, 
Seien: 


D - —8(4)+y or 


which is the equation of Steiner's surface. 

The equation of condition (6) that p: pı should be the parameters of the 
lines of curvature on the original surface reduces in one case of Steiner’ 8 
surface to | 


A? (p — a) (pı — a) + B? (p — Du b)? E 0? Bo ~ jt. 
Paris (8) becomes 
h(s) = hat, dy (y) = kgh, be (2) = (2), 
O@=+tG a Nat NB. 


SE 


Equation (o becomes 


| | The derived surface bas for its cartesian coordinates X, re Z the following 
expressions : 


| Y= ly Bi (p — b} (pr— b}, 
Z=+ilM4+ ka Bit (p — ce) (pı — o). 


: The equation of the VARIE surface becomes 


{re k dè (p — a) (pi —a)} 


cn -e Ea RB 


which is a a quadrie surface. 
Making certain ee on k,, i, the following surfaces are derived : 


k=1, ky=i, a +8 ty = pad, 
: 2 
= ki, - taten an hyperboloid of one sheet ;° 


Be ı,A=1, sir- Ma VERT = 1,an hyperboloid of two sheets. 
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Writing the Son of condition Ur A the case of Steiner's surface, it 
becomes . 


12) 0- Ter) EE 
+o Gy nr (18) 


On writing 


= = AB On -t a= Tara a = = ABCtr?, i 
equation (16) is satisfied and the values of 4, 4, ds N 
| Á ey ie | 
di (x) = 4A1B Och, (y) =4V 214B?Oÿ, aby (2) =44B Otè. (17) 


The expressions for the cartesian coordinates X, Y, Z of the derived surface on 
which p, pı are the parameters of the lines of curvature are - 


X= D(p—a} (pa) | 
Y=V2iD De — b} (pi — b), x (18) 
Z= D (p— m 
. D= 4ABC. 
The équation of the derived surface is represented by 
x r 22 T i Fe, ue hed 
ra Le DE "ME 


—wäich is an ellipsoid. 
In the case of quadric surfaces, and also of Steiner's surface, there ‘can be 
. derived other quadric surfaces by assuming any other two, of the Ws and deter- 
mining the remaining one as above. - 
It is also readily seen that it is necessary and sufficient for x, Y, Z to iare 
the following values : ` 


A Bu Sones Y= hy’, z=on) 


‘in order that d@ (z) should be an exact differential in the case. of tetrahedral 
surfaces when m =n. | 


pause X= han, Y= hy’, Z=00), u (20) 
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where {is any constant, then the following expression for db @)i is denved from 
equstion (1): f 24 
: ab (2) = = + ie (Aee (p— a)*="(py— a)? i | 
ž/m %—1/, — p\ž—i Pi 
RGB 9 — BA — 0 ne ips (= Ja (21) 
Write 
[AA (p — a)" “pu — a" i Hy bye pi — 5 H= =U; (22) | 


he condition for the integrability of en (21) is 


"à pie = 3 i . | | 
- E =e ~ Op = — (23). 
Oe. 100 _ i i av _ 

x à g £ 7 Ga) dpi =? à 
Since P general % pees 4 


D Ze; Er 





ne l 


it is nécessary, in ponies to satisfy equation (23), that 


or 
2 ip (amp ay (gi a)"- RG pe pe des 
Fit VGA (pa (9, —a)™ + RUB) pO pb ho) 


| aa requires. : RCA He 
ua (AA) (p— a) ora +B 1 p — 3- "(pı Zaun, jiso const, (25)- 
-for which it is necessary, and sufficient that t=. Hence - 
x= kaa, Y= hy", Z=0ß).. 


Other special cases may arise where tÆ 4, but they will er require some — 
relation to exist between the constants in equation (29); 


u 
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1, An account of the various attempts which. have been made’ to construct a 
_ theory'of the deformation of a thin. elastic wire, together with the solution of 
‘various problems of interest, will bé found. in the second volume of Mr. Love’ B~- 
recent Treatise . on Elasticity. The above work also contains a variety of geo- 
‘metrical investigations connected with this subject, and the methods eniployed | 
are of considerable novelty, power and elegance. But Mr. Love’s treatment of 
the physical portion of the subject is not at all so satisfactory ; ; and this is in great 
measure due to the fact, which I have commented upon in my recent paper on ` 
the Deformation. of Thin Elastic Plates and Shells,* that he appears to entertain 
some objection against the method of expansion, and has also been unable to 
emancipate himself from the‘ imperfect methods of the German and French - - 
te i 





. *Amer. Journ. of Math., Vol. XVI, p. 255. 
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.Iam of opinion that the most satisfactory way of constructing a complete ` 
theory of the small deformations of thin wires is to employ the method explained _ 
in my paper on the Theory of Elastic Wires ;* but unfortunately that investiga- 
tion contains a slight slip in the work, which arose from my having copied an 
_ equation wrongly and used the wrong-equation in a subsequent portion of the 
paper. In consequence of this, the values of the two flexural couples.are not pro- . 
portional to the changes of curvature, as ought to be the case. This circumstance 
` may possibly have led Mr. Love to entertain doubts as- to the soundness of the 
principles upon which the theory was based; whereas the real. fact is that the - 
theory is a perfectly sound and unimpeachable one, and when the error is cor- 
rected it leads to results which have been established by methods of a more or 
less imperfect character, which agree with those obtained by Mr, Love, and 
are now generally admitted to be correct. 

Under these circumstances I. think that a farther exposition of. the theory 
of wires is needed, and this is what I propose to give in the present paper. I 
shall commence with the theory of the small deformations of a naturally curved 
wire; I shall then discuss the theory of finite deformations, in which finite 
changes of curvature and twist occur;.and I shall lastly work out the golutions 
‘of various problems of interest. 

- In most problems of practical interest, the wire is made of flexible and well- 
tempered metal such as steel; also its cross-section is uniform and circular, and 
the radius of the latter is small in comparison with the radius of principal curva- 
ture of the wire at any point of its length. Wires of this description are called 

wires, and to such wires the following investigation will be exclusively 
confined. It is also obvious that the central axis of a metal wire may usually be _ 
regarded as inextensible, since any extension of the axis which might possibly 
be produced .by any.given forces is extremely small in comparison with the 
flexion and torsion actüally produced. We shall mer suppose that the 
‚extension of the central axis may be neglected. 


The. General Equations ‘of E 


2. When a thin wire, whose natural form is any éurve, is deformed, the lines 
which before deformation coincided with the principal normal, the binormal and 
the tangent to the central axis will not usually.coïncide after deformation with 
the principal normal, the binormal and the tangent to the deformed central axis; 








* Proc. Lond. Math. Soc., Vol. XXIII, p. 105. 
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and as our object is to obtain equations which are applicable to a wire finitely 
deformed, it is convenient to choose as our axis of reference the above-mentioned 
lines in the deformed wire, If, however, the deformation is small, it is imma- - 
terial whether the axes are supposed to refer to the deformed or the undeformed . 
central axis, since any error which might be introduced would be of the second 
order of small quantities. 

The resultant stresses which act across any transverse- section of the 
deformed wire are six in number, and consist of : 


T=a tension along the tangent to the central axis, 
N, = a shearing stress along the principal normal, 
N, = a shearing stress along the binorinal, 

H.= a torsional couple about the tangent, 

G, = a flexural couple about the principal normal, 
G, = a flexural couple about the binormal. 


To obtain the equations of equilibrium, let Q be any point on the central 
axis; Qx,.Qy, Qz the principal normal, binormal and tangent to the central] axis 
at Q. Let Q' be any point on the central axis near Q; O, O' the centres of 
principal curvature at Q and @; let 8, dy be the angles of contingence and 
torsion at Q, so that QOQ — 59, OG O' = in; let p, o be’the radii of principal 
` curvature and torsion at Q. Also let T+ 67, N+6X,, etc, be the values of 
the resultant stresses at Q, and X; Y, Z; L, BX, À the components of a 

bodily forces and ne per unit of length of the wire. 5 





` The- equations of equilibrium are obtained by resolving all the forces and . 
couples which act upon the element &, parallel to Qz, Qx, Qy. We thus obtain 


“à 
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In statical problems the three couples &, FX, BH are usually zero; but in. 
‘dynamical problems they must be replaced by the time variations (taken with ` 
the negative sign) of the components of the angular momentum of the element. ` 

Equations (1) in their present form do not enable us to solve any statical or 
“dynamical problems; in order to do this we require the values of the three 
couples. ‘We shall hereafter show that the flexural couples are proportional to 
the changes of curvature, whilst the. torsional couple is -proportional to the 
change of twist; and these theorems combined with (1) are sufficient to enable 
us to solve a variety of problems relating to finite deformations. When the 

deformation: is small, the values of the. three couples (and consequently the 
changes of curvature and twist) can be expressed in terms of the displacements 
of the point @, together with a certain angle 8 which is connected with the 
twist; and these results combined with the condition of inextensibility will ` 
furnish a sufficient number of equations for. the solution of every problem. 


Theory of Small Déformations. 


3. In the theory of thin his and shells, the three stresses R, S, T vanish 
at the free surfaces of the shell, provided the latter are not subjected to any surface 
pressures or tangential stresses; and I have shown in my previous papers that, 
subject to this limitation, the terms of lowest order which these stresses contain : 
are quadratic functions of A and A’, where 2h is the thickness of the shell'and A’ ` 
_is the distance of a point in its substance from the middle surface. The coeff- 
cients of À and A’ in these quadratic functions are unknown quantities which 
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cannot be Aslerined by any direct method ; but I hays shown that if the inves- 
tigation is confined to an approximate solution which does not-involve higher 
powers of the thickness than the cube, it is not necessary to ascertain the values 

of these unknown quantities; in other words, the three stresses which vanish at the 
| surface may be treated as zero. Under these circumstances it appeared to me that 


. the most natural and appropriate course was to ap a similar hypothesis as 


the basis of the theory of wires. 

In the figure let P be any point in the cross-section through Q, and let 
. Qx, Qy', Qz be a subsidiary set of rectangular axes of which the axis of x’ passes 
through P; also let P, Q, R, S, T, U be the six components of stress at P 
referred to this subsidiary set of axes. Since the cross-section of the wire is 


circular, the three stresses P, T, U must vanish at the surface provided the 


latter is free from stress; and from analogy to the theory of thin plates it is 
natural to suppose that within the substance of the wire these stresses are small 


= quantities which may be treated as zero provided the solution is confined.to a cer-" 


tain degree of approximation. And I found that if the terms of lowest order in 
P, T, U were quadratic functions of c and +, where c is the radius of the cross- 
section and QP =r, the values of the three couples could be calculated as far 
as the fourth power of the radius by treating P, 7, U as zero, since the reten- 
tion of these quantities would lead to terms involving higher powers of c than’ 
the fourth. I accordingly based the- theory on the following fundamental 
hy pothesis : 

The three stresses P, T, U are small quantities which may y be treated as zero, 
provided the surface of the wire is not subjected to any surfuce forces such as pres- 
. sures or, tangential stresses ; and provided also that the approximate expressions for 
the energy and couples do not include any higher powers. of the. radius of the cross- 
section than the fourth. 

This hypothesis may Dot appear a-bold one, especially as I was able 
to bring forward in support of-it evidence furnished by the general equations of 
elasticity of the same, character as can be produced in the case of the corre- 
‘sponding hypothesis which forms the foundation of the. theory of thin plates and 
shells; but the results to which this GRAS lead conclusively establish its _ 
correctness. 


ot The development of the theory of wires has been retarded by an erroneous 


assumption of Saint-Venant, that the three stresses: P, Q, U are accurately zero. 


ee 
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Saint-Venant made this hypothesis the basis of his Has of the torsion of prisms, 
and it is remarkable that he was thereby led to results which are undoubtedly 
correct when the prism is infinitely long. I have: considered this theory in my ` 
paper on wires,* and have shown on page 125 that all the results can be obtained 
without the aid of this highly objectionable hypothesis. The fallacy of writers 
who have followed Saint- -Venant lies in the fact that they have imagined that-a 
hypothesis which happens to. be true in a class of problems of a very special 
character, can be made the basis of a general theory-of wires. It can be shown 
that when the cross-section is circular, Q will vanish to a certain order of approx- 
imation provided P does; consequently if P may be treated as zero, Q may also 
be so treated. But a result which drops out incidentally i in the course of the 
work is a totally different thing from an assumption which dogmatically asserts 
that the result is true; and the objection to assuming that @ may be treated as 
zero lies in the fact that, since it does not vanish at the boundary, no valid reason 
can be assigned for supposing that in the interior of the wire it isa small quan- 
- tity which may be neglected. 

The fact that the stress Q may not in general be treated as zero, unless the 
cross-section is circular, may be seen by considering the case of a wire of elliptic 
cross-section. If the ellipse be supposed to degenerate into two infinite parallel 
straight lines, the wire will become a thin plate, and the stress P in the theory 

‚of wires becomes the stress R in the theory of plates; whilst the stress Q in the . 

. theory of wires becomes the stress P (or Q)in the theory of plates. Since P 

(or Q) in the theory of plates may not be treated as zero, it follows that the stress 
__-@-in the theory of wires may not in general be so treated. 


5. The mathematical development of the fundamental hypothesis and the 
procedure employed for calculating the values of the three couples are so fully 
explained on pages 108 to 116 of my paper on the Theory of Wires previously 
referred to, that it will be unnecessary to reproduce the investigation. I shall 
therefore proceed to show how the error I have alluded to, arose, and how it isto 
be corrected. | 

The strain g is.correctly given by equation (11) of that paper, butin copying 
out equations.(13) to (18) on p.111 a term has been LS, in me: The cor- 
rect equation is 

1 dw _ 
TT Zr cos 8 dd «a a 





— u’ cos 6 +v sin in) E | (2). 





s * Proc. Lond. Math. Soo., Vol. XXII. 
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The value of + is ely given by equation (31), and when the omitted term is 
supplied in equation (32) it will be found to lead to exactly the same values of 
‘the two flexural couples as those given by Mr. Love,* which are, as he has shown, `- 
` proportional to the changes of curvature. The value of the torsional couple 
_ given by myself is quite correct, and it is proportional to the change of twist. - 
For brevity write - i | 








du, w -dw u | + | 
= uT P = ’ BS Pie ee = we (3) 
D „u 0, — 53 _ du À B | u. vi 


where u, v,.w are the displacements of a de on the central axis along the 
‘ principal normal, binormal and tangent, and we shall obtain the following 
equations: 





‚= rex + 0080 + vein o + MT -D Bess), 
nr (5) 

J = 1B + v cos 0 — usin 0+ (MT (gain 0 Q cos 0), 

c= faa, + P=" R cos 0 + @ sin 0), On 

g = 6, — + (B cos 6 + Q sin 0), Te E | 7) 

== — lo Er ee 


From equations (6) and (7) it follows that P= Q, and since P has been 
assumed to be a small quantity which may be treated as zero to the order of 


approximation adopted, it follows that Q may also be treated as zero; accord- . . 


ingly Saint-Venant’s assumption with regard to the latter quantity drop out as 
an incidental result in the case of a wire of circular cross-section. 
From equations (6), (7) and (8) we obtain 





ee ME ; | \ 
e=/=— 7, gr . | (9) 
This result shows that for any fibre which is parallel to the axis of the wire, 
the ratio of lateral contraction to longitudinal elongation ‘ts equal to Poisson’s ratio, 
Equation (8) only establishes this proposition for the central fibre. 





* Theory of Elasticity, Vol. II, pp. 168-169. 
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Again, if R be the = traction at any point of the cross-section, 


= (m + n) g + (m—n)(e +f), CE 
man, a (10) 


by (9), where g is Young's modulus. We have, ous the following 
theorem: > | “+ 7 
When a wire of circular cross-section is twisted as well as bent, the normal trac- 


tion at any point of a cross-séction is equal to the eae of ae 8 modulus and 
the extension at that point. 


6. The values of the two flexural couples are 

DT ef [Rr sin dara, 

| es - (11) 
=- Jf Re? cos 6 dr a8. En ns 


Now we bave statéd that in most practical applications the extension of the cen- 
tral axis may safely be neglected; under these circumstances o= 0, whence if 
we substitute the value of R in (11) from (10) and (7), and the values of X 

and @ from (4), we shall obtain 


2 

G= — tn S 
| | 1 reg (SE 5] (12) 
ses A es Per a A | 
` which may be written i virtue of (3), | 

B 4 w v 

G=img[ À i (de EPS de Se gan ’ 
: de * +)- p 6 )} (13) 





: | 1 u 
= ts iG oer — =)-7 IE. 
which agree with the expressions for oe flexural tie obtained by Mr. Love. 
The value of the torsional couple H as shown in my paper is 


Rainn Dt at rok (14) 
37 
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T gy of the Wire. 
7. The potential energy of the deformed wire pèr unit of neh is | 
af fm +) Mt n a+ + 4 (ef + fg + ge)t] pr'{p—r 0056) dr db. (1). 


By the fundamental hypothesis the strains b and ¢ are to be neglected, since on, 
integration they would lead to: terms involving higher powèrs of the radius of 
. the crôss-sectioni than the fourth. . The value of the strain a is shown in? my 


paper to be RE 
D SCRE 


The values of e, p and g given by (6) and (7) of §5 a alu the first 
` power of 7, and in order to calculate the potential energy when the central axis 
is supposed to undergo extension, it would be necessary to proceed ‘to a higher 
‚degree of approximation so as to obtain the terms in »*; for if e contained the 


term Br, the expression (1) would contain a term S f Bo, dr do “which. is 


proportional to the fourth power of the radius. If, however, the central line is 
‘supposed to be inextensible, the terms de c; are zero, and the en tor the 
potential energy. becomes 


Wein rar. 6 


Recollecting thé values of the couples given by (13) and (14) of §5, and. 
putting A and O for the flexural and torsional rigidities, this may be written __ 


WHA(AA+ ALO), O =) 





: a foi which is often useful. 
The kinetic energy À per unit of length is given by the equation 


z= ahe (u + v+ w?) + pahe? + nhe A + 2), i on 


where A denotes the mass of a unit of length. - 


8. These formule may 7 be -verified by means of the variational equation of 
motion, which thus forms a test of the correctness of the work and-of the funda- 
mental hypothesis on which the theory is based. | | 

The equation in question is . 


SW+OL SU + F, 
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where ro P a E - | | 
ba = nhe f {ut + obv + Bw + 407858 + 40 (A + udu)! ds, 
sU= f (Xdu + Yoo + Zw) ds, | 
SL = Ga — Gadu + HSB + Ne Se da + No + To, 


andit we work out the variation by the ordinary methods of the Calculus of 
“Variations, and take account of the condition of inextensibility, we shall find 


that (i) we shall reproduce the values of the three couples which we have 


already obtained; (ii) we shall reproduce the third of equations (1) of §2; 
(iii) we shall Banane an equation which is the result of eliminating 7 between 
the first and second of (1). : 


Theory of Finite Deformations. 
9. When a thin wire is slightly deformed and the central axis undergoes no 
extension, the expressions for the flexural and torsional couples are given by (13) 


x 


‚and (14) of §5; and it is shown in Mr. Love’s treatise that the expressions in. 


brackets in these equations are respectively equal to the changes of curvature 
and twist. It may therefore be anticipated that these couples are proportional 
to the same geometrical quantities when the deformation i is not smail; and this 
we shall now show to be the case. 

‘The method of constructing a theory of finite deformations, which has been 
adopted by Mr. Love in the second volume of his book, appears to me to be very 
unsatisfactory and difficult to follow. I do not find the argument on p. 98 at all 

` convincing, and on p. 157 he does not attempt. to give any formal proof that 
these three couples are proportional to the changes of curvature and twist, but 
dismisses the subject with the perfunctory remark that “as there is some contro- 
versy about this result, it may be as well to indicate another method of proof, a 


which occupies a paragraph of about a dozen lines. It was no doubt unfortunate . 


that, owing to the slip which I have corrected in the previous part of this paper, 
I failed to obtain the correct values of the two flexural couples; but surely the 
author of what purports to be a classical treatise on Hlasticity ought to have cleared 
up this point and not to have left it in doubt. 


10. If we fix our attention on.a small element of a finitely deformed wire, 


whose centre of inertia is P, the displacement of any point Q of the element- 
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will be made up of three distinct parts, viz. (i) a translation of the whole element 
from one position in space to another, (ii) a rotation of the whole element about 
some axis through P, (iii) a distortion of the element which produces an altera- 
tion in the position of different points of its substance relatively to one another, 
The firet two parts are displacements such as a rigid body might undergo, and 
cannot therefore produce any strain in the element. The internal strains which : 
the element experiences accordingly depend solely on the third kind of displace- 
ment, that is, on the displacement of Q relatively to P. 

Let PQ be the central axis of the undeformed element; draw any plane 
through the tangent at P, let C be the centre of curvature of the element in this 
plane, and O the centre of principal curvature. 


Ci 





_ The bending can obviously be effected by means of two opposite couples 
applied to the ends of the element, whose axes are perpendicular to the plane 
POQ, which will be called the plane of bending. The effect of the bending will 
be to change the curvature at P in the plane POQ, and also to extend or con- 
tract all filaments, such as pg, which are parallel to PQ, but the lines pq and 
PQ will remain sensibly parallel after bending. 

The torsion can be effected by applying equal and opposite couples to the 
ends of the element, whose axes coincide with the tangents at P and @. The 
- effect of the torsion will be to twist all lines such as pg which lie on the ‘surface 

of the cylinder ApgB through small angles; so that after torsion they m assume 
- positions slightly inclined to their former ones. 
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The flexion and torsion will also produce various deformations of a secondary 
character, but these may be neglected in working out the approximate solution 
which we shall obtain. _ 

Let p, p' be the radii of curvature in the plane of bending before and after 
deformation, p, the radius of De curvature; also let 990 =9, 190 = #, 
Qg =r. 

Before be. 

27 PY -_ pi—7 cos 8 
PQ Pi | 

The effect of the bending will be to displace the point g through a small 
space rdo cos #, where du is the rotation due to bending about a line through Q 
perpendicular to the plane of bending. Now if C’ be the centre of curvature in 
the plane POQ after bending, 

bo = PU Q— PCQ= Po(4 =) 


whence the displacement of q along pq is 


rdo cos # = Pa)? cos &, 
consequently if of be the Sasa 
| y rda cos 6 1 1 
u =-(7 = 1) rome, (1) 


if higher powers of r than the first be ee 

The effect of the torsion will be to displace the line pg to the position ps, 
and therefore the above expression for the extension is not rigorously accurate 
when there is torsion as well as flexion, but the error depends upon the square of 
the small angle g Qs and may be neglected. 

If R’ be the normal traction perpendicular to the cross-section, we “hate 
already proved that when the deformation is small, 


R= qoh, . (2) 
where g is Young’s modulus; and since our results in the present case must be 
consistent with those which we have already obtained when the deformation is 
small, we shall assume that (2) is true. when the. deformation is finite. This is the 
only assumption which it will be necessary to make. Under these circumstances 
we obtain from (1) and = | 

| ETC 
p 
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The flexural couple G about the normal through Q to the plane of bending is 


= [fre cos? ddr a, | ie 
= inc Cae. (3) 


and is therefore proportional to the change of curvature in the plane of bending. 
The flexural couple about QC is obviously zero. 


11. We shall now resolve this couple about two arbitrary axes Qx, Qy at 
right angles to one another in a plane perpendicular to the tangent at Q. 





In the figure, QC is the normal to the wire in the plane of bending, QV is. 
the normal to this plane at Q, and O is the centre of curvature in this plane. - 
Let CQx = NQy=9; then if G,, G, be the flexural couples AOU: de, Qy, and _ 
À the flexural rigidity, 


Ga = Gina ing, | | (4) 
= Geoso= Ay —.) ose. | (5) 


Let 90, QO sa normals at @ before and after bending; 
.0, © the centres of principal curvature; also let OQO=y, CQO’ =x.. Let 
R,, Ri, Ry, R, be the radii of curvature before and after bending in planes 
perpendicular to Qz, Qy, and let Pis pi be the radii of principal curvature 


» 
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€ 


before and ee Then ` 


755 <r cosg! ; = sr ; 
r 1 S 
1 à : du dise : 
Fo Sere ~ (6) 
| , 
E7 = -y 008 (p — €); 5 = cos (9 — x) 


Since the curvature in the plane throigh 4 the tangent which is perpendicular to 
the plane of bending is unchanged, . 





a 4.0. ae ie 
_ gone a 2 (7) 
From the first and second of (6) combined with (7) we get 
| LÉ = + sing — + cose sin: | 
BT 
1. RR | u 
| Barge à 
whence a 1: 1 1 
DE nn oo f 
| accordingly =  . ~ IN ° | 
= = 4 = pe) 0) 
and in the same way Ze 
= Apr RD 0 


vie A=tngc is the il rigidity. This shows that the flexural couples 
about the normals to any two planes at right angles to one anotkier are propor- 
tional to the changes of curvature in those planes. The negative sign in (8) is 
accounted. for by the fact that owing to the way in which the ee are 
measured G, is positive when the curvature i is diminished. i 


12. We must now find the réel couple. 

. The flexion simply displaces the point g along pq; the torsion ns a : 
displacement along the circular arc to s, so that the line i. assumes the posi- 

tion ps. x | 

Let the angles x 

Zu qpe =}, qQ = +.PQ, 


6 


296 Basset: On the Deformation of Thin Elastic’ Wires. 


then ; re. PQ = pa., 
whence = nr PR. IT 
zn. —= 
pq ~ p— r cos 


Now vi is the shearing strain perpendicular to Qg in me plane en whence if 


H be the torsional- couple, 
Benf" [war as 
= = Inne. | (10) 
The quantity vis the CARE of twist, ‘and is ‘the same quantity. which. Mr. Love ` 
denotes by d — r. 


Potential Er 


7 


13. Since the work done by a stress is equal to half the product of the stress 
into the strain produced, it follows that the work done by flexion is 


iff f'rctr ardt = =1¢(4.— DA Frenaa QG 


~ by (1) atid (2). 
- The work done by torsion is 


łn Af [ruaz non, 
‘It therefore follows that if W be the potential energy per unit of length, 


wett, (AI) 


`- which agrees with the results we have already. obtained when the deformation i is 
small. - 


| Equilibrium of Naturally Straight Wires, ~ 


14. The- race formule can be ‘simplified when the wire is naturally 
straight. In this case the. curvature in every plane through the axis of the wire 
is zero before deformation ; and since the- change of curvature in that plane 
‘through the tangent to the deformed wire which is perpendicular to the plane of 
- bending is zero after deformation, it follows that the curvature in -the above- ` 
mentioned plane is also zero after deformation. Hence the plane of bending is 
the osculating plane of the deformed wire. : or 
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From this it follows that TREE 
whence, by the fourth of equations (1) of 82, 
dH _ 


de ~~? 


or H = const., 


wire, ’ 
This is a very important proposition. 


297 


which shows that the torsional couple is constant-throughout the length of the 


15. We shall now proceed to integrate the equations of tie of a 


naturally straight wire. 


Since H is constant and G,= 0, it follows thet it. w. denote the curvature so 


that w = 1/p, equations (1) of §2 become 


den 
. AN, 
ees f 


in 


Ms A M Si 
Since ee Aw, we obtain from (1) and © 
| | D + Aw = = 0, 
whence E i Ta = P— is 
where P is a constant. | "+ 
From (4) we get ‘ay fr AN: 
.. Be) 
and from (1) and (6) Jasi = 
From (7) and (8) combined with (3) we get ` 
` ,_ dw d fN 
da ag) 


38 


(1) 


(2) 


298 Basser: On the Deformation of Thin Elastic Wires. 
che A ie: | | ge, = 
where Q is a constant; scoring by 1 

N= Ga—$)«. (0) 


To obtain a third integral, substitute the values of 7, M, N, from (6) (8) 
- and (10) in (2) and we get 


4? f° (LH — PA)o— $4 4 A = 0. ' (10. A) 
Integrating we obtain ; | SR ie 
(Au =) = — 140° + (AP — tH?) ot + Ra? O, D 
where R is another constant. u | 


16. From (1 1) we see that (da* |ds} is a cubic function of a, and therefore . 
a? can be expressed in terms of s by means of elliptic functions of the first kind. 
Let 44?Z denote this cubic function ; then collecting our results from (6), (9) and 
(11), we have the ie following three first integrals of the equations of equilibrium, viz. 


T= P— Mat, ` 
A me Ad , 
T i Boa (12) 
da 
an. 


The first of (12) neay dons the tension, but thè second leads to > 
important results. Ifthe curve assumed by the wire is a plane curve, o= © ; | 
whence.if @ is not zero, w must be constant, and therefore the curve is a Gee. 
.If, however, Q is zero, ø is constant, and therefore the curve assumed by the | 
wire is one of constant tortuosity ; and if we suppose the curve to be plane, so 
that ¢ = œ, it follows that H must be zero and the wire devoid of twist. From 
these reais it -follows that if a naturally straight : wire is twisted as well as bent, 
the circle is the only plane curve which is a possible figure of equilibrium; butif ` 
the wire is bent without being twisted, a family of plane curves exist whose 
curvature is. expressed in terms of the are by means of the last of (12). The : 


Basset: On the Deformation of Thin Elastic Wires. 299 


cutves are of course ‚the elastica family, whose properties hie been discussed by 
various writers.” | 


.17. We shall now proceed to TA an. Writing a = z, the equation 


becomes : 
dz i (4h _ 4 
O=- GB) GF a. 

The form of this equation shows that the right-hand side is equivalent to . 
FENSTER (a8 + ay — By) — aby, (14) 
and we must now discuss the possible values of a, B, y. 

( i) Let a be real and positive; then if 8 and y are real they must both be of 
the same sign, and this sign must be positive, otherwise (dz/ds)’ would be nega- 


tive, which is impossible. It also follows that y >z >£. 
If @ and y were complex, we should have 
(@—B)(y—2) =— (2— p— iQe—p tig 
which would make (dz/ds)* negative. | > 

(ii) Let a be real and negative; then if we suppose B is real and negative | 
we fall back on the previous case with & and @ interchanged. But if a is real 
and negative and @ is real and positive, we must have y real and nega- 
tive, so that, writing — a, — y for œ and y, the left-hand side of (12) becomes 
(a — 2)(2— B)(z + y); which is the first case with a and y interchanged. 

It is also impossible for a to be real and negative and 8 and y complex, for 
this would’ make the cubic en m since we should have to write _ 
B=p+ g, y =—(p— g). 

(iii) Let a be a complex.of the form p J ug, then ify 3 is real and positive, 
8 must be a complex of the form p — ıq, since the ne aon must be real and 
positive; but in this case ` 

dated (z + a)(z—B)=(2+p + ig) — p + 19), 
which is complex. ~ . 

If y is real and negative, 8 must be of the form — ( p — ıg), in which case 


ANE ES E EEB DE ETS Era RTS: 
. which makes (dz/ ds) negative. 





FA very complete account of the elastica will be found in Halphen’s Traité des Fonctions Elliptiques, 
Vol. Il, Ch. V. 
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(iv) Let a be complex, and B positive ; then y must he of the form p— 6g, 
so that (+ a)y — 3) =—( + p+ gle—p +), | 
which is complex. If 8 is negative, we must have y = —(p—. tq), 80 that : 

G+ay—D=—(@+p+ eg) +p 19), 
which makes (d:/ds) negative. 
We therefore conclude that the only possible case to consider arises when: 


a, B, y are all real and positive, and y > 8. 
The expression to be integrated now becomes 


ade = - de l a 
STEH. 
- „Let |  u=(zta)t, l | 
then - PER 2 du ` | 
i : ~ (a —Bhy +a— wi. 
Writing . -o ‘d=a+y, P=atB, l 
we obtain de — 2du mn 
| | BOGET 
In this write w = a’ cos*p + b sinto, 
and we get ee, a dp 
iA 4 a {a — (a — 8) sin? ott’ 
giving u=adn({as+ à), P= (d — jo, (18) 
where & is the constant of integration. . We therefore finally obtain 
a= (a +y) dnè {h(a Hy) HA} a (16) 
Perzß, Ä 17 
yFa > | ALi) 


The constant A may be pu equal to zero if s be measured from dhe: point 
where w =y y: i 


18. The greatest value of dna occurs’ when æ=—0 and the least when 
x= K, and since y > B, it follows that the maxima values of w occur’ when 
a(a+y)'s= 2nK, in which case wis equal to ~y, and the minima when 
, $ (a +y} s= (Qn + 1) K when it is equal to VB. Hence the curve cannot 

harg any points of inflexion unless 6 = 0. 
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We shall now suppose the wire ‘i form a closed curve, and that. there are n 
maxima and minima values of w; if {be its length, we must have . 
| | = }(a + y) /n. ES 
Now the least value of K is $2, whence the above equation requires that _ 
<a + pie | 
Ka consequently. the number of maxima and minima cannot be greater than the 


integer which is nearest to Katy) 27. It also follows that there are no | 
points of inflexion since w can never vanish. `` ny De 


19. The conditions of the problem, as we have already shown, require that . 
a, B, y should all be positive and that y>ß. It is however possible for a or B . 
to be zero, and we have accordingly two special cases to consider. These par- 


` ticular results may of course be deduced from the ob one, but it will be 
` ` simpler to start from (11). 


Ifa or ß is zero, it follows that Q=0, in ‘which case the curve assumed. ` 
by the wire is one of constant tortuosity; under these circumstances w° cuts out 
. from both sides of (11) and nn becomes - ` | 


CEE Æ (#4 et Eee as) 


Since de län 16 emenktally @ veal quantity, follows thai ie ASAP. R 
cannot be negative, and consequently if R is negative pA must be less than 
AP, and we have therefore two cases to consider. 


20. Case I. Let R be positive, and write 


a? — 4h | 2 
CHERS re (19) 
a po W AP. : : , j 
æ — = — 
| A? A! 


then (18)-becomes . , | 
| = (a? + w} (6 — a), 
which shows that this corresponds .to the case. of B—0.. Putting w= b cos ĝ, 


_ we get 


+ ang), 
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whence `` ee TTO KIR p À J | (20) 
k= (By Lge % ` P à (21) 


the constant being chosen so that w= b when s=0. 
Since'w vanishes and changes sign when ~ 

À (a? + dt em) Er 
it we that the curve has points of inflexion. 


BE, Case II. Let R be negative. We must now write 


ab = — ’ ; 
ee To i (22) 
4P . M ù > 
cone wien POR J 
„and (18) becomes is 
| ee ie 


which corresponds to a = 0-in the general case. The integral of this ia 
| - w = adntas , | 
k=(e— ila} | 
and since w can never.vanish and change sign, there are no points of inflexion. 


(28) 


Stability of a Deformed Elastic Wire. © 


| 22. The stability of a deformed elastic wire may be investigated by three T 
méthods, which we shall proceed to explain. 


- 28. “The first method consists in supposing the wire to en small oscil- 
lations about its ‚configuration of. equilibrium and finding their periods; the . 
condition of stability is that the roots of the period equation should be real. 
. This method possesses advantages when the periods are of acoustical interest; 
. its chief defect is that it is somewhat Inüiteet, and often leads to rather long and 
complicated expressions, i 


24. The second method, which has been employed by Prof. Greenhill * in i 
‘| considering the stability of a column under thrust and twist, depends upon some- - 





* Proc. Inst. Mech. Engineers, 1888. 
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what refined considerations, and will be best Musica by considering a special 
problem. 

Let a naturally straight wire be bent and twisted and the Per joined 
‘together. It is easy to show, and will afterwards be proved, that a circle is a 
possible figure of equilibrium. Let us now assume that the circular form is stable 
when the torsional couple H is less than H,, where H, is the quantity whose . 
value we wish to determine. If H is very slightly greater than Hh, a figure of 
‘equilibrium will exist in which the wire assumes the form of a- sinuous curve 
which differs very slightly from a circle, and will be derived therefrom by 
supposing the wire to undergo small displacements u,v, wand 8. We must 
therefore solve the equations of equilibrium on: the supposition that-the sinuous 
form is a possible one when the torsional couple has an arbitrary value H. . 
Since u, v, w and 8 must be periodic with respect to the vectorial angle $, each 
of these quantities must be proportional to s**, where s is any integer greater 
than unity, since 8 = 0, s=1 correspond to rigid body. displacements which 
can. produce no alteration in the state of strain; and we shall thus be led to an 
equation of the form ° 
i H= F (e). 

When H is less than the minimum value of F (e), if such exist, it will be impos- 
sible to satisfy this equation, and consequently equilibrium in the sinuous form 
cannot exist, from which it follows that equilibrium in the circular form is stable. 
But when H is slightly greater than the minimum value of F (s), equilibrium in 
the sinuous form is possible, and the precise form.of the curve can be determined 
by means of a Fourier’s series. If H; denote this minimum value, the condition 
of stability is that | | 

ACH. 


25. The third Hood is the energy method, and the condition of stability is 
that the potential energy in the configuration of equilibrium should be a minimum. 
If G be the resultant flexural couple, A and C the flexural and torsional rigidities, k 
the value of the potential energy per unit of length is 


W=3(@/4+ H*/0). 


* The cross-section of the wire is supposed to be circular. There does not appear to be much advan- 
tage in taking into account any deviation from circularity in wires ordinarily met with. When the . 
wire is a flat one, resembling a clock-spring, the theory of thin plates is more applicable, 
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Let W+W', G+ @, H + H be the values of the stantial energy and tthe = 
flexural and torsional couples in any slightly displaced configuration ; then 


=4(G"/A + H"/C+ 24@'/A + 2HH'/ 0): 


Now @ and #’ are proportional to the small changes of curvature and twist | 
which occur in passing from the equilibrium to the disturbed configuration, and ~ | 
these quantities can be found in terms of the displacements by means of the 
formulæ given by Mr. Love on p. 168 of his book; but in order to apply the 
energy method it is essential that we should know the correct expression for the 
potential energy: to the second order of small quantities, whereas Mr. Love’s 
formulæ only give the correct values of the product terms in W’ to the first 
order. This. method .would therefore require us to calculate the changes of 
curvature and twist to the soocnd order of small quantities ; ; and this has not yet 


- . been done. 


Sul of i a Straight Wire subjected to Thrust. 


26. The stability of a straight wire which is subjected to thrust is discussed - 
in (amongst other places) Mr. Love's Treatise on Elasticity; but as his investiga- 
tion does not bring out at all clearly the precise nature of the terminal hea 
tions, I shall consider the subject afresh. 

_ As there is no torsional couple, it will be sufficient to treat the problem. as 
one of two dimensions. From the argument in $25, it follows that when the 
pressure or thrust at the extremities of the wire is sufficiently great, the wire 
` will begin to bend and to assume the form of a curve of the elastica family‚andwe . 
have to find the value of the thrust which is just pagent to produce this state . 


of things. ` | 
‘The equations of equilibrium of the deformed wire are | 
os à À se a 
| Grm era. 
AGTH =0, ee Eea 


` since G= Aw. From (1) and (3) we get 
| | ‘Pm PA», 
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as ii and since the curvature is a very small quantity, we may in (2) put 
T= — P, where P is the thrust applied to the ends of the wire. Whence by. 
@) and (8), | | 

à is A = + Pox 0, 


: the integral of which is 
w= cos + Dain ys, p = P/A. | (4) 


27. Case I. Let the. lower end A of the. wire be firmly clamped, whilst the 
upper end B is pressed vertically ‘downwards ‚by a force P; but is otherwise free; 
also let Z be the length of the wire, and let the arc s be measured from A. 

At the end B, G and therefore w are zero ; whence 


O cos ul + D sin ul=0.. . (5) - 


Also by chatons the equilibrium of the whole wire, it follows that N— 0. 
at A, whence by (3) dw/ds=0 when ¢=0, accordingly . ze — 0. This requires 
that cos u=0, whence u= (m+ 1) 4%, or | 


P= 4° (on + 1) A/P. pi% na 08 0) 


\ 


. The least value of the right-hand side of (6), which occurs when n= 0, gives 
` the thrust P which must be applied to the upper end of the wire to produce an 
infinitesimally small deflection ; if, therefore, the thrust is less than this quantity, 
no deflection will take place aid the wire will remain straight. Whence the 

condition of un is that > 
- P< } æA] Po | (7) 


28. Case II. Let the wire be pressed between two parallel planes which 
are perpendicular to its undisplaced position. If the planes were perfectly hard, 
smooth and rigid (a condition which‘ can only be approximately realized in 
. nature), the ends of the wire would tend to slip. on the slightest pressure being . 
applied; we shall therefore suppose that the ends’are in contact with mechanical 
appliances which will prevent any such slipping aoe place, but are otherwise 
free. 

Under as circumstances the terniinal contlitions are w= 0 when s=0- 
and s== 1. Whence by (4) 

C=0, sinul=0, ul=n, 
39 | > LT : = 
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and ine codes of stability is that . aa a 
P<wA JB Oe | (8) 
2. Case IIL Let both ends of the wire -be clamped. The terminal condi- 


tions require that the values of V and w at the twö ends should “be equal to one 


another. Conse quently 
een — Osin ul, 


. O(1 — cos ul) = D sin ul. 
Bliminating C and D we obtain ae 
ae. sion, 


and the © condition of stability is =~ j ie 
bs P< arè AP. i het (9): 


The value of w may now be written . 
w = © cos 2n8/1, 


which shows that there are two points of inflexion, which « occur when s=4l 
ands = #1. ; | 
The first case corresponds to a column or pillar whose lower end is cemented 


into a bed of concrete, whilst the upper end supports a building which simply . . 


rests upon but is not fastened to the pillar; and we see that-in this case the. 
. weight required to cause the pillar to collapse is less than in the other two cases. 

' The second case corresponds to a pillar or rod both of whose ends rest on bear- 
ings to which they are not cemented. The third case corresponds to a pillar 
whose ends are respectively cemented to the foundationg and the building sup- 
ported. In the third case, the force required to cause the pillar to collapse is 
four times greater than in the second and sixteen times greater than in the first 
case. | | 

| Stability of a Straight Wire under Thrust and Twist. 


30. We shall now suppose that a torsional couple is applied to the ends of 
the wire as well as a thrust, and shall investigate the conditions of stability. 

_ In Case I, w vanishes at gne end because there is no flexural couple there ; 
in Case II it vanishes at both ends; whilst in Case III the tangents at both ` 
extremities are parallel, and consequently there are at least two points of 
inflexion. Now from (16) of §17, and. (23) of §21, it follows that w can never 
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vanish unless the constant 6 which occurs in these equations is zero ;- accordingly 
` the constant Q which appears in (12) of §16 must be zero. _ 

_ The curvature is given by (10.A) of $15, in which Q must be put sa to- 
zero and P to-— P; also the term 4 4’xf being of the third order must be 
neglected and the equation becomes 


Fw PN 22 u , 
(Bees 0 
where P now denotes the thrust ; also by (8) and (10) at §15, ° 
ad | 
- ; N= — AT | . f (2) ` 
l N, =4 Ho. ; : (8). 
We have therefore - | 
l - ‘w= O cos us +D sinus, ~~ ~~ © (4) 
where . j P= +3: | | | | (5) 


Case I. At the end B, w= 0, whence 3 
l O cos ul + Dsin ul=0;, | | (6) 
whilst at the end A the shearing stress M, which is along the principal normal, | 
must also vanish, which gives D — 0. oo the condition of stability is 


Le mata en f = | | | o 


- Case II. Here w= 0 when s= 0 and 8=l, when the condition will -be 
found to be A . 
7 | 
< PB f (8) | 





H+ 


Case III. In this case symmetry requires that the valnes of w and N, ous 
be equal when 8—0 and s—7. This leads to the condition 


Ea B+ het. | , 8 
All these results agree with-our former ones, as cap be seen by putting H= 0.. 
Equilibrium and Stability of a, Naturally Straight Wire deformed into a Helix. 


-81. It has been well known for-many years that a helix is a possible figure _ 
of equilibrium for a naturally straight wire which is twisted as well as bent. 


. 3808  Basser: On the Deformation of Thin Elastic Wires. 


This result may. easily be deduced by means ‘of the sarl ue of f equilib- 
rium m of §2. In the helix 


— 1 _ cos a. 
a pa" | 

Eee a is the pitch and a-is the radius of the due on which the helix is 
_ traced; also in the helix the principal normal is the normal to the cylinder. 


Sines the natural form of the wire is ge 





sin a COS a ie, ae : Kr 


H = const. © "Ho, G = = Alpi | , os (2) 


also none of the quantities can be functions of 8, whence it follows from the 
genéral equations that : l 





= _ H, À n H_A. 
N=0, a a’ re pe! (3) 
These equations combined with (1) give 
l pu Hsin a cosa Asinva cos? a 
ne a | a ’ 
N,= Fe — 4 an, É l 7 . , (4) 
á 2 . 7 ' ` 
G, = 4008 =, 
a 
whence PRET LS: u 
Rn Tcosa — N,ena=0, ‘= ` = 
| = Tina + M cos = cova — Asnacata | (6) 
+ 


Equations (5) show that the resultant force F' which must be applied to the 
` ends of the wire must be parallel to the axis of the ner on a the helix ` 
is traced, and that its magnitude is J os 


E N 2 - (6) | 
a @ i | | 
The resultant couple 6 is | | | 2 
6 = P +4 n cost a u : {7) 
. The resultant force and couple are therefore to : a certain extent arbitrary, ` 
since both contain the torsional couple H, the only limitation on whose value i is 
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that it must not be large enough to break the wire or to produce a permanent 
set. We have therefore two special cases to consider. 


32. Case I. Let H=0; then the terminal stresses consist of a pushing 

force or thrust P, whose value is 
| | P= A/a’.sina cos! a, 

together with a flexural couple G,, whose. value is A/a.cos®’«. The pitch of the 


helix is sin! (Pa/G;), from which we see that in order.that equilibrium may be 
possible. Pa must not be greater than @,. 


33. Cie II. Let F= 0, then ` 


H= 4 ynacosa= À, (8) 
a. o> 


whilst G=A ja.cosa. The torsional couple is therefore proportional to the 

tortuosity ; also since - | 
| H cos a — G,sina=0, 

H sin a + G, cosa = A/a.cosa, 


it follows that the terminal stress consists of a couple whose axis is parallel to 
the axis of the cylinder on which the helix is traced, and whose magnitude is 
À la 0.0080. 


34. . We shall now suppose that the wire is bent and twisted into a helix and 

the ends firmly clamped; and we shall investigate the condition that the helical 
form may be stable. * 

= Let the wire be slightly diepinded from its ee nds and 

let p-* + p be its curvature. Substituting this value of w in (10.A) of $15, we 


obtain 
4 


Op fof 2 Pi BOO 3N 
get Gar a tee + ga) P=. (8) 
which determines the small change of curvature. | | 
By (3), (6) and (9) of the present article, we obtain 
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consequently (9) becomes 


2A | 
ae + Gis. My HIE ao) 
the solution of which is re 
| p= ar A 7 à GT) 
where Au = GG Di + £ 7 . ’ mee) 


Let R, ©, Z be the -stresses along and E to thé A and par- ` 
allel to the axis of the PAGE upon which the helix is traced ; then; 


Posa— Win el . (18) - 
Pein a + N,cosa= Z. DUR OS 
Since these equations are true in the case of the helical and the disturbed : 
configuration, they will also be true when the variations of the stresses are sub- 


‘stituted for their original values, . in which case we have from (6), (8) and PUU l 
of $15, : 


pa — 42, . g : : 
N=-A®, i T as 


Ny = (4 A+ Op") p- 


Let us now suppose that the two ends of the wire lie on the same generator 
of the cylinder, so that the wire forms an éven number of complete convolutions. 
From (13) and (14) the terminal oo. nn 


k = pry = 
which by (11) become . : 
; = ~ D(1— cos ul) = C sin ul, 
C (1 — cos ul) = D aail, 


whence, eliminating C and D, we get 
er ge 0, 
or a | - W= Qn, 
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Using the value of u given by (12), we get 





2A\?, Æ _ Ar A’ 
Garn (15) 
Now (6) may be written. TIE 
= TRE: A- 
Fino= nr. (16) 


accordingly by (15) the condition of stability becomes 





A ma < FR | | | (17) 

Since the ends of the wire are supposed to lie on the same generator of the 

cylinder, there must be m convolutions; whence the pitch of the helix is deter- 
mined by the a 

| amma sec à = l, | (18) 

where m is an integer. | 

From (17) and (1) the condition may be written 


(a> 22) en ma (1— m? cos a), 


which is impossible unless sec a >m. T 
When there is only one convolution m == 1 and the condition becomes 


H TE in a, a>0. 


35. We shall now consider the two special cases. 


In Case I the helix is held in equilibrium by a flexural couple and: a à thrust, 
and the condition (17) becomes 


+ costa (1 + 3 sin? DS AIR AS ROUTES 
or 1+ 3 sin’a < m 


which is impossible, and therefore the en is unstable. 

In Case II the wire is held in equilibrium by a couple whose value is 
A/a.cosa, and the condition becomes m < 1, which is impossible. . 

It therefore follows that in the two special cases the wire is unstable when 
it makes one complete convolution. When the wire does not make a complete 
convolution, the terminal conditions, and consequently the conditions of stability, 
will be represented by a different set of equations; but the investigation of the 
various cases which arise may be left to the reader. 
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. Equilibrium and Stability of Circular Wire. 


36. We shall now consider a problem concerning the stability of a naturally 
curved wire which covers a good many special cases. l | . 
A wire whose natural form is a tortuous curve is first unbent ; secondly, the 
wire is twisted, and thirdly, the ends are joined together ; tt is required to find the 
condition that the circle is a possible figure of equilibrium, and that the circular form 
may be stable. . | | 
When the circle is a figure of equilibrium none of the quantities can be 
functions of s; we therefore obtain from (1) of §2, 
T=0 , M=0 ,°G=0 , 
H= const. G= const, = zel 


(1) 


The constancy of G, and H requires that the changes of curvature and twist 

© which occur in passing from the natural to the circular form shall be constant 
quantities. These conditions will be satisfied if the natural form of the wire is a 
helix, which includes as a particular case a circular coil of fine wire, the radius 
of whose cross-section is small in comparison with the mean radius ofthe coil. 


37. To investigate the stability we shall employ the second method. In the 
` circular and the sinuous forms respectively let H= Cr, and H+ H' = Or be 
the torsional couples; then H' = C(r#—7+) where 7 — + is the small change of 
twist which occurs in passing from the circular to the sinuous form. This is a 
small quantity which can be expressed in terms of the four displacements 
u, v, wand 8 which the wire experiences in passing from one form to the other, 
whence by the third of equations (38) on p. 168 of Mr. Love’s book, 

| O/B 1 d i 

a 


Let Gi, Q+ @ be the flexural couples when the wire is sinuous; then 
from the same equations it follows that 


a à (re ag) | 


ar) 


m= 


(3) 


since the wire is supposed to be inextensible. 
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_ The radius of torsion of the sinuous curve is given by equation (23) on 
p. 163 of Love’s book, and in the present case is 


(4) 


The equations of equilibrium when the wire is slightly sinuous are now 


Le aN, 


“H idw 


IT yo Lt) 





dp” a 


dp - 


+ z)+ T=0, 


an, 
dp 
aH’ _ qi=o, 


dọ 


- =0, 


(5) 


a Ta Ic ne 


Let D = d/d@; then by (2) and (3) the fourth of (5) becomes 
a (CD — A) B + (4 + CD'o=0. . (6) 
Differentiating the fifth and taking into account the fourth of (16) and also (2) 


and (3) we get 


(A+ Ò) DB +a 0 — AD! — a, (D + D} De + E(D + 1) Du= 0. (7) 


Eliminating T and N, between the first, second and sixth, we get 


Ha (D + 1) D'o + A (D +1} Du=0. : (8) 


Since the circle is complete, all the‘ quantities must be functions of er, 
where s is any integer greater than unity, since 8=0 and s= 1 correspond to ~ 
rigid body displacements which can- produce no alteration in the state of strain. 


Our equations accordingly become 


a(C#+4)B+(4A+C)#0—0, ` 
A+ OBEE 0H At aG dw tare) uo | (9) 


40 


Hasv + 1A (s*— 1)u=0 
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Eliminating u, vand 8 we get 


| Po = {a4 Are) A@—1). o t (0) 
If, therefore, nn r | 
z ma el Ga + #0 D à (on) "a 


it will be ble to satisfy the conditions of equilibrium, consequently (11) 
is the condition of stability. 

If the curvature is increased by deformation, Gi is a positive quantity, id 
the least value of the right-hand side of (11) occurs when s= 2; under these 
circumstances the condition becomes l 


34C }. 


ne < 34 {Ga+ PAS, (12) : 


But if, on the other hand, the curvature is diminished by deformation, G} will be ` 
ee and the dus anes (12) involves the subsidiary condition that 


34C a (13) 


Gerz 


` should be positive. 
| 38. Before discussing the general condition, it will be desirable to consider 


the subsidiary condition (13). Let p be the radius of curvature of the unde- | 
formed wire, and let Pom then j 
— Ga = À ee — Li 
and the condition becomes 
Pe 1< a7 90 70" 
For nie wires g/n=$ about, so that gir $, and the last equation 


+ becomes 


ap. CRE (14) 


- Tt therefore follows that the circular form will be unstable if its radius is greater 
than 4;ths of the radius of principal curvature of the undeformed wire. 

When the natural form of the wire consists of a circular coil which is 
unrolled and the ends joined together, the preceding result shows that the circu- f 
. ler form will be unstable when the. length of the coil is greater than about one — 
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and a half complete convolutions. We shall presently consider what will happen 
when this length is exceeded. | 


39. When the natural form of the wire consists of a complete circle of radius 
.. a, which is cut and then twisted and its ends joined together, G,==0 since the 
twist produces no change of curvature. Under these circumstances the condi- 
` tion (12) becomes | - | 


| Ha < 344 II 

Assuming that A/O = 4, this condition requires that the total twist should 
not be greater than 2x 3.27; that is, about six and a half right angles. 

Let the natural form of the wire be a helix of pitch a, and let 277 be the 
length of a complete convolution. Then Z cos ais the radius of the cylinder upon 
which the helix is traced, and 7 seca is its radius of curvature ; whence the sub- 
sidiary condition (13) becomes . | 

a cos a < 447; | 
that is to say, the projection of the length of the wire upon a circular section of 
the cylinder must not be greater than 4ths of a complete convolution. 

When the above condition is satisfied, the circular form will be stable when 
a torsional .couple is applied to the ends of the wire before they are soldered 
together, provided the twist does not exceed a certain magnitude which is- 
determined by (12). E i 


40. We shall now consider the period equation when a complete circular 
wire is performing small oscillations about its configuration of stable equilibrium. 
The method employed is precisely similar to the investigation given on p. 121 of 
my paper on wires,” and equation (50) on p. 122 is a particular case of the more 
general result which we shall proceed to consider. I find that the periods are 
given by the following cubic equation : | 
` Srédtat | a (1 + 428) Apt - 

— {q+ Qns® + 4136? (gH q? + An + ns) + $235? (8° —-1) QR}Ap? 
3 Sr ` 
+ Mae) tn (8 —1)-+ (g+ ons) R}] 
3 ( 1. - 
x [18 +14 ta? — 1) } Apt — ae ce a ] 
+ ef (8 — 1} (g + 2ns* — 2a*hp*) = 0. (15) 


* Proc. Lond. Math. Soc., Vol. XXIII. 
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In this equation c is the radius of the cross-section à =c/a, g and n are, 
Young’s modulus and the rigidity, A the density, p the period, and R= 1 — a/p, 
where p is the radius of curvature of the natural form. 

Omitting superfluous positive factors, the term independent of p is 

n (8 — 1 
+42), 
and the condition that one of the roots of the cubic should be real and positive 
is that this quantity should be negative. This condition is easily seen to be 
equivalent to (11). 

- To investigate the conditions that the remaining roots should be real and 
positive would be a somewhat troublesome operation ; but there can be little 
doubt that the conditions of stability already given are sufficient to insure that 
this should be the case. | 


Da — irge (#®— 1) l 


41. We shall now consider the case in which there is no twist. Under these 
circumstances the cubic splits up into two factors, the second of which gives the 
periods of the vibrations of a Hoppe’s ring, whilst the first factor leads to an 
equation equivalent to (50) of my former paper, with which it becomes identical 
when R = 0, as was the case in the problem there considered. We therefore see 
that the vibrations consist of two distinct types, viz. flexural vibrations in the - 
plane of the ring, and vibrations which involve torsion and flexion perpendicular 
to this plane., The periods of the purely flexural vibrations are always real, and 
consequently the ring is stable for displacements in its own plane; but if Risa 
negative quaütity whose numerical value is greater than the least value of 
2n (8 — 1)/(q + 2ns*), the absolute term of the first factor will be negative and 
the motion will be unstable. This leads to the subsidiary condition (13). : 

From these results we see that when the circular form becomes unstable the 
ring will not collapse like a boiler flue, but will assume the form of a bent and 
twisted tortuous curve. They also to a certain extent show what the form of 
this curve will be. Assuming that 4/0 = $, it follows that the value of | 

| ot | C(@—1) 

| -A + Ce? 
when s= 2 is #, and its value when s = œ is unity. If therefore G,a/A has a 
negative value whose numerical value lies between 4 and 1, a sinuous figure 
differing slightly from a circle will be possible; but if this numerical value 
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is oondidorably greater than unity, a sinuous form will be impossible and „the 
unstable circle will make a sudden jump, and will assume the form of some - 
entirely different curve or may even turn itself inside out. 

42. A great many other special problems can be solved’ by the above 
methods; but when a wire whose natural form is a straight line is twisted 
and the rid soldered together, the condition of stability cannot be obtained 
by means of the general. formula (11). The problem is one of those special 
cases which so frequently ‘occur in mathematics in which a formula of 
apparent generality fails to give a correct result in-some particular instance 
and a procedure of a special kind has to be resorted to. When the wire is 
naturally straight H” is constant and G} is zero, so that the fourth of (5) disap- 
pears as well as the term dG{/d@ in the fifth equation. Under these circum- ` 
stances the first of (9) disappears whilst the second becomes, since Gha = A 

Hau — 1 Asv = 0. 

The third of (9) remains unaltered, so that we get 
EN o P@= A (#— 1), 
which gives a 
| j R / = Ws 
as the condition of stability. 

This result appears to have been first given by M Mr. Michell, * who ea 
it by supposing the wire to perform small oscillations. Assuming that g/n = 
he found that the total twist must be less than 2n X. 2.16, that is, less = 
eight and a half right angles. 

FLRDBOROUGH HALL, HoLYPORT, BERKS, ENGLAND. _ 


* Moss. Math., Vol. XIX, p. 184. 


Investigations in the Lunar Theory. 
Br Ernest W. Brown, ` 


| Professor of Applied Hathematics at phate College, Pa. 


This paper is an outline of a plan for the development of the expressions 
which represent the coordinates of the Moon, together with certain theorems 
connected with the infinite determinants which determine the motions of Perigee 
_ and Node, and, in addition, some results concerning the constant part of the 
expression which. gives the Parallax of the Moon. 

It has been pointed out that the algebraical expressions of the coordinates 
show slow. convergence chiefly when the coefficients of the periodic terms are. 
arranged in powers of the ratio of the mean motions of the Sun and Moon, and o 
that when we use the numerical value of this ratio from the start, keeping the 
other constants arbitrary, slow convergence in the series arranged in powers | 
and-products of the other constants, is unusual; also, the observed value of. © 
the ratio of. the mean motions is determined with an accuracy far surpassing that 
with which the other constants are known. These reasons: have seemed to point 
towards a.semi-algebraical development, in which the ratio of the mean motions 
is given its numerical value while the other constants are-left arbitrary. 

The developments given below are built up on this basis. The orbit of . 
Dr. Hill, which depends on ‘m only, is, therefore, a numerical one, and is used as - 
a first approximation. or “ intermediate” orbit.. | 

But there are several methods by which we tase ee with the ns 
ment from this point. It is possible to use polar or rectangular coordinates, and 
the equations of motion in each -case can be given several different forms. Of 
the forms which the equations may take when rectangular coordinates are used, 
_there are two which seem specially adapted for continued approximation. Of 
these one set are of the second degree and second order when we neglect the 
Parallax of the Sun and the Latitude of the Moon. . When these quantities are - 
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included, two equations still keep a form in which the principal terms are of the 
same kind, while the third equation is a sufficiently simple one. These are the 
equations (8) below. Some of the elliptic and parallactic terms have been 
determined from these equations. 

Another method is to use the equations of motion in their original form. 
This requires the expansion of such expressions as (x + dx)/(r, + dr)”, where 
To, 70 represent the values of x, r in the intermediate orbit. These being trigo- 
nometrical or exponential series, entail a certain amount of labor in the develop- 
ments. How this is effected and in what way we gain or lose in comparison to 
the former method is shown with some detail in Part I. It is on these lines that 
the developments there given are carried out. 

The chief difficulties which arise in any method of treating the Lunar Theory 
are those connected with the determinations of the motions of the Perigee and 
Node. When Hill and Adams conceived the idea of the infinite determinant, and 
succeeded in solving one, there appeared to be an opening for the determination 
of these motions with an accuracy which should leave nothing to be desired. 
The equation for the latitude in rectangular coordinates is in a form which gives 
the principal part of the motion of the Node—that depending on m only—by 
means of an infinite determinant directly, and thence the coefficients of the 
periodic terms are easily obtained. But in the case of the Perigee this is not so. 
Several transformations are necessary before a suitable determinant is évolved, 
and when these have been made and the coefficients of the transformed solution 
obtained, the return process to find the coefficients of the periodic terms in 
rectangular coordinates is a laborious one. Once the motion of the Perigee has 
been obtained, however, we can use the equations in any form we choose. 

So far the question, then, of finding the principal parts of the motion of 
Perigee and Node is resolved, and the coefficients dependent on these can be 
‘obtained. But we are again met by the same difficulties when we try to find 
further approximations to these motions. We again obtain an infinite set of - 
linear equations. But they now contain constant terms, and though an infinite - 
determinant can be obtained for the new part of she Perigee or Node to be found, 
_ it is in a form which does not admit-of easy solution. The equations can be 
solved by continued approximation, but this is very laborious. The difficulty 
has been turned by a slight artifice which eliminates all the unknown quantities 
from the set of equations but that required, and the resulting equation is one 
which does not present any unusual difficulties in calculation. | 
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The equations thus obtained not only showed methods by which the motions 
of Perigee and Node can be obtained at any stage by simple processes, but 
indicate the way in which Adams’ theorems connecting these motions with the 
constant part of the expression. of the Parallax arise. The remarkable proof 
Adams gives of his theorems is well adapted to the end in view, but it shows no 
indication of any possible extension to the higher terms. The methods given | 
below, though cumbrous, have perhaps the advantage of shedding a clearer light 

- on the theorems and of giving them a form which admits of further development. 
| The investigation of these occupies. Part II. Other theorems are also proved 
- which may be of value when a verification of results is required. p 

Part III contains one or two deductions from the infinite determinant con- ` 
. cerning the orders of the coefficients, and especially deals with thg cases in 
which short-period terms may have large coefficients. 

For ‘convenience, the papers referred to in the following pages— 


On the Lunar Theory: 


I. G. W. Hill. —Researches in the Lunar Theory. “American J ournal of 
Mathematics, Vol.I, pp. 5-26, 129-147, 245-260. 

II. G. W. Hill.—On the Part of the Motion of the, ED Perigee, ete. Acta 
Mathematica, Vol. VIII, pp. 1-85. 
IL. J. C. Adams.—On the Motion of the Moon’s Node in the case, , ete. 
| Monthly Notices R. A. 8., Vol. XXX VIII, pp. 43-49. 
= -IV J. O. Adams.—Note on a Remarkable Property ‘of the. ie | 
Expression, etc. Monthly : Notices R. A. 8., Vol. XXXVIII, pp. 460-472. l 

V. C. Delaunay. —Théorie de la Lune. Mémoires de FARACSIE des Sciences, 
Vols. XXVIII, XXIX. 

VI. C. Delaunay.—Note sur les mouvements du périgée- et du sous de la’ 
‘Lune. Comptes Rendus, Vol. LXXIV, pp- 17-21. 

VII. E. W. Brown.—The Parallactic Inequälities in the Lunar Hs 
American Jour. Math., Vol: XIV, pp. 141-160. 

VII. E. W. Brown.—The Elliptic Inequalities in the tana Poe 
Amer. Jour. Math., Vol. XV, pp. 243-263, 321-336. 


And on ihe Infinite Determinant: 


IX. H. Poincaré. —Sur les détient d'ordre infini. Bulletin de la 
Racie ‘math. de France, Vol. XIV, _pp. 77-90. 
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X. Helge von Kock.— Sur les determinants infinis, etc. Acta Math., Vol. 
XVI, pp. 217-296. ' 


—are gathered together and the reference is made by means of the.number in 
Roman numerals standing before each. | 

The portion of I dealing with the intermediate orbit is also found in 
Tisserand’s Mécanique Céleste, Vol. III, Chapter XIV. The Memoir II is given 
in Chapter XV, and III and IV in Chapter XVI of the same volume. 


PART I, 


DEVELOPMENT OF THE THEORY. 
1. The Differential Equations. 
The notations to be adopted below are as follows: 


n, n!, the mean angular motions of the Sun and Moon about the Earth; 

2a', 7’, €, the major axis, radius vector and eccentricity of the Sun’s orbit, ae 
posed elliptic ; 

&, Y, z, the coordinates of the Moon fe to rectangular axes, of which those 
of x, y are moving in the plane of the Sun’s orbit with angular velocity 
n’, and that of z is perpendicular to this plane. The positive direction 
of the x-axis is directed to the mean Place of the Sun; 

v, the solar equation of the centre ; 

S = x cos v + y BÌn v; i 

w= x + yY—1, s=a—yV—1, mus = x? +y’; 

n al, the mass of the Sun; 

u, the sum of the masses of the Earth and Moon in the same units ; 

v=n—n, m=n/v, z= ujv; | 

1 d 


YZI d 
me ne De = ei i 
s ; à N dt 





With the limitations here adopted—the same as those considered by Delaunay 
(V) and Hill (1)—the potential function i is 


P al Pa! 
n'a _ n'a 
Q 


=” 
rer D nee r 
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and the equations of motion are 


im He 


Ox ’ 
1 -_ 0Q 
ne a, 
y % y= By’ 
j — QR 
2 = 
Eu o =Q (P +y) Q Hin”, 
. the equations may be written 
sm, 
x 
à ; Q! | 3 D m: 
E __ aa! Bu 
= 


- Transforming to.the independent variables u, 8, 2 and the e dependent Ç, the 
equations become 


; _ 2 an! 
Pu + 2mDu — ae oR ’ 
ue __ 2 an! 
Ds re nd == ye . Ju N 
| ere OR 
| : Dz | = mE ; Oe Fi 
with the expression 
= n'a" n'a" 


j . Rus. 
Gera PRET a 


This becomes by expansion | 





Canet a Bw] 
+ —38(w+2)] +. 


En 3 _ 3 
= ee we + Qu 





hes 7 


| Rene siut] mt tah —1) 





+. Se [5S — 88 (ue +] +... (2) 
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It is necessary, before going further, to see in what way Q, involves u, 8. 
We have 
S? = (x cos v -+ ysin v} 


= #(u + 8) —} (w + 8) sin’ v + — (w — s’) sin 2v, 
and if a= 1-Fp, 


the first two terms of Q, become 
3m? Lt (u +s) — LEP Te J #) sin? v +7 aye $) sin 2 | —pm*(us-+2*). 


From the known properties of elliptic motion p, sin v are of the order € at least. 
Hence Q, is of the order ¢ or 1/a’ at least. When we neglect 1/a’, Q, takes 
the form 

QO, = 4 (Aut + 2 Bus sp (a 2pm), | (3) 
where A, B, O depend on ¢ and the angle n#+ € only. When 1/a’ is not 


neglected we can put 
EEE ee) 


where a, is a homogeneous function of u, 6, 2, of degree g free from fractions. 
Also since the time enters explicitly into Q, only through the coordinates of the 
- Sun, when ¢ = 0, Q, does not contain the time explicitly. | 
In the general case the equations may now be written 


Q 
(D+ 2mD +4mt)u + me — = — ee | 
. _ 2a, 
Co de Se ET) JS aore, 0 
20 
(D — m2 = à 


_which are the equations to be used in developing this theory. 
Taking the general value of Q, multiply the first of these equations by 8, 
the second by u and subtract, we obtain 


AU 


D (uDs — sDu — 2mus) + $ m (Y — #) = = sa (5) 
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With the same multipliers for the first two equations and the EE 2z for the 
last, we have by addition 
8 Du + Ds + 22D%z + 2m (pu — uDs) + 4 “a (u + 8)? — ome 
2x 20, 3A , AQ.) - | 
= We pe Arte | (6) 


=; by (8). 


. Again, multiplying the three equations by Ds, Du, 2Dz a respectively, and adding 
we obtain 


D[ Du. D (OP an rer key 


(us + 2) 
00, dQ. dQ. 
= — [$7 Ds +7, Dut S 29 py]. 
Now in the general case Qi is expressed explicitly i in , terms of w,'s, 2, t, hence — 
| on, 0% ph 2 De 0 p 
= PUS Ga a Dut gp De era 
and therefore the ‘right-hand side of the previous equation is 
re, _— 20, 
E Di DU a — DQ, 
— ES EE DQ, ` 


= D [D7 (Dù) — A], 


where D'Q, denotés the operation D ‚performed on Q, only with reference to t 
(or ©) so far as it occurs explicitly in Q,; and D-t denotes the operation inverse. 
to D, i.e. integration with respect to ¢ followed by a division by £. : 

. If, then, with these substitutions we can the equation becomes 


Du. Ds + (Da tim. (u + 8)? — m + PET C — A + DDA). (7) 


Adding dis to (6) and une down again equations (5) and the last of equations | 
(4), the three transformed equations of motion are 


a, 2) — Du. Ds—(Dz) — 2m (uDs—sDu) Him (ai ee sm 2 
 S0-S at YQ ta), 


a 


=3 SEN 
D (uDe — a Du— Arms) + Amt P= 8) = u a (8) 
2Q, 


De me = +3: 
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There are some special cases to be noticed : 
(i) : = 0, the last term of the first equation disappears and o= = 0; 


(ii) 4 =0,then 0, = = 0, except for the value q = 2, Q = o; 
(iii) z =0, the third equation. disappears ; 


` 


(iv) ie = 0, _ =0, all the terms ¢ on the Haba sides disappear except. 
the constant 0; 
We = =0, 1/4 =0, 2=0, the ‘quan duc to those studied by 
Dr. Hill (I, II) and they give those inequalities which depend on e, m only. 


| We are going chiefly to study the equations of motion under the form (4), `. 
and it will be advisable to write down the special forms to which they 
reduce for zero values of certain of the constants. In the majority of the cases 
to be treated.1/a’ is neglected, so that Q, has. the value. (3) and the equations 
| become. 


= 0 

+? ; - of 
Gas (a) 
GET, 7} = 

(It is ot necessary to write down the s-equation, since u is a complex quantity 


and the u-equation includes both the æ-equation . and the y-equation.) The par- 
ticular cases of (9) are 


(D+ IND HAm u + + Ba 08 — 5 


DEN NE 


=0, ` (i 


2=0, > (D' + 2mD + Em) u + $mts + Bu + Os — Tu) = 
2=0,¢=0, | B=0, C=0,p=0 in equation 9(i), | 9 (ii) 
d=0, .B=0, C—0, p=0 in equations (9). 9 (iii) 


We shall require the equations “(0 expressed i in tormi of æ, y, z. They are 
Den Ie | - mae | = 10) 


ernten | = en 
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where A’, B', C', p are quantities depending on € and atising from the part o, of 
the disturbing function. 


2. Method of Development. 


We take first the equation 9 (ii). It is known (Hill, T) that in this case the 
equations admit of a solution which can be expressed in the form 


U = Uy = aE ath +} a 
8 = 9 = pa t 1=— me... +o, y (11) 


where a, depends on m only. This is Dr. Hill’s primary solution or intermediate 
orbit. It contains only two arbitrary constants, while the general solution of the 
equation 9 (ii) contains four. It is desired to know the general solution of this 
equation and also of equations 9, 9(i), 9 (iii). We shall for simplicity at present 
take the equation 9 (i), the extension so as to include the terms dependent on g 
being perfectly evident. We may write it 


(D + my 4 mu + pms — = = — Bu— Cs, 


where the terms on the right-hand side are of the order e at the lowest: If now 
we put 

u = th + du, 

8 = 8 +s, 
Uy, & satisfy the equation 


(D+ m) + bby + Ame — Goat = 


and ôu, ds will therefore be determined by means of the equation 





(D + m) Su + 4m’ du + ÿm°ès — lF DC +8) da] 
| Ä = — B (w + òu) — O (% + de). (12) 


We now suppose that du, de are small enough for the expression in 
square brackets to be expanded in powers and products of these quantities. 
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The expansion of this portion is 
1 du 3: 3° (du)? 15 (ds)? 
Frl, mn 2,3 ts ate à . 
3 duds 5 "Guy 35 (ôs)? 9 (du) ds 15 du(ds)? 
a u 16 we 16 £$ 16 wes, 16 ETS | 











As Up, 8, are supposed known, we can, from their values, obtain the coeflicients of 
the various powers of du, ds in the form of known series. It is understood that 
the numerical value of m is always used, so that these series can all be expressed 
as odd or even power series in & with numerical coefficients. Since 


Uo 1 =a dao , 
88 = ma”, 


. all the series can be expressed in terms of even positive and negative powers of 
č, so that, by a suitable arrangement, the largest coefficient is that of @. It is 
assumed, unless otherwise stated, that the summations include all positive and 
. negative integral values of à, including zero. | 

Let 


3 37-3 ner i 
$m LR. a = SM , kek Ay 
xe _ i 
ar te ST = 30" 
me = SR et TO, 


= i = ai 
dd ES, 6? , ul si ER ý 





When {-! is put for Č, u changes to s, and sọ to m. Hence M, = M_, and 
D = Sai oh 

As for the calculation of these, M, is immediately obtained from the value 
of x/r} given by Dr. Hill (I, p. 249). For N, we have 


xy eat 
ul D 





We calculate 1/75 and the real and imaginary parts of w6-?. These are easily 
done by the method of special values, which method will also give quickly the 


328 - Brown: Investigations in the Lunar Theory. | 


5 required coefficients. In the same way we may. find the other coefficients 
P, Q,R.... The whole process does not entail very much labor. 
-- The following table gives the values of M, N, P, Q: 


.-My = +.58902 22856 4 : M= + .00000 06029 7 . 
.M;ı=-+ .00630 -. 84231 2 M,,= + .00000 00056 6 
M, = + .00006 28883 4 M, =+ .00000 00000 5 


an aN; oe HOT 88032 7 
N, =+.08686. 55171 N- = + .01078 63527- 2 
.M =+.00054 79401 N_,= +.00001 25690 4 
N; =+ .00000 70129 N_,;= + .00000 00982 3 
N, = + .00000 00824 N_,=+.00000 00007 6 
N, = +.00000 00009 T 
; és Bet 17156 77322 - 
P = +.02280 40093 P_,=+.01084 18484 


PR UST 


CP, =+.00032 38766 -- P_,=-+ 00010 24840 
P; = +.00000. 40164 | P_,= + .00000 09526 
P; = +.00000 00465 © P_g=+.00000 00092 
P, =+.00000 00005 > = P.s=+:00000 00001 
Q, = 1.17182 34260 | 
Qı = +.08476 15314 ` = Q= —.00112 12092 
' Q, = +.00066 73632 Q-a = +.00000 31923 
Q, =+.00001 04714 : Q_,= + .00000 00337° 
Q, = +.00000 01462 9_,= +.00000 00007 `` 


Qs = + .00000 00020 


| ~ The numerical values of these coefficients have been ` given here because 
_they-are fundamental for this method of development. Further, they are the 
same for every series of inequalities which it may be desired to calculate. The 
values of M, N, P, Q given above will suffice to. determine all terms in u, s, 
depending on e, d, 1/a', y° as far as the first and second powers and the products, 
two at a time, of these quantities are concerned, and in z of the same classes of 


E inequalities each multiplied by y. These form by far the tect portion of the 


expressions given by Delaunay. 
- When we wish to determine the terms dependent on a! there are certain 
` parts of the disturbing function to be added to the right-hand sides of the equa- : 


t 
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tions. But as these are homogeneous functions of u; 8 of the second, third,.... . 
orders, their expansion is quite easy, and in order to keep the exposition as 
simple as possible they have not been written down. 

The various cases will now be. considered in the order which seems most 
suitable to the objects in view, namely, the development of the theory and .the 
special theorems to be treated in Part II. 


3. The Terms whose Coeficients depend on m, e only. 


We take equation (12) and it.is desired to find a particular solution of it 
such that the coefficients depend only on m, ¢. As the primary solution depends 
only on.m, and as the introduction of € brings with it multiples of the angle 

n't+ €, no new constant of integration will be introduced. Also du, ds will here 
contain ¢ as a factor. 

At the beginning we neglect powers of d, and therefore of. du, ds above the 
. first, and put for these terms 

i = Qu = 4u,, a, 
and the equation may be written f . 
co} (D + m? u, +u, SM + 68, Eng = Beige O~. Esg.. 


The coefficients B, C contain ¢ only in the form sin cos (Wt + #).or in the form ¢+™. | 
(The constant part of the angle may be omitted since we suppose that m is not 
' commensurable with any whole number, and # plays no part in finding the 
coefficients of the terms in &,,8,.) The solution is therefore of the form 


Eu = ae, [+ + of OV], > 
és, = ae 2; LT as +a- 369 79]; 


. where j takes all positive and negative integral values including z Zero. 
The equations which determine the coefficients yj; NL; are 


(27 +1+ my nyt Mn i + ZN; : = coeff. of: Gt in —2, [Ba,+ Ca —j— 3m, 
(2j — 1} ER +2 ls +EN in = coeff. of (-¥—™ in—3,[ Ba,+ Ca_,_,] &. 
From these we can find #,, 7, in terms of! m by esnuntod #pproximation. 
The next step is to find the terms of order ¢* by putting 
| du = u, + wa 6s = 8, +8, 
where: the terms in ù, s of the order e’ are ua, 8), and doparatne out those 
42 
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terrns which are.of the order e°. The equation for them becomes, according to 
the previous notation, 


LD + in) ip + Sng EMO! + CSN AEP | 
; — HP EQ — Eu NCA zP,®. 
= coeff. of e° in — ë! [B (ty + ty) + O (8 + NR 


The terms on the right-hand side and the known ones on the Iere band. side 
necessarily ı contain ¢ in the form 


5 [ui + Bem + a m], 
the solution is therefore of the form 


ua =a" 3; [+ (Im) + ott oe ei 


and a similar expression for s„. The coefficients (n7’),, etc., are the use 
quantities to be found. The method of procedure i is the same as before. There | 
are certain multiplications to be performed in the calculation of such a term as 
eui = P_,C”, but they can be performed in two steps by first computing 
Cu, SPC" (this result being wanted in the determination of the terms of order 
ee’) and then multiplying the result by ču,. 
We can thus proceed to find the terms ae on ‘eal powers of ¢, m by 
successive, approximation and arrive finally at a solution 


wy = Up FU, F Ua fe 
Ug = & + 8, + 8, BEN $ 


It may be noted that the notation used here is enden to be a suggestive 
one-and to point at once to the order of the terms and to the power of ¢ to 
which they belong. The letter n is associated with. or the index m of Ga In 
the coefficients, 7, is the coefficient of 4/+* in u, (nn), or (7°), that of Z¥+®, etc. 


This method of notation for the coefficients i is found to be a convenient one and - 


it is-used for the inequalities all through. For example, if 2g | be an even pomtivs 
number, . 
io = aa" 5 pr ne nn. 

| a en m cule 


In particular we must notice that the terms in w which do not contain the — 
angle né + € in their argument are ; 


ag, [ay +e (rh + Gn he qe 2.08) 
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We can suppose now, for theoretical purposes, that all the terms dependent on 

d, m have been calculated with the necessary accuracy, and by using the numeri- 
cal value of € in (13) we can take that for the primary value of w instead of the 
‘value (11). : But in the actual developments of the lunar theory this simplifica- 
_ tion has certain disadvantages.- It is easier to find the extra small terms due to, 
for instance, the difference between (13) and (11), than to calculate the corrections 
to M, N which would be necessary. Hence we commence, when finding the terms 
depending on the lunar eccentricity or latitude or the parallax of the Sun, by 
using the primary orbit defined by the equations (11). 


5. ‚The Terms whose ‘Coefficients depend on m and. the Eccentricity of the Moon's 
Orbit. Motion of the _Perigee. 


In accordance with the remarks just made, we omit the terms de on 
e, and in those results which are of a general character we shall merely state 
how they may be included and in what way the various expressions are altered 
` by their presence.. 
We take the equations 9 (ii) and putting | 
| Ub = Uy + U, + Us + essa, 
8 = b +8, Fea Fosse, 
where up, s, have the values (11), obtain for the determination of w,, 8, 
| C (D + mu + Lu EME + Fo, 2N = 
The solution of this equation is known to be of the form ; 
Flu, = a [ght +89 ], 
Soe HME [eh QUES + e]. 


Since e is supposed incommensurable with any whole number, the constant of 
the argument, an arbitrary of the solution, is not put into evidence. ‘It can be 
restored at any time if necessary. .This remark applies generally. | 

When the substitution is made in the equation of motion, we obtain a set of 
linear equations to find g,, e; without constant terms, and this fact necessitates 
a relation between them which determines the quantity c. Since the extension 
of Adams’ theorems proved in Part II, and the results in Part III, depend on 
this relation to a large extent, it is ES to develope it somewhat fully anc 
to see in what way c is involved. 


E 
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BE 


Hquating to zero sé coefficients of gee “we obtain the & series of linear i 
homogeneous equations in &,,&, a 


(2 +1 +m +o) s +5 Mg 1 HN —j =0) 
(aj —1— m + o) ely + Mie, + SW. 5,0 


The determinant formed by the elimination of g,, & we may denote by- 


d(e) o A 
w Fuer 


| here the: cross lines denote that d, dl), d(—c) merely occupy the. positions 
in the: “determinant assigned above. We have put d(c) for - 


(14) - 





i. AS 








s 


mi, Mais Ma y M y * M 


M r , (84-m+c)" +4, R M; | 3 | M- >. Mu. 3 
Mii, . M . , Armto +, HM, y ` M, , 
-M ; » o M > M » (lemt e) +i, Mi $ 
M: ; M, , M, es Mm. , tm tot 


N nero sue es cree ea een serene 


‚and d(— o) for-the same expression with the sign of c changed. Also d stands. 
for : l | 5 is ` , : : . s ” . 


. . 
DTi 2 


eM Wes, Meas Ma M a 
When these are placed i in the expression “for A (0) i in ie positions assigned and 
the cross lines taken away, we have the required determinant. 

This is a third form of the infinite determinant giving c. It diffère from 
that obtained. by Dr. ‘Hill (II) in being what may be called ` “ doubly- -infinite,” 
that i is, it is infinite towards the directions not only of the outer sides of the- 
square but also towards those of the cross lines. In this feature it resembles 
“that which I obtained (VIII) by the use of the equations (8), but differs in-one 


-. most important aspect, namely, that by a suitable system of divisors it can be 
put into a: joenvergens torm; 
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I repeat the observations there made as to the number of roots and the rela- 
tions which hold between them. Denoting by q the number of coefficients of the 
Series £j, &,-.-.6,, there are 4g + 2 unknowns in the 4g + 2 equations; the 
determinant has 4g + 2 rows and columns, and it forms an equation for ¢ of the. 
order 2 (4g +2). Ifc, % be two roots of this equation not differing by an even ' 
integer, the whole series of roots is 


‘Eu, +(q 4 2), (q+ 4),-.-., 
+o, + (4 + 2), + (a 4)... 
Either c, or & is shown to be zero, since 
u, = Du, . 8, = Ds 
is a solution of the equations for u,, s,. 
Now these two sets of roots are also roots of the equation 


sg TC tg NON ss AC sg Mg \ _ 
(in? — sint 25+) (aint Ft) = 0, 
or of the equation = 
| . (cos ne — cos ne)(cos nc — 1) — 0. 
Hence we have | 
A (e) = 4 (cos ne — "cos na)(cos ne — 1), 


‘an identical equation in which À is independent of c. We most easily find the 
constant A by equating the coefficients of the highest power of c in each member 
of the equation. In A(c) this is unity, and in the right-hand side it is 








ee a ce) 
1? . 9? >) na 1 "3.5 . 7 9 e 
E 4 4 die.‘ 4 
| =-A Fa Fe) 
and therefore | 
N 4 44. 4 4 
(cos ne — cos #1) (008 ne —1) = A (e) x ( ae J 
Evo. : 


The new determinant y (c) is put into a convenient form by multiplying the 
middle rows of the upper half of A(c) by 4, the two rows on either side of this 


by = 1 the next two rows above and below by 








3 2 i and so on. The lower 


half being treated in the same way, all the divisors are accounted for. We might 
then proceed as Dr. Hill has done to obtain the determinant in a better form, ` 
with every constituent in the central diagonal unity. The new determinant and 
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.V (c) are both convergent, that is, in each case the product of the constituents of ° 
the central diagonal is finite and the sum of the other constituents is finite. (Poin- 
caré IX, Helge von Koch X). But since the determinant will not.be used for 
finding c, and since it has been treated as far as'is necessary for the purposes of 
_ this paper, “it does not seem to be of advantage to develope it further. Two - 
.. points are ‘of importance in: what follows: firstly, the determinant- A(c) is a ` 
symmetrical one, and secondly, in consequence of this and also since it van- 
ishes for ihe special value of c which denotes the principal part of the motion 
of the lunar Perigee, the coefficients &;, ej are proportional to the Jeo minors of the 
constituents of any row or column, 
It is not difficult to see what changes are made by the icon of the 
terms dependent on e” and its powers. Instead of using the values (1 1) of tt, 8, | 
we must use the values (13); also, instead of M, N; we shall have 


ı (Mh= as terms containing e" and its powers, 
W= uo o, a: t i u. 


No other alteration is necessary in the. equations since the terms arising from 
A, B,C [equation (3)] can: be included in (M), (N). -We, however, do not 
have (M);= (M)_,. All the results concerning the infinite determinant for c 
still hold. Let for brevity - | 


(e; = = 8, (1 + terms containing e” and powers), . 


Sl “7 E tra : ne: 


(c) = c + terms containing ¢” and its powers 


be the new values. Then as before (e), (#), are proportional to the minors of 

the constituents of any row or column of the new determinant, which remains 

symmetrical. - : | 

| It remains to state that when c has been found, all the coefficients | E; & can 
‘be found in terms of one of.them by any suitable method.of continued approxi- 

. mation. - The minors of the ‘determinant do not séem adapted to calculation. It: 
is found that &— el is approximately 2e where e is Delaunay’s eccentricity, and 
therefore this quantity is a suitable arbitrary. The letter e is used in- all coefli- 
cients involving the lunar eccentricity just as the letter 7 is in all coefficients. - 
involving the solar eccentricity. RE 


i 
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5. Further Approximations to the Te dependent on the Eccentricity of the 
Moon’s orbit and to the Motion of the Perigee. 


The next process is to find the terms of the order æ. These follow in the 
same way from the results just obtained as those of order e* did from those of 
order €. Ifthe part of c depending on e, before neglected, be dc, we can easily 
see that dc is of the order € and that we need not know it to obtain the coeffi- 
cients of the order €.‘ We suppose the coefficients of the order & found. 

We proceed, then, to find the terms dependent on ¢ with the corresponding 
new part of c. We are only going to consider the terms depending on the. 
indices 27 + (c + dc) of Ÿ, since it is by these terms alone that dc is determined. 
Stopping at the third order we put 

U = Uy + Us + Ua + Ue 
where 


un LES RE wf (Ee tE + (UE i: 


and similar expressions for the complementary variable. The last two coeffi- 
` cients are of the order æ, and therefore on substitution in the equation of motion 
we can put c for c + dc when this quantity appears as a factor of these coeffi- 
cients. We obtain, by separating out the terms of the order &, 
[D +1+m+e+ôc) —(25+1+m+c}le . 

+ (27 + 1+m-+ ON (er) + ZM, (Pe): + EN, (eh; 

—1 
= coeff. of (X+°t% in = (Up + Ug + u) # (80 + 8, + 84)" of the order e, 
€ 0 ° ‘ 


and a similar equation. CARRE negligible quantities on the left-hand side, 
the equation becomes 


20c (27 +1+ m+ 0c)e;+(27 +1+ m + c) et X; M, (eyit X:N, ee, | 
same expression as before. (15) 
Similarly the other equation gives 


- 20c(%—1—m+c)el ;+(2— 1—m+c\(e8")_; +5, M, (ee); HRN (ee). 
= coeff. of (-¥—°-* in 2 (ut Ug us) * (G+ 8+ 8.4)? of the order e®. (15) 
0 


‘The terms on the right-hand sides of these equations are known, those on the 
left-hand sides are to be determined. . We can get an equation of the first order 
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for êc free from the as yet des coefficients (ee), (a ). There are, in - 
the notation of the last section, 4g + 2 equations and 4q +3 unknowns to be 
determined. ‘One of these is arbitrary, and it involves a new definition of the 
“eccentricity constant” of integration. We may define this as may be most 
convenient. At present we proceed to the determination of dc, which is not 
affected by this observation. 

Multiply the first of equations (15) by & us second by e/,, and sum the ` 
two for all values of 7. Now, in these equations the coefficients of (ete), (ee); 
are exactly the same, term for term, as those of s, e/, in equations (14). If, 
therefore, we multiply the equations (15) by the respective minors of A(c), all 
terms involving (ee’),, (ee”)_, will disappear. But as these minors are proportional 
to &,, ej, the same object will be attained if we multiply by &, e/_,. If, however, 
we conceive of difficulties arising from the fact that A(c) is not in a convergent 
form and therefore that its minors are infinite quantities, though their ratios are 
finite, we can proceed as follows. After the multiplication by &, eL; and the 
addition of the equations for all values of j, the coefficient of (#8), is 


‘(M+ 1+m+cPa+35,Ma_;+ 3, Ne 4, 


which, by equations. (14); is zero. And so for all the other similar terms. This 
process is, of course, algebraically identical with the previous 0 one. 
l Hence: we have 


SIG + 14m + dd + (1m +96] 
: i =%[ax coeff. en (uy + we Huata +3)! 


Re e;X coeff. of Zu MR on oe = (di ++ = + (6 + 8, +], 


where the terms on the right-hand side of the order ét agaga aré 6 considered. But 


PET IC RES IH HT, 


and therefore, using oe on the right-hand side of the previous equation, we 
obtain 


2303, [(2 + 1+m+ 0) + in +923 
(ty + u +. Uys) 86 | 


| . = const. part, order &, in = CENT Fu, ata FaN (16) 


. BROWN: oies da has a 7 887 
_ Transforming to real coordinates and putting 

a= t Ht, + te, Ya yt Y tya B= =I} + Th 
the right-hand side becomes | | | 
Late À Fade i (16). 


= | x 
l conet part, order e, in R expansion ol a 


an-expression of somewhat remarkable form and simplicity. When first ob- 
: tained, it seemed to suggest that Adams’ theorems (IV) as to the connection 
between the constant parts of the Parallax of the Moon and certain parts of the 
motions of the Perigee and Node, must really arise naturally. from this mode of 
development of the lunar theory. After some trouble I succeeded in proving 
again these theorems and extending them so as to show them not merely in the 
form of ratios buf in an exact form. They will be given in Part II.of this paper. 
It is easy to extend these results so ds to include all powers of .. When 

we do so the formula (16) or (16) becomes | 


Bosat 1 +m+ (ill + (4-1 Bi: z 


= const: part, order é, in ee oe t, eo 


where the brackets round the various a have the same meaning as that 
given at the end of section 4. | 
The coefficient of dc.or à (c) remains the same if:we are finding the terms in 
_ the motion of Perigee dependent on the latitude of the Moon or the parallax of 
the Sun. If we are in the process of finding Ô(c), that part that depends on e” _ 
can be obtained as in an (16) by finding the constant of order éd” in the 


ee of od T 
x. (X). x, + (F ey Ye 7 


a GX 


where (X),, (Y),, (R), contain merely the terms, supposed to be -previously 

found, dependent one, d, e°, ed and m. There are also the terms arising from 

œ to be included. So that in all cases the determination of the new part of c 

depends only on an equation which contains known terms found in previous 

approximations. : Ses yk as 
Similar results will follow for the terms dependent ` on higher powers of | 

é,é" in'c. For example, the - “equation necessary to find the part in c of the 

43. a 
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order ¢ may be easily obtained by looking at equation (15). It is Fe where dc 
is given: by 


ray ce TT. nil + (6c) 5; [2+ 22,]) - 


ICE + daté) +m PE] bas) 
= const. coeff, order ét, in z pana T: 
a “ 
where i Xa = T + La + au fe ya T Bass etc. 


The oneffidiente to be determined therewith by the equations from which this 
expression arises, are those of the order & with arguments (2iD'+ 1), where 2D ` 
is the argument of the Variation and Z that of the principal elliptic term. : f 
If we wish to determine the terms dependent’ on the square of the parallax _ 
of the Syn, similar results will follow. On the right-hand sides of the equations 
we shall have further terms arising from Q,, but these terms will be all known 
by previous computations, so that the general result for all terms in the motion 
. of the perigee is this: In any ‘etage of the approximations we can always find the 
new part of the motion of the perigee by siniple computations without being compelled 
_~ either to solve an infinite determinant or to find by successive approximation the new 
coefficients arising therewith. The new iani can then be found by the usual - 
methods. ` 
These results hold for any terms. EREN in the motion of the perigee, and 
also, as ‘will be seen immediately, for those in the motion of the node. The 
| most important feature in them all is that just stated in italics. The solu- - 
tion of an: infinite determinant, in whatever way performed, is very- laborious, 
and the continued approximation method applied to. de and to the coefficients © 
simultaneously, i is not much less so. The method here given, when once the parts 
dependent on m only have been calculated, avoid these laborious prôcesses—an 
' important point quite independent of its mathematical interest. It is not to be : 
. forgotten also that in one respect theory here goes hand in hand with observa- 
tion. . The motions of perigee and node are now capable of: being determined by 
_ observation with much: greater. accuracy than the niajority of the coefficients: of 
the periodic terms. In the method outlined above theory also gives the new 
parts of the motions before the. coefficients of the corresponding periodic terms. 
We now proceed to find the effect of including i in our an the motion 
of the Moon in latitude, 
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6. Terms dependent on the Latitude of the Moon. Motion of the Node. 


For these terms we use equations 9 (iii), omitting those dependent on the 
solar eccentricity. Since g is a small quantity in powers of which we 
suppose that expressions are possible, and since the second of these equations 
contains it in its first, third, fifth,.... powers only, while the first equation 
contains it in its second, fourth, .... powers only, we are able to treat the 
equations separately, going first to one and then to the other as we obtain 
each new approximation. This fact facilitates the performance of the ‘actual. 
calculations very largely. _ | 
Let y denote generally a quantity of the same order as z. The z-equa-. 
tion is | 


: Die (mt + et. 


-Let z =z H Za H s tH oee, 
ntm nf (19) 
8 = b F sy F 84+ Seas 
Expanding the last term in the zequation, we have 
| feta EN... 8 2,162 2 
D’z. (m +43 )e= = oe s 7 + 
The equation for z, will be 
i — CE =: : 
Die, — (mê + a) 0. | (20). 
The solution of this equation can be put into the form | 
NT = a5 [Kite 4 Ko 8-9], j=+o....—o, (21) 


where g must be found, and Aj, KL; are of the order y and such that K = —K'. 
The arbitrary constant attached to the new angle which thè presence of g intro- 
duces can be understood, as in section 4, to be present. 

It is known from Adams’ work (III) that g is found from an infinite deter- 


minant. Expanding x/r}, we have from section 2 
| Da, — 22, SM," = 0, 


and therefore on substitution of the assumed value of z, and on equating the 
coefficients of &#+2 to zero, 


(+g E — 23E, M50 9 (22) 
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This set of equations gives a symmetrical infinite determinant which, ‘after 
certain transformations, was calculated by Adams (III) to find g. The coefficients ` 
K; are proportional to the first minors of the constituents of any row or column 
of this determinant. _ When g is known and we have thence obtained the ratios 
of Æ; to any oné of them, say Æ, which we take as the arbitrary constant of the 
es we substitute the resulting values of z in the first of equations 9 (ili) and 
find by the same methods as before the values of Us, 82, Which, as the suffixes 
indicate, are of the order 7°. l 
Returning with these to the segunt it is sea to find the terms in z 
of the order y? together with those-in g of the order 3. Confining our attention 
` to the lattèr aa we assume | | 


(2, + gp) V= =a [1 + (PE) week 4 {KL + (KE")_ sf SoBe). 


We omit ‘the terms which depend on the indices 2% + 8g, as ‘their coefficients 
can be determined to the order with the known value of g. -We have 
(RN), = y (FAT)... Fquating to zero the coefficients of #+1+% for all values 
' ofj, we get a set equations for the determination of the new coefficients and 
| 99. Let 

Zn + a Kant R= A+ Yy (23) 
then, by reasoning similar to that used in the determination of be, the set of 
equations may be written — 


289 (35 + 9) Ky + (25 + g} BREMER), ga! 
g+; XZN — ‘ 
= coeff, order 7°, oi tr in RUE Fa) ; (24) 


| Multiplying this equation by K; and summing the set of equations so treated for 
all values of j, we have by equation (22) (as i in the last section) the new. coeffi- 
cients ed and 


29E (D + DE = Be x coeff, de 4 of de in le (25) 


Similarly, 
B V1 
239% (27 T q) K "=z [E 1 xeoelh, order y‘, of -8- 2 in Patte 28) 


Now, since: Rhy = = — K;, and therefore 


D dde mae IR], 


. - t 
t 
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` we obtain, by addition of the two previous equations, 


43g Z (27 + g) Æ = const. coeff., order AE in RTE) R (26) 
a (Eia + Ha l 
which is the formula for obtaining og. | 
This formula is easily extended so as to include all powers d d. In deter- 
mining Æ;, instead of using r, we use (7), where the notation is that used in 
section 5. Let the corresponding values of Kj, g, dg, etc., be (K),, (9); oy 
etc. The equation then becomes | 


46 (g) E {27 er (g)} (K) = const. coeff., order 2 in ITR su +f p’ an) | 


The part of the motion of the node which is of the order ¢, and that of the 
motion of the perigee which is of the order »’, will be required for the investi- 
gations in Part II. They are not difficult to write down if we look at the 
results (16’) and (26). Letz,, be the part of z of the order ey. - This can be 
found when we know the ‘principal parts of the motions of perigee and node only. 
It can then be easily seen that the part of èg CRUE on é is given by means 
of the equation 


4ôg Z; (27 + m= const coeff., or order Py’, i in ZUR - (28) 


Also that the part of dc of the order 7 is given by the equation . 


eS [(27 + 1 P E 


= const. part., order ey, in À. -e Pa + tar (29) 


Pie by putting ee ( ) round each letter; we may include as before 

in the formula (28) and (29), all terms dependent on e” and its powers. 
The equations (28) and (29), with powers of €” included, will be named (30) 

and ey respectively. 7 (30), (31) 


> 





It is. unnecessary to go further with these expansions. Sufficient has been 


said to indicate the manner of treating the whole Lunar Theory after this 
method. The terms which depend on the parallax of the Sun are a little trouble- 
some-owing to the new terms which arise from Q,, but they are much less so 
than when treated by the simultaneous ‘equations (8), since, for a given degree of 
approximation, they are one order lower in u, s in the former case than in the 
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latter. Nevertheless, should it be considered that in finding the terms of. high 
orders in e,d,y, 1/a! the method indicated above becomes too troublesome, 
nothing prevents-us from returning to equations (8), these. being available at any 
stage. No increase of labor results from the mere change of method. 

“After the.experience gained in the calculations of the coefficients made up 
to the present time by both methods, it seems probable that the equations (8) 
will involve less labor than (9) for terms of the fourth order in e, d, ÿ*, 1/a, if 
not for the third. Nothing even then stands in the.way of the determination of 
the new pe of a and g by the methods just exhibited. 


- 7. Order of Proceeding. 


. Having resolved the chief difficulties in the theory, namely, the determina- 
tion of the motions of Perigee and Node, it is possible to give a consistent plan 
_ for the computation of the complete expressions of the coordinates. The order. 
- which seems to arise most naturally from the previous results may be sketched 
out as follows: ~- 7 D 

Terms dependent on ` 
| ' (iy monly. | 
(ii) mand g, d’, e’... . in succession. 
. ' (iii) m and e, eg, ee", zen... de, @e",...., €, ed, . 
(iv) mand y, ye, yd, esee, y, 77). ; Yanks 
(v) m and any other conibitiations fy y; ê, seal ` 
(vi) m and 1/a and combinations with y, e, €. 


This order may be varied somewhat. 2,5 

The arguments i in Delaunay’s notation are, 2D that. of the variation, 7 that 
of the principal elliptic inequality, 7 that of the annual equation, F that of the 
principal term in latitude. The expressions of the. coordinates should then be- 
- arranged in the order ; rie | 


HD, HD +l, DE U, ...., ADEI, WAIL, WAL M... 


and so on: . The chief difference from Delaunay’s arrangement being that the 
. terms whose arguments differ ony by nn of 2D are to be u Re 
in all cases. 
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Ibis proposed to carry the siti pres sufficiently far i in x, y, 2 to enable 
the coefficients in longitude and latitude to be found accurately to one thousandth 
of a second of arc.- This makes it necessary to carry some of the earlier calcu- 
lations to a somewhat greater degree of accuracy than is actually needed for the 
. special coefficients. But in any case the terms in m only, and the.principal parts 

of the motions of perigee and node, carried to 15 places of decimals Hill and 
Adams (I, II, PA are amply sufficient. 


| _8. The “Arbitrary Constants. 


The constants which arise in the arguments by the integrations ‘are the l 
same as those of Delaunay. Those’ outside of the signs, sine and cosine have- 
been ‘referred to generally as a, e, y. As for a,, we can define it in guch a way : 
that the determination of the coefficients is made as simple as possible, and this 
will cause in general a determination of a new part to a; whenever we are 
making an approximation which contains a constant term. It would seem better, ... 
however, to define a, as that value given by Dr. Hill (I) in terms of (u/n*)} and 
m, making the necessary changes after each approximation when the latter has 
been made under the previous method.. Similarly, it seems the best to define 
the “eccentricity ” constant so that it is the coefficient of sin 7 in x/a,, and the 
latitude constant so that it is the coefficient of sin F in z/aọ. Then a, differs — 
from Delaunay’s a: by terms which vanish with m; the first approximation — 
(neglecting m and all powers and products of the constants) to the eccentricity 
constant is 2e, where e is Delaunay’s constant; and the similar first approxima-. 
tion to the latitude constant is the quantity defined by Delaunay as oe 

The numerical value of m is ued all through, the other constants s being left 
arbitrary.. +: l 


9. ee of the Paule 


For verification purposes we have several equations at our disposal. The 
most useful of these when the coefficients of {X are not under consideration, is 
the second of equations (8). If it be desired to verify | the coefficients of Gta, 
where A is some linear combination of m,c,g, we substitute in this equation 
the results obtained and find therefrom an dusin of the form 


ps at=, 
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where A, A! contain integral powers of č only. The coefficients of the various 
powers of č ought to vanish identically after substitution, and therefore if we 
put = 1 in à, X, the results ought equally to be zero identically.” When 
{=1,%+%=0; and therefore this method will not be available when A is 
zero. In this equation of verification all the terms are of the second degree in 
u, 8, and the combinations of the coefficients are totally different from those 
arising from equations (4) used for finding them. 

As for the coefficients of &#, the results proved in Part II concerning the 
constant part of 1/7 used in connection with equation (6) will verify all coeff- : 
cients of the orders &, 7%, £, @y°. 74 and all powers e°. For practical purposes, 
then, we have only the terms of orders e”, d',....1/a", @/a”,...., etc. Out- 
standing. Equation (6)-can be used for these by expanding 2x (us +2), and, 
after choosing out the terms of the required order, putting f= 1. 


10. General, Observations. . 


It will be well to contrast the method here outlined with that used in the 
development of the Elliptic and Parallactic Inequalities (VII, VIII). It must 
be premised that both methods are built up on Dr. Hill’s primary solution.. 
These remarks refer merely to the best method of continuation. 

The chief disadvantage of the present treatment lies in the frequent multi- 
plication of series of { with numerical coefficients. Although every multiplica- 
tion is available for several classes of inequalities, besides the one for which it 
was especially made, in terms of high order these computations will become 
very tedious. But there are several advantages which may render the method 
worthy of consideration. In the first place there are no numerical coefficients to 
be computed after the multiplication of series has been performed, like those 
arising from the use of equations (8). In the latter, for instance, when finding 
the terms of order ¢ we have to conipute | 


2; (3, t, 0, 1) & Es 


for all values of ¢, the portion in brackets being a somewhat complicated func- 
tion of m and c, and different for different values of i, f (VIII, p. 322). Such 
calculations are fruitful in producing errors. Secondly, the terms arising from 
Q, are very simple and, when 1/a! is neglected, of the first order in u, s, so that 
only a very few short operations are necessary. Thirdly—perhaps the most impor- 
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tant point to be mentioned—the multiplications of series, being always of the 
‘game nature, can be performed by a computer from one general formula. This. 
would require little extra knowledge on his part beyond that of logarithms, and 
his results can be checked by a computation with a special value of Z. 

The method here outlined has been successfully employed in computing the 
coefficients of orders €, €”, ee with the numerical value of m;* much labor appar- 
ently was saved by the readiness with which the work was reduced to easily 
. remembered operations and by the diminished opportunities of making errors in 
calculation. Certain difficulties owing to the<near equality of the coefficients of 
c+™ and Z+®—™ and also to the large divisors, were more readily bridged. Ihope | 
shortly to test the terms in @, and also the part of the motion of the perigee of 
the order & (VIII, p. 337). This last differed somewhat from Delaunay’s value 
(VI), and before it can be accepted, ought to have a further test De and the. 
errors, if any, corrected. 


PART TI. 


TENOREN CONCERNING THE Consi PART IN THE EXPRESSION. OF THE 
PARALLAX OF THE Moon: 


In the investigations which follow, the. Parallax of the Sun is negleoted. 
With this exception the results obtained are perfectly general. > 


Let - el, y= Fp, 8=Z, 
be the general solution of equations (9) or (10), neglecting quantities in the coeffi- 
cients beyond the order y1? (p=0, 1, 2....q). We define e, y as the 
arbitrary constants of integration in trié éd latitude, of the same order 
of small quantities as those used by Delaunay. . 


Let : - Ag + Hesse +, 
| = Yo + Yı + +H: . g i (32) 
Z= a+ ones +, | | 


M=IH +Z 
where x,, y, are of the form. age + ag EP + CPC TT 
and g, is of the form a,_,e?” F + a,_36 3 He... 


From what we know of the expressions of the coordinates of the Moon, 
Og, gs»... are functions of m, € and of the angles 2y(¢——%), nt + é, 


® Monthly Not, R. A. S., Vols. LEV, p. 471; LV, pp. 8-6, 
44 ` 
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cv (t — 4), 2gv(t— h) and agi @_3+-+. Of m,e and the angles % (t—%), 
nt + d, ov (t— 4) and odd multiples of gy(t— 4). According to the notation 
previously used there should be brackets ( ) round all the symbols X, x, ete. 
These must be understood to be present, but.are omitted here for the sake of 
sirnplicity ; of Ren We to prove some theorems.: 


_ 11. If x, y, z have been calculated to the order D the ere part in 
the expansion of 1/V(e + +?) can be obtained to the order 2q une Line 
ae to the equations of motion. 


- With the notation just outlined, this theorem Ray: be more eg stated by. 
means of the equation, 


. const. part, order 2g, in the Se of = 





= const. part, order 2g, in the Su of > (33) 
ne His 59— = 
l co ee — 3 At (rom + u] 


The proof of this is based on Adams’ method of proving his en: referred to 
below (IV). The equations (10) are, if $ =a + gf, i | 
x — m'y — Sal Az + By=— CET) ; 
a+ ti + Ba+ Oy S 


P+ Fe Fan" | ee). 


era 


4 


z je Du à 





‘ Let Ty, Yo: % be the values of a, Ys % ai by the same nous and 
with the same angles, but with different arbitrary constants of forea ety and 
inclination (i. e. different values of e, y). We have then ` ; 


— 2! ip — 3na + Alay + By = — 
Yo | Lo + To + Yo J CES jr 


Yo + W ay | | + Ba + Cy=— CES NE (85) - f 


P n’ =e Ara =; 
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Let the suffix 0 correspond to zero values of e, y. We suppose as before 
that expansion may be made in powers of e, y. Since equations (34) hold 
generally, they must hold if, after the right-hand sides have been expanded, -we 
stop at any given order in e or y in all terms. - They will therefore hold if we 
stop at the order 2g ine, y. Hence we can put «= X,,, y= Yu, 2 = Zu- 98 
Zn: is the value of z correct to the order 2q. Multiply the first two of equa- 
tions (34) by 2, y respectively and subtract the sum of the results from the ` 
sum of the first two of equations (35) multiplied by Asn Y,, respectively. We 
can put the resulting equation into the form 


£ Lto + Vago — to Xna — Yo Yoa — 20! (Vigo — Xaa yo) 
. 1 1 
= — (amt Tu) Fr) i 


Since the expressions of the E contain fony under the signs, sine 
cosine, we deduce immediately, i 
const. part to the order 2g inclusive, in the expansion of 


(Zat + N» m= (6) 


Let the notation O,, [Q] denote “the constant part, order 2q, in the expan- 
sion of Q” according to any parameter—which we can put into evidence when it 
is necessary for the sake of clearness, The equation (36) then gives 


o e Fe] = 0, [Eat Ma] 
= Cy [Pate Het] ; l (37) 


since the parts of X,,, Y,, of order 2g are xy, Ya and R=K+ Pix ty. 
The equation (37) holds for any positive integral value of q. | 
Now, if we stop at the order 2g, 


Ria = Riga + lotz + Yo Yoq + 2212391) 
and therefore l 


6, en “|= : O, [= aq Sg ag—1 + Too $ Ndu - 





—3 apea tuten (38) 
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Putting 79 for a? + wt we deduce from (37) and (38) 
| Lo Lay —1 + Yo Fri on + Vo Ya F À ag oe : 
ET 
Again, by expansion, | 


Olg 5, = On [z sis ts tari] | 





Hen by (39), 
1 0 1 
Rite a Tat Tas =a 





=C. juste 
ML CRE ot 28, ag—1t 28), 591) 


21, + YoVag—s + So, 291 4% =3] 
| u (Ris + 2, + 25, a)" 7 
So, 39—1 = kn 1 F YoY- + ty Raq a) 


Si, 3—1 = oq i+ VY + A 239—8+ 
Hence by expansion we obtain 


8, 18 S Xyu + Yo Y: a 
g Pat Sear ug 1,%¢q—1_ Vo A3g—s 0 
AA = On [a + ro a-s | 
+38, ia =! | | 


1 . 
OU CHE | 


eg), 


which formula, a % = 0, proves the theorem, 


where we have put 





(31) 





12. Adams’ First Theorem. 
We can deduce this theorem immediately from the above result. It states 
that in the constant part of the Moon’ 8 Parallax all the terms Le orders è and r are 


In seen (33) let g=1. We obtain, since 4 = 0, 


AE Lx #4) a ls et 
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First, let y = 0 ; this shows that the term in @ is zero. Next, let e= 0, then 
similarly the term in %2 = 0. Also it is to be remembered that e, y occur only 
in the const. part of 1/R in even powers. In the ERR Ove: e° and its powers are 
included. 

13. Adams’ Second Theorem and its Extension. 


This theorem may be stated as follows : ; 
y a [+1= Eé + TO + Qi | (40) 


and -O OL] = He + Ky, 
| C, [(9)] = Me + Ny’, 
where E, F, G, H, K, M, N are functions of m, e only, then 
H_E M EF. 
K7 F N Te 
The ee of this theorem may be found in Adams’ paper already referred to 
(IV). It is based on the consideration of the orders of certain functions. In 
the extension of this theorem which follows, I shall prove again Adams’. 
theorem by another method which, though lacking altogether the neatness of ` 
his demonstration, has the advantage of putting the connections between the ` 


constant part of the Parallax of the Moon and the motions of the Perigee and 
Node in a rather ‘clearer light. | 


Extension of Adams’ Mona Theorem. 
Let 
on =a É 5 C9 tmt O OE m + HOU 
a EUR | : 

PT, = 4-23, [95 + (CE) 
(see equations (17) and: (27)), where Ti are expressed iri terms of the same - 
eccentricity and latitude constants (which we have called e, y) as 1/R, (e), (g); then 
HT,=6E, ` MT, a (41). 

KT, = 6F, NT, = 64, 

and thence T, M 


TR: 
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As before we omit the brackets which denote the presence of powers of ¢, for 
the sake of simplicity of expression: it is understood that they exist in what 
follows. Lan 

We have from equations (17) and (31) in this notation, 


#HT,= 0,[@4etyFe], 


A KT, = Oaa £, (X, + x. a) + y(Y. + Yy) 
= om LaF EY, FI EG Fan ml 
These can be included in the equation 


AHT, + êy KT, = On on en | uw) 





For since x, y contain only even powers. of y, a = ta, Yı = Ye, and when y= =0, 
Æ, = Xa, ete, it therefore includes the first equation. If we'want the second 
equation we xeglett powers of ein X, Yabove the first, hence X; = X, + a, 
etc., for this case. 

Again we have from equations (30) and (27) 


PUT, = Om ag Ä 


NT, = Cu [gr Gta: 


and these can be likewise included in the ee ; 
z À 
AY MT, + ANT, = Can, y “| | (43) 
since z contains only odd powers of y. 


. Now, since constant terms contain ia even powers of e, y, we have by 
~ addition of (42) and (43), 


AHT, + SP (KT, + MT) + NT, = O, Ent ha 2) (44) 


By means of this equation we can reduce the four equations (41) to two, namely, 


CRIE A CAT zi 


Oya fal = = Coe [ag 4], F (B) ri 


For, suppose (A) and (B) to be proved. In (A) put y=0, then z= 0, and by 
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(44) and (40) the first of the relations (41) holds. Next, suppose ¿= 0, then 
in a similar manner the last of relations (41) holds. Finally, consider the terms 
in (A) of the order ey. Owing to (B), the second and third of equations (41) 
will hold. Hence all that is now necessary is to prove the two equations (A) 
and (B). Since the methods of proof may be of value in investigating similar 
relations for higher powers ofe,. y in the parallax than the fourth, they are given 
separate statements. 


14. To prove that 





su zZ) | 
olp]= 02 et aye | o A 


Attach to x, 23, Yı, etc. a factor a with an index of the same order in e, LA a8 
. the quantities to which they are attached. Thus for x; we put axı, for ys, ay, 
etc. ; a will be omitted where its presence is ee: Let ` 


: Sra Gas + Yryı- 
Then | B = n+ a’ + af T 2a 85 + 20S + Qa "Se + Im, 


_ Hence, redncing to a common denominaron $ the expression 
À 9 u 4 (28+304 Su Salad + 30Sa + basat TE Gas) 
=E (dr? +50 8), + sua + Bat oasa 10084 + 1 18, 
+ nds Hanin +A 
Jis 


as Gar + ar, + Etat Syi t+ 100° Sip 1 102Siy 
(a'r + a Sy oat + aS + 2a Sn + u 2078, 


+abtık tg 


ae Hs. 





Now, owing to the definition of a we can consider 1 3 R, as expansible in . 
‘powers of a, and it is ‘easily seen that 


aja * 
© 
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contains no'term of the fourth order in a. ar : 


(Oke nah] Pre) (46) : 





Let now g = 2 in the theorem of Art. 11. Equation (33) becomes 
eo 3 Lo Xs + Yo: Z Z o1 
Ql |= 0| 5a aMn : 
: In. ‘ Im BR 7 ] 


Hence from (45), 
6, [2] = 6, ty DE 


a 0, [2a ts + 42], 


eas tad l (Lj + 2%) 
which is the result required. : 


The proof of equation (B) will be divided into two parts, of which the first 
contains a method of general application to the terms which involve both the 
constants e, y. 


15. Lemma. To prove that. 
Ge dus +- Yp Ye _ ež E Ya al =0. ; | - (46) 
Let, for the purposes of this proof only, 


E= m+ 4, + La, Has, ’ ; 
N= Yo + Yet Ye. N.= Yo + Ya p 
P=P+n , {=a 
, | re 
Then E,n contain the tennis in g, y, dependent of y, as far as the order &, and 
E,n, &', 7’,- the terme in- x, Y, 2, 7, independent of e, as far as the order »’. 
The proof of the lemma is not difficult. We proceed as in section 11. 
Taking the equations .of. motion (34) and Dau DE therein. for x, y, g first 
E, n, 0 and then £', 7’, 2’, we have 


a ee eee i 


+ le + BE+ Cn=—u4, 
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a Ë — + AE + Blr'= — u r 
n + Auf +BE+OW=— ur; 


the right-hand sides of the first pair being expanded as far as the order ¢ and 
those of the second pair as far as the order y”. Take the sum of the first pair 
multiplied respectively by &, y from the sum. of the second pair multiplied 
respectively by £, 7. The terms on the left-hand side of the resulting equation 
form a perfect differential, and therefore contain no constant part. Hence those - 
on the right-hand side as far as the orders ¢, ÿ? contain no constant part. We 
have then in particular — ; 


1 1 
Coa (et — ES) = 0.. 
Since p contains no terms in y’ and p’ contains no terms in ê, we have 


Or [Se tm _ ET an 7) 


whence follows immediately the equation (46). 
From this result we can deduce the result (B). This seems to be most. 
quickly proved by simple expansion. i 


t6.. To prove that 
kii Oan [2 ty Y= © EE al: 
ee LEF Baaj = ow 


Let | Su = ote Yo Yes Sw = to tya + Yon à 
So = To Lat Yo Yars Diw = T, Tys + Ye Yy ’ 
Sy = % +% ’ Sag = Ga La + Yor Ya. 


The orders of any terms. will then be denoted by the suffixes of S. We have, 
with this notation, to the order required, 
= ri + Sa + 2 + 280 
| Ra = r + Woy + 4, 
and therefore, by expansion of equation (46), 
oni [ Se — 9 Sule + gq {— 9 Sa the SA) 
Bg rg ee ee de à 


Sey N l 
— Ff + 385 “2 a | =o, 


45 
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or, after reduction and multiplication by 2, 


Cop — 6 Sn Sw. — ie 15 de 4 8 Sa] o, 











Rearranging, this equation may be written 


Con [Sa | + 15 Su Se +448) 


ne sn TIR 4 5 Ait] =o, 


r 


which is the expansion of 





asl So + Sa + Sw — 4 | | j= 0 
er LAF EL EE EE EE EE) 
Referring to the notation defined by equations (32), this is evidently the 
‘same, if we omit superfluous terms, a8 
ty — À] _ 
Onna [ 143 Be 3 |= 0. 
This equation is easily shown to be the same as 


w As + Yi Vs — 2 Z 
Com | (B+ 2m 5)" |= : 


whence follows the equation (B). 


The above results give some insight into the nature of- the connection 
between the constant parts of the Moon’s Parallax and the motions of its Perigee 
and Node. If we had assumed the results of Adams’ second theorem (which is 
here a deduction from the equations (A) and (B)), it would have been ‘unneces- 
sary to prove (B). But it is desirable to see exactly by what means the results 
come, and thence to get an idea as to the way in which they might be extended 
` to higher powers of e, y. The methods followed above appear to be sufficient to 
indicate further relations if they exist. The chief trouble is to investigate the 
terms depending on both e, y, those depending on one only of these constants 
requiring much less labor. The results are independent of the particular method 
of defining e, y, so long as these quantities are of the same order as the coeffi- 
cients of the principal elliptic term in longitude and of the principal term in lati- 
tude respectively. In fact, their definition is restricted only by the assumption 
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that the coordinates are expressible by means of the same angles at any stage of 
the approximations. We simply approximate to the coefficients. A reference to ` 
Adams’ paper (IV) will make these points clearer. | 


17. Extension to Terms of Higher Orders. 


. It is not difficult to extend these formula when terms of higher orders in 
the expressions of c, g are under consideration. But simple relations with the 
‘constant part of the Parallax of the Moon, like those which exist for g=1 and 
= q= 2, do not seem to be present in the terms of higher orders. -The methods 
used here should give any relations which may exist, and it is not at all improb- 
able that there are such. : 

The connections between the motions of Perigee and Node and the Parallax ~ 
are really due to the fact that these are all independent (in the sense of the ` 
theorem of section 11) of the coefficients of the next higher order than the terms 
under consideration in the Perigee and Node. The formule for the latter, though 
symmetrical i inw, yor 2, are not so with reference to the quantities x, &,, Ta, 
ete., while the expression for the Parallax. is ‘so. Consequently the results of 
Adamo theorems and their extensions: must be rather considered from this point 
of view as accidental. 

The terms in the motion of the Perigee iri principally. on die function 

my + Yr Pig | 
(Ross + 2e Zag a)i 
where 2g — 2 is the order of the terms required. | $ 

As an example, take the case- g =3 in thè theorem of Art. 11. This gives, 

if we consider only the-constant part of the order e, i..e. putting y = 0, 


Ou LzJ= = Oy lz — 3 at nn], 





which may be shown to be’ equal to 


m+ nY, 2 Xe + nY ; aX + ur 
On [40 a ee a a |, 
after the method and notation used before. . The first term on the pnt a i 
side vanishes, having no coefficient of the order ¢*; the second term is that 
required for the determination, in the motion of the Perigee, of the terms of order 
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e [equation (18)], but the oër two terms apa not vanish. TA reductions are 
possible in these latter terms, but x, and y, cannot be eliminated. 


PART III. 


TERMS OF Lone AND SHoRT PERIODS WHOSE COEFFICIENTS ARE LARGE IN 
ÜOMPARISON TO THE ORDERS OF THE COEFFICIENTS. 


There are some results which can be-deduced from the infinite determinant 
which are of importance when short-period terms are under discussion. 
Let the arguments of any series of terms in a, y differing by multiples of 

3 (t—t) be 
(27 + A)vt+ const. | 


where A is of the form j H km + pe + 299, and consequently the: coefficients of 
the order ate ery". Here k, p,q are integers positive or negative. Also 
jy = 0 when 7’ is even and 7, = 1 when j’ is odd; in addition, we have | 


W = (k) or W = (k) + even positive integer, etc. 


Let the coefficients corresponding to any given value of A be 4, 4;. The 
equations which determine them are 


(27+1+m+A)A, HSM: HENA T = known terms independent of A, A, 
(27—1—m+A)AL, HSM, HENRI wo ay 


Suppose that the solution of these equations is found by means of determinants. 
A reference to equations.(14) shows that the common denominator in the expres- 
sions of all the coefficients A,, Aj is A(A) or V(A). Now the identity 


V (c) = (cos ne — cos ne )(cos rc — 1) 


of Art. 4 holds for all values of o, and therefore when we put A for e. Hence, 
dropping the suffix of c, so that c denotes the principal part of the motion .of 
Perigee, we have for the common denominator V (A) the value 


(cos nA — cos nc)(cos mA — 1). 
From this we conclude that the coefficients À,, A/ may become large when either 


cosmA—cosme or cosaA—1 
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is a small quantity. Since c is nearly equal to unity, these expressions cannot 
become small together. This shows that when we have the equations 


A= c + even integer or A = even integer, 


approximately satisfied, the quantities A,, A; may become large. The term “even 
integer ” includes negative as well as positive even integers and also zero. . 

The second case is that of long-period terms. The result obtained does not 
add anything to our knowledge of them, except perhaps the fact (which applies 
also to the terms affécted by the first equation) that all terms whose arguments 
differ from Avt + const. by even multiples of 2 (£— ú) should be considered 
together. The first equation affects only short-period terms: the periods of these 
terms differ little from those of the principal elliptic inequalities, that is, from 
2nj(2j+c)v. We have neglected in c all terms but those depending on m only, 
but the results evidently hold when we consider the full value of c. If we had 
used numerical values for all the constants it would have been necessary to take 
this full value. In the case before us, where we use the numerical value of m 
only, we take the part of c depending on m only. . 

It seems to have been usual to consider short-period terms as those whose 
` periods approximate to that of the mean motion. The result shows that we 
ought rather to consider the terms whose periods approximate to that of the 
principal elliptic inequality. The result obtained in a prévious investigation 
(VII, p. 254) is evidently only a first approximation to that obtained here. The 
difference is due to the fact that here we include at once all the terms whose 
arguments differ from that considered by even multiples of 2» (t— t), and we 
therefore include in the coefficients all powers of m. 

Only a finite number of the coefficients A,, A} will become large relatively to 
the rest, but the whole series will be large relatively to their order in e, ¢, y, 1/a!. 
No coefficients of terms of long period become large by the integration of the 
latitude equation. The same remarks, as to the terms of short period, apply if 
for ‘principal elliptic inequalities” we substitute “principal latitude inequali- 
ties,” i. e. those of period 2x/(27 + g)v. 

For the calculations of Part I, where we are especially concerned, in the 
infinite determinant, with’ the values of c, g which depend on m only, the above 
remarks may be included in the following rule: When calculating any series of 
terms in x, y in which A has the value à + km + pe + 29 g, in order to discover if 
a large divisor is present it is necessary to examine whether for positive or negative 
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integral values of i, k, p, q either of the expressions ` 
t+ km +(p—1)e+ 299, i+ km + pet 2qg . 
“becomes small. In calculating terms in z, we examine whether the second expression 
may become small. The last statement arises from the fact.that in latitude A is 


of the form 
| i4 km + po + (q+ Dg. 


aa this for large coefficients must. be approximately equal to g. “It is to be 
remembered that the rule applies to all terms wherein the coefficient of vt in Be 
argument differs from A by even multiples of ». | 
The part of the coefficient of lowest order of a term in x, y whose argument 
is (à + km + pe + 2q g) vt + const., is of order Xe" or deyd, according 
as + is even or odd: in z the argument being {i+ km + pe+(2g+1)} vt + const. 
the: orders aré for i even or odd, e*e?47+1 and ¢*e? 9411 /a@ respectively. Hence : 
if there is a long-period inequality with a large coefficient of order dey! in x, y 
. there:is a short-period inequality with a large coefficient of order ete? +191 in æ, y 
and a similar one of order d*e „+! inz. .In the indices of e, €, y the numbers - 
k, p, q receive positive values. = 
By considering the algebraical values of the principal parts of o, g we can 
also arrive at the order of the denominator in relation to m, and thence, by look- 
=. ing at the manner in which the denominators are built up, the omer of arty 
terms, with respect to the parameter m, can be obtained. i 
CREIST’B COLLEGE, CAMBRIDGE, Deoember 24th, 1894. | 


Ueber den Sinn der Windung in den singulären 
Puncten einer Baumen ve: 


Von Orto STAUDE in Rostock. 


Die analytische Unterscheidung rechts und links gewundener Elemente 
einer Raumeurve ist kürzlich von Herrn Kneser* eingehend untersucht worden, 
soweit es sich um reguläre Puncté der Curve handelt. Die vorliegende Mit- 
theilung dehnt diese Untersuchung auf singuläre Puncte aus. 

Die Schwierigkeit liegt dabei in der Durchführung gewisser Vorzeichen- 
bestimmungen, für welche indessen ein einfacher Grundgedanke maassgebend 
‘ist. Wenn nämlich bei der Untersuchung der Bahncurve eines bewegten. 
Punctes in einer geraden Linie, in einer Ebene oder im Raume neben anderen 
Bestimmungsstücken das doppelte Vorzeichen benutzt wird, so kann dies nach : 
folgender Stufenfolge geschehen. In der Geraden entscheidet das Vorzeichen 
über die beiden entgegengesetzten Richtungen, welche. die Tangente der Bahn- 
curve haben kann oder, anders ausgedrückt, über den Sinn der Linearfort- 
schreitung. In der Ebene, wo die ©! möglichen Richtungen der Tangente der 
Bahncurve durch einen Winkel (2 Richtungscoginus) bestimmt werden, entschei- 
det das Vorzeichen über die beiden bei gegebener Tangente noch môglichen 
Richtungen der Normale oder, was auf dasselbe hinauskommt, über den Sinn 
der Krümmung. Im Baume, wo die œ? möglichen Richtungen der Tangente 
der Bahncurve durch zwei Winkel (3 Richtungscosinus) und die bei gegebener 
Tangente möglichen »! Richtungen der Hauptnormale durch einen Winkel 
bestimmt werden, entscheidet das Vorzeichen über die beiden bei gegebener 
Tangente und Hauptnormale noch môglichen Richtungen. der Binormale oder 
über den Sinn der Windung (Torsion). 











* Bemerkungen über die Frenet-Serret’schen Formeln otc, Journal für die reine und angew. | 
FT Bd. 118, 8. 89. 
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Dieses Princip ist im Folgenden überall festgehalten und mit den Beding- 
ungen -der. singulären Puncte verknüpft worden. "Nach den einleitenden 
Festsetzungen des $1 und §2 und der Eintheilung-der singulären Puncte in $3, 
-werden zunächst in $4 für die singulären Puncte charakterische Coordinaten- 
systeme eingeführt, welche der weiteren Discussion als Grundlage dienen. 
Hierauf wird in %5 die Bedeutung der Vorzeichen der aus den Differential- 
quotienten der 3 Coordinaten desCurvenpunctes nach dem Parameter gebildeten 
dreireihigen Determinanten entwickelt, deren erste, nur 1., 2. und 3. Differen- 
tialquotienten enthaltende, in gleichem Sinne von Kneser* betrachtet und 
deren Verschwinden als Kriterium der singulären Puncte überhaupt von Finet 
untersucht worden ist. In §6 endlich werden die Hauptresultate in einer Tabelle ; 
zusammengefasst und weiter erläutert. 

Obwohl die angewandte Methode bei n- Diniah und bei. beliebiger 
Ordnung der singulären Puncte sich durchführen lässt, beschrånkt sich die 
gegenwärtige Mittheilung auf die zur Charakterisirung der Methode ausreich- , 
enden 8 Fälle des gewöhnlichen Raumes, welche nach v. Staudt’s Vorgange von 
Ch. Wiener} besprochen und in Modellen|| zur ee a hee worden sind. 


“SL Festsetzung über den Sinn eines Axensystems, einer dès und einer _ 
Windung. 


Um den Anfangspunct O eines rechtwinkligen Axensystems. Oxyz im Raume. 
. -denken wir uns eine Kugel beschrieben und den Umfang des sphärischen 
. Dreiecks, welches die 3 positiven Halbaxen Oz, Oy, Oz auf der Aussenfläche der 
Kugel bestimmen, in der Reihenfolge x, y, z der 3 Ecken durchlaufen. Jenach- 
dem diese Durchlaufung dem Drehungssinn des Uhrzeigers entgegengesetzt oder 
‘mit ihm übereinstimmend ist, nennen wir das Axensystem Oxyz. positiv oder: 
negativ orientirt. Wir benutzen in der Foes stets ein positiv ortentirtes Awen- 

system Oxya als Coordinatensystem.§ 


“a. a. O. 8. 98. 
- On the Singularities of Curves of Double Curvature, American Journal of Mathematics; Vol. 
_ VIII; 8. 176. 
' À Die Abhängigkeit der Rückkehrelemente der Projectionen einer unebenen Curve von denen der. 
Curve selbst, Schlémilch’s Zeitschrift, Bd: 25, 8. 96. i : 
|| Acht Modelle über die Abhängigkeit der Rückkehrelemente eto. ‚Verlag von L. Brill in Darmstadt. 
4 Ubereinstimmend mit Kneser, a. a. O., 8. $1. 
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In Bezug auf ein- solches sei (vergl. Fig. 1a) P = x, y, z ein laufender Punct 
und Q= x, y seine Projection auf die xy-Hbene. Ferner sei ¢ der Winkel des 
Strahles O@ gegen. die positive a-Axe und zwar wachse derselbe, von der posi- 
tiven -Axe aus gesehen, im positiven Drehungssinne, welchen wir stets dem des 
CRÉES entgegengesetzt annehmen. 





Alsdann stellen die Gleichungen : 


æ= acost, y=asint, e=, e=tl oo (1) 


eine Schraubenlinie vom Radius a und der Ganghöhe b dar, welche por oder 
negativ gewunden ist, jenachdem e = + 1 oder e=— 1 genommen wird. Um 
‚nämlich den Sinn der Windung zu ‘definiren, betrachten wir die Schraubenlinie 
in der Richtung ihrer Axe und lassen sie von einem Puncte in solcher Weise 
durchlaufen, dass uns seine drehende Bewegung um die Axe positiv erscheint: 
jenachdem dann seine fortschreitende Bewegung längs der Axe auf uns zu oder ` 
von ung wegführt, nennen wir die Schraubenlinie positiv oder negativ gewunden.* 
Lassen wir nun in (1) den Parameter ¢ wachsen, so bewegt sich der laufende 
Punct P von der positiven z-Axe aus gesehen (vgl. Fig. 1a) im positiven Dre- 
hungssinne, während gleichzeitig z wächst für e=1 und abnimmt für e = — 1, so 
dass die über die Schraubenlinie (1) gemachte Angabe unserer Definition ent- 








` * Wie bei Kneser, a. a. O., 8, 100. 
46 
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spricht. Bei abnehmendem ¢ wiirden wir, von der tegativen: »-Axe aus zusehend, . 
den gleichen Sinn der Windung finden. i 


En Die positive Durchlaufungsriohtung einer ` Curve und die Nachbarpinet 
: eines Punctes. - 
Durch die Gleichungen : a i 
2=9(), y=v(0, =x, D. 
_ bezogen auf dag in 1 §1 eingeführte Coordinatensystem Oxya, 8 sei eine Raumcurve _ 
- gegeben. Den Parameter t, der für die ganze Betrachtung derselbe bleiben soll, 
‘denken wir uns etwa als Zeit gedeutet und die Curve (2) dem entsprechend als 
Bahncurve eines bewegten Punctes x, y, z. Als positive Durchlaufungsrichtung 
der Ourve im Bereiche eines Punctes P derselben bezeichnen wir diejenige, 
welche einer wachsenden Bewegung des Parameters ¢, bezüglich der fortschreit- 
enden Zeit entspricht. 
Wir setzen voraus, dass im Bereiche des Punctes P, also für hinreichend, 
kleine absolute Werthe der Grösse v die Taylor’ sche Entwicklung: | 


pt += +O T+ HOH. +... 
ZZ =g + de + ke +, O . (3) 


sowie die entsprechenden für y und z gelten. Darnach betrachten wir eine . 
Reihe in der positiven Durchlaufungsrichtung auf P folgender He 
Pis P, Ps; ewe. mit den Coordinaten : 


= mH LT, p= yH YT a= H zit, P 
Betten, Yy =y HYT Hy ner (4) 
Beet + halakha, wey ern, i - 


L E O E E00 CE TEE EEE EEE ET TR U EEE» 


und ebenso eine Reihe vorangohonder Mach pap inote: P_ , Pag, Pog, sece mit ` 
den Coordinaten : | l f 
es 8 — en, Y =y YT, 21 =8— Fr, 
ame tie, Y-3 = Y— en A . (4) 
æ HR E A eee ee Are JE: 


Diesen Angaben liegt die Vorstellung zu vere bei einem vorgegebenen 
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gemeinsamen Genauigkeitsgrade von den kleinen positiven Grössen Ti; Ty, Ta, «00+ 
beziehungsweise die 2., 3., 4, .... Potenzen vernachlässigt werden können. 


83. Classification der Curvenpuncte. 


Mit Rücksicht auf die Lage der Nachbarpuncte P,, Pa, P3,.... nehmen 
wir nun eine Classification der Puncte P der Curve (2) vor. Wir suchen 
- nämlich, von P ausgehend, den nächsten Nachbarpunct P;(i= 1, 2, 8,....), 
der aus dem Puncte P heraustritt, hierauf den nächsten Nachbarpunct 
P; (x = 1,2, 8,....), der aus den Geraden PP, heraustritt, endlich den 
nächsten, der aus der Ebene PP,P.,, heraustritt. Auf Grund dieses Verfahrens” 
erhalten wir folgende Hintheilung: | 


I. P, nicht im Puncte P, 
A. P, nicht in der Geraden PP.. 
-. a. P, nicht in der Ebene PP;P,; 
b. P, (aber nicht P,) in der Ebene PP,P,. 
B. P, (aber nicht P,) in der Geraden PP,. 
a. P, nicht in der Ebene P,P,P,; 
-© b. P, (aber nicht P;) in der Ebene P,P,P,. 
IT. P, (aber nicht P,) im Puncte P. 
| A. P, nicht in der Geraden P,P,. 
a. P, nicht in der Ebene P PP; _ 
b. P, (aber nicht P,) in der Ebene P,P,P;. 
B. P, (aber nicht P,) in der Geraden P,P,. 
a. P, nicht in der Ebene P,P,P,; 
b. P, (aber nicht P,) in der Ebene P,P,P,. 


(5) 


Diese Hintheilung kann nach jedem der 3 Eintheilungsgründe, also‘in den 
Richtungen a,b,....; A, B,.... und I, II,.... weiter fortgesetzt werden. 
Wir begnügen uns jedoch mit der näheren Betrachtung der in der Tabelle (5) 
wirklich aufgeführten’ 8 Fälle, derselben, auf welche sich die oben erwähnten 
Wiener’schen Modelle beziehen (vgl. unten §6). 


- * Nach Fine, a. a. O., 82, 8. 160. 
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© $4. Die charakteristischen Coordinatensysiome a 


In den Fallen I dürfen nach (4) die Grössen 2’, y d für den Punct P nicht 
alle drei verschwinden. Wir definiren die positive Tangente ¢ (von dem gleich- 
bezeichneten Parameter ¢ in (2) zu unterscheiden) im Puncte P, übereinstimmend 
mit der. positiven Durchlaufungsrichtung der Curve, als die von P nach Py au 
laufende Gerade. Ihre Richtungscosinus sind nach (4): | 


=, bah, yah, s= IFTTT © 


x 


wo. de ot. gestrichene as immer- deren. bolai Werth | 


bezeichnet. Nach (4) liegt P_, ebenfalls auf ¢ und fällt die Richtung von P_, ..- 


nach P mit der Richtung (6) von ¢ zusammen. Die Puncte P_,, P, P, folgen 
also auf der Tangente in deren positiver Richtung aufeinander : 

Der laufende Punct der Curve ändert an der Stelle P den Sinn seiner Linear- 
‚fortschreitung nicht. 

In den Fällen I, A dürfen ' die es sayfa = al: pr: :2 nicht 
erfüllt sein. Die Schmiegungsebene > ist als Verbindungsebene der Puncte . 
P, P,, P, bestimmt und mit ihr Hauptnormale A (1.¢ in >) und Binormale 
_b( 5), beide zunächst ohne Pfeilspitzen. Wir bestimmen die letzteren aus den 
beiden. Bedingungen, dass erstens das vom Puncte- P ausgehende Coordinaten- 
system E =t, n= h, {=b positiv orientirt und zweitens P, auf der positiven | 
| Seite der Ebene bt, d. h. auf der Seite der positiven Hauptnormale A gelegen. 
sei. Aus diesen Bedingungen engebene sich als Richtungscosinus der positiven 
Hauptnormale : | re 

1 ! a 1 | ARE 1 

g'g! — w'a! - B=p sy! — y?! gg gl 


| A der je ; i epea SI (7) 


und der positiven Binormale : m i BR > 
a Y! gy" 2 u Er gai | x I x! 
be =p, B KE a? y= pea, -. (7) 


‚wobei die positive Grösse p durch die Gleichung 














i | 2 = 
5 =v (y — dy"! + (dd — aay FET v7} = ITT FE 
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definirt ist. Denn mit den in (6) und (9), angegebenen Richtungscosinus ist 
erstens die Determinante: 








and zweitens die 7-Coordinate des Pancten Py: 
| my =a (a — a) + 8 (a — tra 
positiv. Beiläufig ergiebt sich, dass auch der Punct P_, mit: 
ns = +a 
auf der positiven Seite der Ebene Zé liegt. 
f 






7 

Das durch (6) und (7) bestimmte Ooordinatensystem thb (vgl. Fig. 1) ist allen 
Fällen I, A charakteristisch. 

(Die Figur stellt nur schematisch die Lage der Axen gegen ie Given 
puncte dar und giebt nicht das thatsächliche Längenverhältniss der Strecken 
PP, und P,P, (vgl. §2) wieder.) 

In den Fällen I, B sind die Bedingungen a! :y :2 =a": y" :z' erfüllt, womit 
die Puncte P}, in die Tangente ¢ zu liegen kommen. Die. Formeln (6) behalten 
ihre Gültigkeit, können aber jetzt noch in anderer Weise dargestellt werden. 
Es sei nämlich, zufolge der VF RENE mit einem Proportionalitätsfactor 
ex) (e = +1): | - 
a! = ed, y'= ey, d! = ext, (8) 
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Setzen wir diese Werthe -in die aus der es letaten Gleichung (8) darch 
Differentiation nach ¢ folgende Gleichung : 2 


de + yy" ent | (8). 

ein, so érhalten wir mit Weglassung des Factors du | 12 

| | Hate A SRE 

und damit für die Gleichungen (6) die souivalont Form: 

: mn . Pe o I ik of l 
in, u, ah, Van 0 


Zugleich reducirt sich die aus (6/) FT Gleichung: 
galt! + eS dl + of” + yy" Hy" + da! + ge. (BN) 


nach (8) und (9) a auf: aes 
wi gies aia" + yy" + dig. 2 (3!) 


Wahrend 1 nun die E gestions > im Puncte P, mit der Gleichung: 
(KR) + (Y— y) (eae! — ald!) + (Z— 2) (ely! — ya) = 2()=0 


- in laufenden Coordinaten x, Y, Z in Bezug auf das Coordinatensystem Oxyz, 


unbestimmt und die Formeln (7). unbrauchbar werden, sind die vereinigten 
Schmiegungsebenen 341 der Puncte P,, als Verbindungsebenen der Puncte 
Pı Ps, a und P_,, P_,, P-, gegeben oder durch die Gleichung: - 


2O&7 (m0, 
de sich auf : 


Rad dr) de E (pi Ne. ie .=0 


reducirt. Zugleich sind die Hauptnormalen Ay, (Lt? in 241). ‘und Binormalen 
bir (4 321) bis auf die Pfeilspitzen bestimmt. Die letzteren definiren wir. durch 
die beiden Bedingungen, dass erstens jedes der beiden Coordinatensysteme 
Lit, n= hy, Le = b4: positiv orientirt und zweitens P, auf der positiven Seite — 
. der Ebene b und P_, auf der positiven Seite der Ebene b_,t gelegen sei. Aus 
diesen Bedingungen ergeben: sich mit Rücksicht anf (8’) u nn der | 

& positiven Hauptnormalen A,ı: 


alla — PI - gl I _. Ig!!! l i NE eens “afl 
a EE ES AU Ta Meet eS er LS (10) i 
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und der positiven Binormalen ee 


I 3 


Vol a lla" gla)! — dlg. N Iil L opl . . 
a= tA EL, BE ease ner IT, (10) 
| wobei die positive Grôkse 4 durch die Gleichung : 
af Ye zy) F P PL + (ay ve) = Be au 3 


definirt ist amd, wie Sadek im Taa immer, je ‘alle oboren und alle unteren, 
Vorzeichen jeder Zeile zusammengehören. Denn mit den Werthen (9) und (10) 
werden die beiden Determinanten |aß},y;ı|=.+ 1 und die zweite Coordinate 
4 des Punctes P, im ersten und 7_, des Punotes P. 3 im zweiten der erwähnten 
Coordinatensysteme : 


| | | . LI. 
Neg ar (£48 — 2) + Bai (Yis — yY) +yz (is — 2) =t = a 
positiv. Die Gleichungen (10) sind von dem in (8) eingeführten e unabhängig. 





Die meh s und (10) bestimmten reine thy, und th ba (vgl. 
_ Fig. 2) sind allen. Fällen I, B charakteristisch. . 

In den Fällen II verschwinden die Grössen x’, y', # für den Punct P und. . 
' wird.mit dem Zusammenfall der Funct Py) und P die Tangente ¢ i= PB. sowie 
die N ormalebene : 


ee + (2-4) =NW=0 


> 
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unbestimmt. - Dagegen haben wir für die vereinigten Normalebened Ni: der 
Puncte P.;: ie 


NĄ +N (r= 0 oder (X—a) a+ ....+....—=0 


und, übereinstimmend mit der positiven Durchlaufungsrichtung der Curve, als 
positive Tangente &, in P, die Gerade von P, nach P, und als positive Tangente 
inin Fe die Gerade von P_, nach P_,. Ihre Richtungscosinus sind nach (4): 


H it 


on o yl Lan, 
dti = E Sr. Bu E tr, yas & Sy, sl/l" +o! Le (11) 


wir bezeichnen die absolute Wurzel mit 3”, weil die Gleichung (6”) sich jetzt 
auf: 3’? =g" + y" +z” reducirt. Zugleich folgt aus (6”) allgemein: | 
8 1M) + 33’ m ne) + Beat! + y ty + Byly”. + 2 fl + Bally 117 | (6’”) 
und daher jetzt: l 
N i i als! IH = gly + y''y"!! + alla m 7 (11) 
Die Puncte P_;, P, P, lei überdies mit Fire = P, auf den vereinigten Tan- 
genten ¢,, rückläufig aufeinander: 
Der laufende Punct der Curve ändert an der Stelle P den Sinn seiner Linear- 
Jortschreitung. 
__. In den Fällen II, A dürfen die Bedingungen g” : y"! :g!! = æ” :y!!:a''' nicht 
erfüllt sein. Als vereinigte Schmiegungsebenen Z+, der Puncte Pz, betrachten 
wir die Verbindungsebenen der Puncte P,, Ps, Ps und P, dee P_, mit der 
Gleichung: 
(X — ay" — g y ) Here + 0. 
Allerdings müssen wir, um diese Gleichung aus der Entwicklung : 
(A +E (A.r Hi (+... m0 | 


in der mit a’ = 0, y/=0, 2 =0 sowohl > (2) als 3’ (¢) verschwinden, zu erhalten, 
T= +, nehmen (vgl. $2). In dieser Auffassung würde also die eben definirte 
Schmiegungsebene >, nicht den Puncten P,,, sondern P}, zugehören, was 
indessen an unseren Betrachtungen sonst nichts wesentliches ändert. 

Mit den Schmiegungsebenen 3, sind die Hauptnormalen 4,,(14,, in 2,1) 
“und Binormalen b,:(12%,:) in Ps, bis auf die Pfeilspitzen bestimmt. Diese 
definiren wir durch die beiden Bedingungen, dass erstens jedes.der beiden Coor- 
dinatensysteme ë Sh.) ną = heyy, Ç+ = bı positiv orientirt sei und zweitens 
P, und P_, auf der positiven Seite der Ebene df, und bezüglich b_,¢_, liegen. 
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Hieraus ergeben sich mit Rücksicht auf als Richtungscosinus der positiven 
Hauptnormalen Ay: ’ 


gy! — y! gill ë ‘ N g PUR 


; diall — gid! 
api ad ae | na | Sen gt Ta oe ee) 
und der positiven Binormalen bait . eae | 
_ Hf a gla © ligi galt E gly Pe 
+1 DEN B= ae gh oe Yu = ees (12) 


wo en Grösse : durch die Gleichung: ~ > 


+ 








ar A (yd — d'y + (ga — 77) ere MED | 
= Ii 7 y" + ZF ali? a ` 
definirt ist. Denn és sind mit den Werthen (11) und a 2). die beiden Determi- 
nanten |@s18419#1l= + 1 und - 
Maa = ahi (04s —2) + Bier Yas— N+ ral) = a 








positiv. 





Die Birch (11) und as bestimmten Door ten hhb: und t_ 1h_ 1b- 1 
(vgl. Fig. 3) sind allen Fallen IT, A charakteristisch. 

In den Fallen II, B sind die Bedingungen all y": alt: pl: 2" erfüllt, 
womit die Puncte P, in die Tangente ¢,; zu liegen kommen, Die Formeln (11) 
behalten ihre Gültigkeit, kônnen aber jetzt noch in anderer Weise dargestellt 
werden. Es sei nämlich mit einem Proportionalitätsfactor ex? (e = + 1): 

o d = ea, y" = ey", ee. | (13) 
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: Setzen wir diese Wertlie in. (1 1’) ein, so folgt mit ; Weglassung des Factors 8”: 
Ä PTE (Us ree 
Wir erhalten so für die Gleichungen (11) die aequivalente Form: a fg 


PUR = y" z5 gill a - 7 FR, (14) 


Roe: pr Bu rs Y= rs: =e g" + ofl - 


Zugleich folgt aus (6) allgemein: .. | A ae 
#80 + 4ga + 39! = ated + Aaa + Bail” Horse ZZ 
und daher jetzt mitx/=0, y =0, ¢=0, 8 =0 nach (13) und (14): 
u + PP 0 T. LE (13/) 
Wahrend nun die Schmiegungsebenen 2:41 in den Puncten P4; unbestimmt 
und die Formeln (13) unbrauchbar werden, betrachten wir als vereinigte 
Schmiegungsebenen >, der Puncte P}, die Verbindungsebenen der Puncte 
Ps, Ps, Py und P_,, P_s, P_, mit der Gleichung: 
(Loy — a'y O) Heset oee =O O k 
l oder (X — a) (ye — lly!) eo 0 4 ....=0 
Cin dern mre II, A angemerkten Sinne den Puncten PL; zugehörig). Mit 
ihnen sind die Hauptnormalen 4,,(44,, in &;,) und Binormalen b,5(4 243) 


der Puncte P}, bis auf die Pfeilspitzen bestimmt. Diese definiren wir durch - 


die Bedingungen, dass erstens jedes der beiden Coordinatensysteme = 
n+ hrs, Ga = be positiv orientirt sei und zweitens P, und P_, auf der posi- 
tiven Seite der Ebene d;t, und bezüglich b_,t_, liegt. Hiernach ergeben ‘sich 
mit Rücksicht auf (13!) als Richtungscosinus der positiven Hauptnormalen h,,: 


g" (4) glll” gill 4) Il glt) He, oon 4 Fl) = gl (4) 
= ns Bare, Y=? Tin = ‚ (15) 
“und der positiven Binormalen b43: er l | 
z Madal CEE dede golly 7 
ais der ne ue a a E eure, 


wobei die positive Grösse » durch die Gleichung: 
gg!!! 


. IL V(y"29 — gil) + (dot OT er = vr 
TC EE TER 











t 


ds) u 
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definirt ist. Denn es sind mit diesen Werthen die beiden Determinanten 
|i Pees) = + 1 und l 


E i | m 
Na a (4.4 — 2) + Bhs (Yta—y) + Vis (era — 2) = . Ti 





positiv. Die Gleichungen (15) sind von dem in (13) eingeführten e unabhängig. 
| | f 





Die durch (14) und (15) bestimmten Coordinatensysteme t hgb, und t_,h_gb_z 
(vgl. Fig. 4) sind allen Fällen IT, B charakteristisch. 


$5. Der Sinn der Windung. 


In den Figuren 1-4 ist die Curve an der Stelle P nach vorwärts und rück- . 
wärts je soweit dargestellt, dass sie bereits mit einem Elemente aus der Tangente 
heraustritt, also eine Krümmung zeigt oder, anders ausgedrückt, dass der im 
Sinne des wachsenden Parameters ¢ laufende Punct der Curve vor und nach der 
Stelle P eine drehende Bewegung um die zur Binormale parallele Krümmungsaxe 
ausführt. Die charakteristischen Coordinatensysteme des $4 sind aber sämmtlich 
so gewählt, dass diese drehende Bewegung, von der jeweiligen positiven Binormale 
aus gesehen, positiv erscheint. o 

Nehmen wir jetzt nach vorwärts und rückwärts noch das nächste aus der 
Schmiegungsebene heraustretende Curvenelement hinzu, so wird der laufende 
Punct der Curve vor und nach der Stelle P bereits eine fortschreitende Bewegung 
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- in Le Richtung der ns zeigen. ` Es wird ` daher, mit Verallgemein- _ 
-erung der in §1 für die Schraubenlinie gegebenen Definition, die Windung der 
Curve (2) in dem auf P folgenden Ourvenclement positiv oder negativ sein, jenachdem | 
der aus der Schmiegungsebene heraustretende Punct auf deren positiver oder nega- 

` tiver Sette- liegt, und- die Windung in. dem vor P. vorausgehenden . Curvenelement 

‚positiv oder negativ sein, jenachdem der noch nicht in die: Schmiegungsebene. einge- 


ma tretene Punct auf deren negativer oder positiver liegt. 


Wir wollen diese allgemeinen Bemerkungen auf die: einzelnen: Fälle. E 
anwenden. 
In Bezug auf das Coordinatensystem E=t, nah, eb der Fälle I, ow 
(vel. Fig. 1) ist für die unter I, A, a aunacheh aus der Seele. En. 
= heraustretenden Puncte Pasi 
; ae Br) + B” (Ys — tr EN 
oder nach (7): | 














3 - | | tes % d . ! an ` 

Sastry y y |= EIRA, 
fase g gf 7 

wenn wir zur Abkürzung setzen : 
CO Ja a y = \ 
= jy- y" 71 =" = Aw - (16) 
d dt gt See Oe 
4 





` Wenn daher A> 0 (vgl. Fig. 5, wo das punctirte Element P_, Px unterhalb 
_der horizontalen th-Ebene liegen soll); liegt P, auf der. ‚positiven, P_, auf der . 
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negativen Seite der Schmiegungsebene, wenn A <0, um gekehrt. Es ist also 
nach der vorausgeschickten Definition die Windung der Curve im Puncte P nach 
beiden Seiten hin positiv oder negativ, jenachdem A >0 oder < 0 oder wie wir 
kurz sagen kônnen : 


Für I, A, a-tst die Windung der Curve im à Puncte P positio oder negativ 


jenachdem A> 0 oder < 0. 
In der That ist auch für die in (1) definirte Schraubenlinie die Determi- 
nante . 
_ db 
A — g On 
vom Vorzeichen e (vgl. §1). 


Sind dagegen, wie unter I, A, b, die Puncte P,, in der Schmiegungsebene 


gelegen, also A= 0, so ergiebt sich in Bezug auf das für. alle Fälle I, A zu 


benutzende Coordinatensystem thd (vgl. Fig. 1) für die zunächst heraustretenden 
Puncte Px: 


“yma (zaa) +. etre = th Auth, 


wo Rs die Determinante: 
Ay =|aly! |= A, Ä (17) 


den Differentialquotienten von A bedeutet. Nach unserer Definition ergiebt 


sich daher, dass bei positivem A, die Windung in dem auf P folgenden Curven- _ 


element positiv, im vorhergehenden negativ ist. Im Puncte P werden wir die 
Windung als null bezeichnen, da die 4 Puncte PP, P,P, in einer Ebene liegen. 
Wir fassen das Resultat in den Satz zusammen : 

Für I, A, b ist die Windung der Curve unmittelbar vor dem Puncte P negativ 
und unmittelbar nach dem Puncte P positiv oder umgekehrt, jenachdem Aux > 0 
oder < 0. 

In Bezug auf die Coordinatensysteme £, = t, n4 = h41, (+ = b4, der Fälle 
I, B (vgl. Fig. 2) ist für die unter I, B, a zunächst aus der Schmiegungsebene 
ths, heraustretenden Puncte P44: 


Cra = a1 (Eta — w) + Bza Uta — Y) + yR Ga), 


wo wie immer je alle oberen und alle unteren None zusammengehören, 
oder nach (10): 


= st fe ip [aly | = re ots 


Dabei bedeutet: Au [aly | = AN i (48) 


ve 
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den dde die Voraussetzung 2’: yf: 1 = a y':2' reducirten 2. Differential- 
quotienten A! = |a/y"2®| + |x’y"z®| von A. Es liegt daher bei positivem Ay 
(vgl. Fig. 6) P, auf der positiven Seite der Ebene th, P_, auf der negativen der 
. Ebene ¢h_, (in Fig. 6 P, und P_, beide oberhalb der horizontalen Ebene iA, ,). 
Die Windung in P selbst ist 0, wei P, P,, P, in gerader Linie liegen und folgt | 
schliesslich : 





Für I, B, a ist die Windung vor und nach dem Puncte P positiv oder negativ, 
jenachdem Au > 0 oder <0. 

Ist Ay, = 0, so. reducirt sich die Gleichung: 

| A! = | aya | +2 [eye | + | "29 | | 
auf: - 4A" = | aly" | = As (19) 
a wird für die 3. Coordinate des Punctes P, im System ¢h,b, und des Punctes 

P_, im System th_,b_;: 2 TES 

; +s = rir in Amt . 
_ Es ergiebt sich somit: 

Fir I, B, b ist die Windung vor dem Puncte P negativ und nach ihm positiv 
oder umgekehrt, jenachdem Ay > 0 oder < 0. 

- In Bezug auf die Coordinatensysteme der Fälle II, A (val. Fig. 3) ist für 
den Punct P,, nach (12) und (4): 


te aia (wama) H eee Heee pis 


wo die Determinante : | . 
Am = [ay g | = Al | ox So ha (20) 


ae Puncten einer Raumcurve. 375 


der durch die Bedingungen des Falles II, A, a reducirte 3. Differentialquotient 


4 


von A ist. 





97 


Für Ay, > 0 (vgl. Fig. 7) liegt daher P, auf der positiven Seite der Ebene 
tħ und :P_, auf der positiven von ¢_,h_, (in Fig. 7 beide Puncte oberhalb der 
horizontalen Ebene #, ,A.,), also ergiebt sich : | 

Für I, A, a ist die Windung vor dem Puncte P negativ und nach ihm ‚positiv 
oder umgekehrt, jenachdem Asu > 0 oder < 0. 

Unter der Voraussetzung As = 0 wird entsprechend : 


eat ten rit ty A | 
mit : As = oly" (|= $A, (21) 


Für.II, A, b ist die Windung vor und nach dem Puncte P positiv oder negativ, 
jenachdem As > 0 oder <0. 

In Bezug auf die Coordinatensysteme der Fälle II, B (vgl. Fig. 4) ist für 
die Puncte P4, nach (15) und (4): 


aaa) + Her = aby sm Amt 
worin: - Lu = | x" yO | = + AO | (22) 


und A® den durch die Bedingungen des Falles II, B, a reducirten 5. Differen- 
tialquotienten von A bedeutet. 
Wenn As > 0 (vgl. Fig. 8) liegt P, auf der positiven Seite der Ebene t A, 
und P_, der Ebene {_,A_, (in Fig. 8 P, oberhalb, P_, unterhalb der horizon- 
talen Ebene i,,A,,). 
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2 WA 





’ 


Für II, B, a ist die Windung. vor dem Puncte P negativ P nach’ Am positiv 
oder umgekehrt, jenachdem Ay, > 0 oder <0. 
Unter der Voraussetzung Ay, = 0 wird: 


Cre = E by grim Amts T 


mit: G A= a'y = A9, (23) 


Für II, B, b ist die Windung vor und nach dem Be P poste oder negate, 
_ Jenachdem Ays > 0 oder < 0. - 


Es ist schliesslich zu bémerken, dass diejenigen Differentialquotienten von ~ 


A, welche bezüglich den unter (18) bis (23) angegebenen. TOrntegehen, in dem 
betreffenden Falle sämmtlich BERN. 


.$6. Zusammenfassung der. Resultate. 


Wir drücken durch Einschliessen einer Bedingung in eckige Klammern aus, 
. dass dieselbe nicht erfüllt ist und bezeichnen mit zwei‘ nebeneinander gestellten 
Vorzeichen den Sinn der Windung unmittelbar vor und unmittelbar nach dem 


Puncte P. Bei übereinander gestellten Zeichen: +, 2 gehören in jeder Zeile je = 
alle oberen und alle unteren Zeichen zusammen. Mit diesen Festsetzungen giebt 
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die folgende Tabelle zugleich mit den analytischen Kriterien der 8 in §§3, 5 
eingeführten Fälle singulärer Puncte jedesmal den Sinn der Windung an. 


L @=0, y=0, 7=0]. 
A. [xiy a = Hi"). 
a [ol y" "| Z0: ++; 
b. æy" g! | =0, |xy20|20: ++. 
B. diy id= yi, fatty ga y]. 
a. |e y" g] Z0 24; 
b. [x y" z9|=0, [of y" z®|Z0: F+. 
IL w&=0, y=0, #=0, [!=0, y'=0, z = 0]. 
À. [all sas al = y fl), 
a. |a! y" Ozo FE; 
b [a y" 2) = 0, [æ y" 120: +. 
B. iyid = iy, [oiy = O yO], 
a [ally 29/20: FE; 
b. Jaye |= 0, |" y2|20:44. 


Mit Rücksicht auf die Formeln (16)-(23) und die Schlussbemerkung von 
-$5 ist die Determinante, von deren Vorzeichen in jedem Falle der Sinn der 
Windung abhängt, von einem numerischen Factor abgesehen, der Werth des 
niedrigsten nicht verschwindenden Differentialquotienten der Determinante A. Dabei 
ist der Sinn der Windung vor und nach dem Puncte P derselbe oder nicht der- 
selbe, jenachdem in dem Diagonalgliede jeder Determinante die Summe der 
oberen Indices (Accente) gerade oder ungerade ist. 

Der letztere Umstand stimmt damit überein, dass die Umkehrung der in 
$2 festgesetzten Durchlaufungsrichtung der Curve mit der Verwandlung des 
Parameters ¢ der Gleichungen (2) in —t gleichbedeutend ist. Hierbei wechseln 
diejenigen Determinanten das Vorzeichen, bei welchen die Summe der oberen 
Indices des Diagonalgliedes ungerade ist. Wenn z.B. im Falle I, A, b an 
der Stelle P die Determinante |œ yz] positiv, also das Doppelzeichen der 
Windung: — + ist, so ist nach Umkehrung der Durchlaufungsrichtung an 
derselben Stelle |xy"z®| negativ, das Doppelzeichen der Windung: +—. 
Bei einer Umkehrung der Durchlaufungsrichtung der Curve bleibt also das Doppel- 
zeichen der Windung in den 4 Fällen I, À, a; I, B,a; II, A, b; ILB,b unge- 
ändert, während es sich in den 4 übrigen Fällen umkehrt. 
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“Wie sich unsere Tabelle zu der sonst üblichen* Unterscheidung ihrer 8 Fälle 
verhält, mag noch mit einigen Worten erläutert werden. ae | 

Schon in $4 wurde erwähnt, dass der laufende Punct P der Carve: in den 
Fallen I den Sinn seiner Fortschreitungsrichtung nicht andert, in den Fallen: 
II aber ändert, ein Unterschied, der mit den Symbolen P= + und P=— 
bezeichnet zu werden pflegt. In gleicher Weise werden die Symbole = + 
und X = + für die fortschreitende oder zurückkehrende Drehung der Tangente 
um den laufenden Berührungspunct und der Schmiegungsebene um die laufende 
Tangente gebraucht. 

Die Tangente ¢ im Puncte P ist nach sa: in allen Fallen I den die Hormeln 
(6) bestimmt. Wir erhalten daher für die ee der nach vorwärts | 
und nach rückwärts benachbarten Tangenten t}; (vgl. $2): 


See 
Hier ist nach (7): - 


eine der Frenet’schen Formeln, und ergiebt sich daher für den Winkel der 
Tangenten 4, gegen die positive Hauptnormale h: ` 


008 (fen Sagim H st Da. 
| Sr 





' Demnach bildet 4 mit A einen spitzen, t_, einen stumpfen Winkel (vgl. 
Fig.. 9), die Tangenten tı, ¢, t}ı folgen, von der positiven Binormale b aus. 


* Vgl. Ch. Wiener, m. a. O. 
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gesehen, im positiven Drehungssinn aufeinander. In Folge der gleichförmigen l 
Definition der Coordinatensysteme des §4 gilt dies aber, wie leicht zu sehen, nicht 
nur für die Fälle I, A, sondern es dreht sich in allen Fällen beim Durchgang ihres 
Berührungspunctes durch die Stelle P die Tangente, von der positiven Binormale 
` aus gesehen, beständig im positiven Sinne. Jenachdem daher die Binormale selbst 
an der Stelle P ihre Pfeilspitze beibehält (Fig. 1 und Fig. 3) oder nicht (Fig. 2 
und Fig. 4), muss der Sinn dér Drehung der Tangente, von einer und derselben 
Seite der Schmiegungsebene aus betrachtet, bleiben oder wechseln unbekümmert 
darum, dass in den Fallen II an der Stelle P, mit dem Wechsel der Pfeilspitze - 
der Tangente, in der Drehung ein Sprung über 180° stattfindet. In dieser 
Auffassung ist für die Fälle I, A und II, A: t= +, für I, Bund I, B: t= —. 
‘Die Binormale b des Punctes P ist nach §4 in allen Fällen I, A durch (7) 
bestimmt. Wir erhalten daher für die beiderseits benachbarten Binormalen b41 
- die Richtungscosinus: - l ; ' 
; ALLE QUE dons ose 
Hierin ist: i si xs a 


a, 


G 


` - eine der Frenet’schen Formeln, die sich aus (7) durch Differentiation und geeig- 


_ nete Reduction ergiebt. Für die Winkel der Binormalen b4, gegen die Haupt- 
normale A ergiebt sich somit: | 


cos (4.1; h) =a wt t.e + Sn F PAn. 
4, 





isis 
> Fig. 10° 
é F 
Bei positivem A (vel. Fig. 10) bildet also b, einen stumpfen, b_, einen spitzen 
Winkel mit 4, sodass von der positiven Tangente aus gesehen, die Binormalen 


u 
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b_,, b, b im positiven No auf einander folgen, bei negativem A 
umgekehrt. Bezeichnen wir also durch zwei nebeneinander gestellte Vorzeichen 
den Sinn der Drehung der positiven Binormale unmittelbar vor und unmittelbar 
. nach.dem Puncte P, gesehen von der positiven Tangente aus, so stellt sich unser 
Resultat durch die Formel dar: AZ0: +, übereinstimmend mit dem Doppel- . 
zeichen der Windung i im Falle I, A, a. In Folge der gleichförmigen Definition . 
der charakteristischen: ‘Coordinatensysteme des $4 und des Sinnes der Windung 
in $5 gilt diese Beziehung aber nicht nur im Falle I, A, a, sondern auch in allen 
übrigen. Fallen. Es ergiebt sich damit eine zweite Bedeutung der vorhin 
aufgestellten Tabelle. Sie giebt, mit dem Sinn der Windung in den 8 Fällen, 
zugleich den Sinn der Drehung der positiven: Binormale unmittelbar vor und unmit- 
telbar nach dem Puncte-P, wie er von der positiven Tangente aus erscheint, unbe- 
kümmert um einen in den Fallen I, B und II, B stattfindenden Sprung über 
180° im Puncte Po J enéchdem daher. die- positive Tangente selbst in P ihre 
Pfeilspitze: beibehält (Fälle I) oder wechselt (Fälle II), bedeutet das Symbol: 
‚++. oder das Symbol ++ eine Erhaltung des Drehungssinnes der Binormale b 
oder der Schmiegungsebene X für einen unveränderlichen Standpunct. In dieser z 


. .» Auffassung ist für die 4 Fälle a: 5 = +, für die 4 Fälle b : 5 = —. 


‚Nach diesen: Bemerkungen können die 8 Fälle auch in der bekannten Weise 
bezeichnet werden. 





"3-+ 
Während hiermit aber nur die Frage beantwortet wird, ob: der Sinn der | 

Bewegung von Punct, Tangente und Schmiegungsebene sich umkehrt oder nicht ` 
. umkehrt, enthält unsere Darstellung die vollständige analytische Bestimmung 
. des Sinnes’aller dieser Bewegungen in Bezug auf das zu Grunde liegende Coordi- _ 
natensystem, wie sie namentlich für die Untersuchung der Bewegung. eines . 
+. Punctes im Raume von Vortheil ist.. SF 
l Rosroog, März 1895. 


« 


